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A Sewing Theorem for Complementary Jordan Domains

Twierdzenie o zezywanin dla komplementarnych obezaréw Jordana

Introduction. Let T be a Jordan curve in the finite plane and let D, D* 3 oo be
complementary domains of I'. Due to the Riemann and Taylor-Osgood—-Caratheodory
thearems there exist homeomorphisms A : & — D and &* : A% — D* conformal in
A ={z:|z] <1} and A® = {z : |z > 1} U {00}, respectively. The composition
4= (A*)"! o A is an automorphism of A := T, i.e. a sense-preserving homeomor-
phism of T onto itself. In this paper we prove a theorem which gives sufficent cordi-
tions for an automorphism 4 of T to admit the above given representation (h*)~'oh
for some Jordan curve I'. This theorem is easentialy an analogue of the theorem proved
by Pfluger [6] and Lehto-Virtanen {4}, [5] for the upper and lower half-piane
instead of A and A®, when v is a qnamsymrmtnc fanction of the real axis R. The
proof of qur theorem is based on a method slmlla.r to that used by Lehto and Virta-
nen but instead of the Beurling—Ahlfors theorem (1] its counterpart for T due to
Krzyz (2], [3] has been applied.

We denote by Ar the class of all antomorphisms of T which keep the paint 1
fixed and have a conformal extension on some annulus {z:r < |z{< R} ,r <1< R.

Definition . An antomorph.mm 4 : T — T is said to be M—quasisymmetric,

M > 1, iff the inequality

M7 <y h)l/vih)is M

holds for each pair of adjacent dosed arcs &,l3 C T such that 0 < {l;| = [l5} < =.
where | - | denotes the Lebesgue measure on T.
The family of all M-quasisymmetric automorphiams of T ‘will be denoted by Q% .

Leararn .  [fy € Ar ﬁQf , M 2 1, then there exist K -quasiconformal
automorphisms K A® of the closed plane C. where the constant K depends only on
M, and an analytic Jordan curve I' such that

(i) A and h® are conformal in A and A® respectively;

(1) A(QA) and h*(A) 3 oo are zompiemeniary domains of T':

(i) M(z) =A%0v(z) forz € T:
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(iv) A(s)=A°(s) =3 forz=0,1,00.

Proof. Let y: P — O be conformal in some annulus P = {3 : r < |s| < R},
r < 1 < R, where 7|T € Ar N QY. By the J.Kray2 theorem [2], [3] there exists
a K—quasiconformal extension ¢ of 4y on the whde dosed plane @ which keeps the
points 0,1, co fixed and the constant K depends only on Ad. Now we will construct
by induction a sequence (ion) mappings as follows. Let A¢ be the disc with the centre
at 0 and radius ¢ > 0 whose boundary is denoted by T¢. Let A, = {3:r < 3| < 1}.
There exist R; , 0 < Ry} < 1, and a homeomorphism ¢y : A® U 7(P,) -oO\Agl
conformal in tl)edonninFU1(P|) such that ¢;(s) = 5 for s = 1, c0. We define

[ $100(s), 3€EA°
ei(z) = 1 ﬂo'y(l), 8EP|
| R@ET), sea,

where r; =r. Let for every s € N, N is the set of natural numbers, P,y = P,UT, U
UP;, where P, is an annulus symmetric to P, with respect to the circle T, . There
exist Rn41 , 0 < Rn41 < 1 and a homeomorphism ¢nq : p,.(A'uF,..,,.) - (’\A.,“
conformal in the domain p,.(K‘UP,.H) such that ¢p4;1(3) = 3 for s =1, 00.

We define

$nt10 'Pll(') ’ 3€ é \ A'o-ﬂ
R} (Pasr (2 7-'))‘-l y 3€A4, .,

where r,4; = r3. By the reflection prindple for quasiconfarmal mappings (5] and by
induction we obtain that for every n € N , p,, is a K—quasiconfarmal mapping of 0
onto itself which keepe the paints 0,1,00 fixed. Hence the family {pn : # € N} is
normal [5] and there exists a subsequence (@n,) of the sequence (pn) which almost
uniformly converges to some K—quasiconformal mapping o of O onto itself. Of
course po(z) = z for 3 = 0,1, co.

Fram the definition of p, it follows that pn(s) = ¥, 0 9,_; 0--- 0 ¢, © p(2)
for n € N and z € A®. Hence the sequence p,, o ¢~! , k € N converges to
the conformal mapping @o © ¢! in the domain A®. By the reflection principle for
conformal mappings and by induction we obtain that p,, is conformal in the annulus

00
Ppy) for n € N. Since P, € Ppy) farn € N, |J P, = A\ {0}, the sequence (p4,)
n=l

is uniformly convergent to the mapping po in A and o(0) =0, po being conformal
in A. Putting A = g , A* = poop~! and T = py(T) we see that A and A® are
K quasiconformal mappings of C onto itself, conformal in A and A®, respectively.
Moreover, A(A) = po(A) and A®*(A®) = po(A*) 3 oo are complementary domains
of T = po(T) , A(s) = A*(3) = 3 for s =0, 1,00 and for every paint s € T we have
A o 7(z) = po o p~! 0 p(s) = po(s) = A(z). The function A : P — O defined by the

forromla A=
A(x)—rh(')' s€EPNA
_ib‘oq(s), sePNA’

is analytic in'P \ T and continuous in P. Consequently A is analytic in the whale

annulus P. Then from the equality I' = o (T') = A(T) it fallows that T' is an analytic
Jordan curve and this ends the proof.

P+l (') = {
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As & consequence of the above lerama we obtain

Theorem . Ify € Q#-‘ , M 2 1 then there exrist K-quasiconformal mappings
A, A® of the closed plane C onto itself, where the constant K depends only on M and
a Jordan curve I’ such that

(i) A and A® are conformal in A and A®, respectively ;

(i) A(A) and A*(A®) D oo are complementary domains of T ;
(iii) A(z) =A®o0(z) forz €T ;

(iv) k(z) = A°(z) for s =0,00 .

Proof. Without loes of generality we may assume that 4(1) = 1. This can

be always achieved after a suitable rotation. There exists a homecmorphism ¢ of R

onto itself sach that ¢(0) = 0 , ot + 2x) = 2x + o(t) and (") = ") for every

t € R. Let n € N be arbitrary and put Pn(z) = en(ntz* + 1)~! for z € D,
oo

where D, = {z : [Imz| < 1/28} and ¢™! = [ (2% 4+ 1)~'dz. ‘We define the
-0
function 0, : Dy — C by the following formula 0,(2) = P ¢ o(z) — P, ¢ o(0),
[+ <]
where Py s 0(z) = [ Pn(z —t)a(t)dt.

-0
Since Pi(z) = —4en®23(n*z* +1)~2 for 3 € D , 0p is an analytic function in
the strip D, and .

(1) o (z)=P,s0(3).

It is éasy to verify, using for example the Canchy integral theorem, that for every
’ oo
2 €D, , | Pa(z—t)dt = 1. Hence for every z € D, we have
—oo

on(2+228) = Ppso(z+2x) — Ppe0(0) =

2) =Ppsa(z) = Paso(0) + 2{}/"-\0 Pn(z = t)dt = an(z) + 27 .

From (1) we obtain for every z € R
ol (z) = den® /00 -2 (r'(z-0)*+ 1)-‘4(!) dt>0

as the homeomorphism ¢ is increasing . By this and (2) there exswts e, ,
0 < en < 1/2n such that Realy(z) > 0 for 2 € Dy = {z : [Imz| < en}. Thus
putting R, = {z : |log|z|| < en} we see that the mapping vn : R, — C,
Yn(2) = exp(io(—s log z)) for z € Ry, is conformal in the annulus Ry, 504, |T € Az.
Since ¥ € Q¥, the following inequality holds for any 2 € R and y € (0,x] :
MY o(z) - o(z —y)) S o(z + 3) — o{x) S M(o(2) — o(z — y)).

Consequently

On(z+y) — on(z)=Ppea(z+ y) — Pn » '(l'l=/_ Pa(z - t)(o(t+y) - oft)) &t <
<M me Po(zt)(o(t) = o(t-y))=M (Pn s 0(z) = Pn » (z-3)) =M (0on(z) = on(z¥))

. <]

]
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and similady
On(z+9) — on(z) 2 M~ (on(s) - oa(z—y)) -

Finally for every » € N the homeoimorphism 4,|T € Ar N Q¥ and
(3) on(t) —o(t) as m-—o00 forevery tER.

By the lemma there exist sequences (R,), (A7) of K—quasiconformal mappings
of C onto itself which keep the painta 0,1, 0o fixed. Thus the families of mappings
{hn :n € N}, (A} : » € N} are normal [5] and there exist subsequences (A,, ), (A}, ),
which are almost uniformly convergent to K—quasiconformal mappings A and A® of
C onto itself, respectively. Moreover, A(z) = A®(s) = z for s = 0,1,00. By (3) it
follows that ya(z) — v(z) as # — co. Since Ka(z) = Aj(2) 0 Yn(z) for » € N, we
have for every z € T : h(z) = .llntln An,(3) = ilin:o A3, (ns (3)) = A® 0 7(s). Hence
A(T) = A*(T) and A(A),A°(A®) 3 co are complementary domains of a Jordan curve
T = A(T). Moreover, A and A® are conformal mappings in A and A®, respectively, as
limits of almost uniformly convergent sequences of conformal mappings in A and A°®.
This ends the proaf.
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STRESZCZENIE

Wykasano, ie kaidy k—~quasisymetrycany automorfism 4 okregu jednostkowego T’ jest konfo-
F@iIng representaciy pownego K quasiokregu I, analitycznego jefli 7 jest automorfimmem anality-
canym, gdsie stala K mleiy tylko od stale; k.
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SUMMARY .
[] r .
The anthor proves that any k—quasisynmmetric automorphism 4 of the unit drcla T' is a con-
formal representation of a K ~quasicrde I’ which is analytic as soon as 4 is analytic ; the constant
K depends on k only.
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