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On Some Sufficient Condition« for a convexity of Order 3

O pewnych warunkach dostatecznych a—wypuklodci rz^du d

Let A denote the class of functions /(») = x + s,*1 + • • • which axe regular in 
E = {x : |x| < 1} and let S be the subclass of functions from A which are univalent 
in E.

Fbr the function f € A far which /(x)/'(x) # 0,0 < |x| < 1 , and

for some real numbers a and 3 , 0 < 0 < 1 , we say that it is ar-convex of order 3 in 
E. We denote the class of such functions by M(a,3)- Fbr 3 = 0 we have the class of 
ar-convex functions which was introduced by P.Mocanu [3j. It is evident that

M(0,3)sS*(3) , M(0,0)s$*, M(l,3) = K(3), M(l,0)sK, 

where S*(0),S* denote the classes of starlike functions of order 3, of starlike
functions, of convex functions ctf order 3 And of convex functions, respectively. In that 
sense the sets M(a, 3} give a “continuous” passage from convex functions to starlike 
functions. Moreover, it is true that if f € A/(o,0) , a > I , then / € K and if 
/ € M(a, 0) , a < 1 , then / € S* (see

Let / eS and let ¿(x) = hx + hjx’ + • • • be regular in E. Then the function b 
is called the subordinate to the function / if ¿(£) C f(E). It is well-known that in 
this case there exists a regular function w(x) , x € E , for which |w(x)| < |x| < 1 and 
^(x) = /(w(x)) , x € E. Fbr this relation the following symbol + <fit used.

In this paper we give some sufficient conditions for a function f € A to be in the 
class M(a, 3Y This is essentially the addition to the papers [4] and [5]. First we cite 
the following result of Robertson [6].

Theorem A. Let f € S. For each 0 < t < 1 let F(*,t) regular in E, let 
J’(x,0) a /(x) and F(0,t) a 0. Let g 4e a potitive real number for which

f(x) = Bm ' ’ <—+o
P(x,<)-F(x,0)

xf
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exists. Let F(x,t) ie subordinate to f(t) in E forb < t < 1. Then

*€£7’

If in addition F(x) ie also regular in E and ReF(O) = 0 , then

(2) Re pg < 0, ,eE. .

Theorem 1. Let f € A and let /(«)/'(s) # 0 for 0 < |s| < 1. If

(3) i(z) = £^)[!^)Jarf,€S, a is real,

(where with the function we select the principal values) and if

(a) Gi(s,t) = <(*<“) + <(*«““) - -< t(*) , > €B ;
or

(b) Gj(s,t) = j-27 [j(*(*e<‘)+*(’«”“)) “Mi1“ 7)*)] “< »(*) » s € F 

for fixed a and fi , 0 < f) < 1 and for each 0 < t < 1 , then f €

Proof. It is easy to show that the following implications

f € <=> F(s) = € S-(/») «=> ,(s) = £ ^-d. e K(fi)

are true. Because of that it is sufficient to show that if £ satisfies (1) and (a) or (b), 
then g €

First let (1) and (a) be assumed to be true. It is evident that Gi(s,0) s jr(s) 
and <?i(0,t) = 0. If in Theorem A we choose p = 2 and for the function F(x,t) we 
take the function Gi(s,t)> then after the denotations Gj’^zj) = ffse’*) + g(xe~,t) 
and G^(z, t) = <(se“^**) we have

Gi (z) = lim 
' ’ i-H-0

<?i(s,<) “ (s, 0)
st»

= to, (gjll(».«)-ci1)(».o) _ ci,|(«.<)-gl"(».«)) =
<-*+0 ( st’ st» J

= to, - to, «SLiiiiZ2t =
«-*+0 2s «—t-0 2st

= -[»'(*) + ***(«) -*'«].

Since Gi(s) is regular in E and Re Gj (0) = —(1 — /}) 0, then according to (2) in
Theorem A we obtain

xeE,

*
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what is equivalent to

Re{1+’7$H1 ,e£l

i.e. g € K(/?) .
The proof for the case (b) is similar and it may be found in [4] (we note that 

in the cited paper there exists some typing mistakes, but it is not difficult to remove 
them).

Corollary 1. Fora = 1 from Theorem 1 we have that the following conditions:

(3,) /eS;
(«1) /(,«“) + /(,*-«),e£;

or
(h) -¿/((I - £))] •< f(z) , zeE,

are sufficient for convexity of order 0. Hence, especially, for 0 = 0 we have that 
f €S is a convex function in E if for each 0 < ( < 1 :

(a3) /(*?*) + /(*«'’')-/(*)-</(*) , *€£;

(*,) /(**•*) -b/(*<"*«) x , teE (Robertson [6]).

Prom Theorem 1 we can get the corresponding sufficient conditions for starlike- 
ness choosing the appropriate a and 0.

Theorem 2. Let 0 < 0 < 1 and 0 < a < 1. Let f € A and let f(z)f'(z) # 0 
for 0 < |z| < 1. If

(*)
Jo 1

and if

(5) H(z,t) = - f(ze-at)fi(ze-^t) + *(«-<-«<) -< *(,) ,

zeE,

for fixed a and 0 and for each 0 < t < 1 , then f € A/(a, 0} .

, Proof. It is evident that H(«,0) = h(z) and 2T(0,t) = 0. By applying Theo­
rem A (choosing p = 1) we have that

(«)

„,) = U» g(M)-g(*.0)= »*(».<)/« ,
I—+0 zt »—+0 z

=- [«zwrw+(!-•) (/'w)’+(— ,

while

z
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Prom (6) we have that 3(z) is regular in E and Re £T(0) = —(1 — d) 0. Then in 
accordance with Theorem A ws have that

what is equivalent to (1) , i.e. / €

Corollary 2. For a — 1 and i = 0 w! have that the condition (5) hoe the form

- /*(>)] + *(«"') < *(*) , » € E ,

which together with (4) is sufficient for f € A to be convex in E.
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STRESZCZENIE

regularna w kole |sj <• 1, była a-wvpukł» rzfdu 3 (» 6 R. , 0 < fi < 1). W szczególności otrzy­
mano warunki gwiaśdastośd i wypukłości. W dowodach posłużono n* metoda podporządkowania

SUMMARY


