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A Sufficient Condition for Univalence of Functions
Meromorphic in the Unit Disc

Pewien warunek dostateczny jednolistnm;d funkcji meromorficznej
w kole jednostkowym

1. Introduction. The dass S, , 0 < p < 1, of functions f meromorphic
and univalent in the unit disk D with a simple pole at p and the normalization :
J(0) = f/(0) = 1 = 0 has been investigated by many authors, f.[1]. S M. Zemyan
was first to investigate the subclasses Sp(s) of Sp consisting of all f € Sp with a fixed

residue res (f;p) = ¢, d. [2], [3], [4]. It is ensily seen that F(¢) = . is a fanction

1(1/5)

of the familiar dass £ which satisfies F(1/p) = 0. Hence a = —F'(1/p)/p® and this

determines the range (3 of values of 8 = res (f;p) , f € Sy(s) :
(1.1) N,={e€C:a=—-p*(1-9%)°, c€D}.

Consequently, any f € Sy(a) has the formx ¢

(12) f(= _—'+ +(1+”)z+zap i e€Q,,s€D.

According to Zemyan (3] the following area theorem halds for f € Sp(a) :

(1.3) i e i, =y 2 |1+',| +Ehlﬂnl’
This implies that
(14) ol 2 (1= )1 + 5]

holds for any s € 01,
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On the other hand, a more restrictive condition
(1.5) ol 2 (1+p)*|1+ $|

impliea that the set of all & satisfying (1.5) is a proper subset of {},. In fact, in Sect.2
we show that the fanction .

(1) Fiepa)= 75+ 2+ (14 5)s

with e satisfying (1.5) is univalent which implies @ € 1. As shown in (3], the area of
the set of values omitted by f € Sp(s) is a maximmm for F'(z,p,a) , as soon as (1.5)
halds.

Since (1.5) implies the univalence of (1.6) , i.e. the univalence of f whose all
coefficients a;, in the expansion (1.2) vanish, it seems natural to ask whether a suitably .
modified condition (1.5) involving the coefficients ax does imply the univalence of f
as given by (1.2). A positive answer is given in the next section. For the suggestions
concerning the problem I am mmch indebted to Prof. J.Krzyz.

2. A sufficient condition for the univalence of f. We have the following

Theorem .  Suppose that (1.5) holds for some ¢ € C and0 < p < 1. [,
moreover

(21) 3 Henl < Jel(142)72 = 14+ 5],
k=2 !
then the function
(2.2) f(’)=j'jp+;+(l+$)z+.z-;ank, z€D-{p},

is univalent. Consequently, f € Sy(a) and a € 1);.

Proof. I 31,33 € D — (p} , then

[(s3) = f(=1) _

-5

a a = - - -
g A rer e R DL P E R B
It fallown from (1.5) that

IT-"‘-T-E"'I 2A+p)?>|(sm—p)2a-p)l; s,m€ED.

la|
(a1 -p)(na-p)"

(2.3)

i+ Gl S+ <;
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and cosequently,

s _ s | sl s
i+ 3 o= Em=-Dm-n P ugl>

> Ja|(1+p)"? - h+5

(2.4)

In view of (2.1) a.nd (2.4) we have

IH%_ r)(:a-p)\)zk‘“hlz‘“("* Heatinscrntt)

and from this and (2.3) we readily see that f(s3) — f(s1) # O for 23 # 2 ;
31,23 € D — (p}. This ends the proof.
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STRESZCZENIE

W pracy tej wykazano nastepujace twierdsenie : jofli 0 < p < 1 oras dla @ € C speiniona
jest mieréwnaéé (1.5), to funkcja f(z) okreflona waorem (2.2), w ktérym wap&caynniki ag spamiajs
mieréwnoéé (2.1), jest jednalistna w obszarse D \ {p}.

SUMMARY

In this paper the following theoremis proved : ¥ 0 < p < 1 and for somm 8 € O the
inequality (1.5) halds, then f(z) as defined by (2.2) with coefficients oy satisfying (2.1), is univalent

in D\ {p}.
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