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. Manifold with the $—structure

Rozmaitoéé 3 3-struktura

Introduction. In the papex [1], the anthors studied properties of the Rieman-
nian manifold M %" with given 3-structure {{' } which satisfies certain conditions and

the properties of the 3-structure {f '@y 7} induced on hypersurfaces M4"~! immersed
in M4, :

In the present paper we shall give the relations between the Nijenhuis tensors of
. the 3-structure {I"a’} on M*" and the formmlas for a linear connection satisfying the

0
conditions : VIZ' =0, a=1,2,3. Further we shall give the formmlas for the induced
structure on the hypersurfaces AM“">! immersed in M*".

1. Lineer connections on differentiable manifold with the $—structure.
Let M, {F‘} denote 4n—dimensional differentiable manifold and the 3-structure )

M*" respectively ([1]). The F (@ = 1,2,8) are tensor fields of the type (1,1) whlc.h
satigfy the following oondmoms

(1.1) {o{:f =:I’ €=zl
(1'2) {°§‘=c‘ﬂ-£‘ al’=:t:110#ﬁ#1#0.

where [ denotes the identity mapping oo TM**. The coefficdents s e’ satisfy the
a
following identities

(1.3) -6 =48,
@ gy abd 1
(1.4) e -e=¢-e=g,
af &7 pa Y@ a

fora# B#y# a (1))
\
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nemjahmmfoei',i'i.deﬁnedumm
Ny p(X,Y) = FX, H]+|PX Fr|- m-x Y]~ mx Y)-
5 LY s =)
e _bx'gyl Wo{yl"’(f";"";"{)[xv?ls

for X, ¥ e TM* ([2)).
Let ¥ denote the covariant differentiation of the linear connection I’ without
torsion on M4*. For arbitrary vector fidds X,¥ € TA*® we have

[X,P)=Vef -0pX.
Moreover, we will make use of the relations
(FxB)F) = 92 (FT) - FOF .
Let ﬁ(x Y)= ﬁH(X,?). The forrmla (1.5) of Nijenhuia tensor and the above
relations imply
EET) = D))+ O DO - BV D) 0) - E(T2 D))~

1.6 0 LY R e s Sld
e - O BYR) - (O 7 BB + EO ) + E(O 1 )

%haveli:ﬁ. nu{mthes—emmn{é‘}onﬂl‘“thmednﬁdﬂfmt
a a

Nijenhuis tensaors.
Malking use of (1.1)«(1.4) we immediately obtain the fallowing thearem :
o The Nijenhuis tensors of the 3-structure {F} on M*" satisfy the fallowing iden-

tities :
(1.7.1) gr; ({‘J’{,{'}") =e !,?, (%X,Y)
(112) N(EX,Y)= N(&,FV)=-F B(X.7)
(113) N(FX,FY) = R(X,V)+ ¢ N(X.¥)-2¢ F F(X,7)
(1.7.4) N(FX n') = -égﬁ(fx FY)
(1.7.5) g_({'x ?)+£(J‘: FY)=1[¢ g’(f ¥)-F N(X,7)]
(1.16) N(Pk FT)+ N(Ex, I'f') = —i'[ﬁ(ﬁ')'c Y)+ N(X, i'?)]
.17 ﬁ(ﬁ FY)= d(e,+ .)ﬁ' N(X, Y)—;‘fg'(x Y)
(1.7.8) z(f;k i"}’) =
% :ﬁ‘k’ f)- ng(x,f*) ",’., {'ﬂ(i,l”)ﬂ(:ﬁﬂ:){‘ﬁ(f,‘?)
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(L.7.9) ﬁ(i‘)’t i'ff) + ﬁ(i‘)’t FY)=
=(g,+ c)F N(x Y)- L i'N(x Y)—:’i“g'(x Y)+:‘-‘c°¢;(x Y)
(1.7.10) N(FX h') + N(rx Fr)=
—(s + e)FN(X ff)-:a{‘;x(x f’)—’s"{'ﬁ(x Y)—:‘,I:F’(X Y)+
+e-¢ IV(X' 9’)
o1 pa pq
wr) NE N+ 8EXY) = ¢ BX7)-F A7) -FRET)
(mn)ﬂd@ﬂ+§@&ﬁ=
= s BED+ o f&T)-F RN -F A KT
atftvta, X,¥ eTM
Theorem 1. Let the 3-structure {i;‘} on M*" be given. There exzists the linear

0
connection I' such that

(1.8)

-'!Ja
dor

F: F=0.
2 3

Proof. Let ll-‘ denote an arbitrary linear connection without torsion on Min,
We deﬁne the connection I" as follow
19) T(X, ¥)=
= F e Pr e B D))+ (e YR - gV £ FYET ) (v"mml
for arbitrary X, ¥ € TM*". Then we have
1 :
v ,-[{')(Y) =0.
N.amely
(b)) =
= B0~ (1B (OB O B0 )~ (FDED-(pe YD) )+
+1eF((\’7x{")u;*f) + e BB - b (VDED - Ve 1D ) =
= =)D - LV F)E) - Ly DI + b BV DED) - 172D+

+(Vy F)(X) =
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(‘7 F)(F) - %(V V) + k“(v F‘ L= FVx(PY)) =
= (VxF)(Y) }(VxF)(Y )+ }F(Vxl’) % }(VxFY) =
= (fo‘)(}’) b i(Vx{‘)(Y )- }(Vx{‘)(Y) =0,
Now we are able ¢ define the connection I
r(x Y) r(x Y)+ }sﬁ‘(v i')(?)+

* 26 ;_“'+ o [., {'(VPF)(X) + S(Vﬁf')(x) +F(V,,,F)(X) i3 ‘(V;-YF){X)
12 ar

for arbitrary X, ¥ € TM*". Let us note that
(\57:({")0*) - (\37,#;‘)(1") =0
Naxmly, becaunse ér =0, then
(O2E)) = (V4 FYT) - F{;e{(vmu’) ¥ W[r (V5 )00+
+5 e DI+ EEr DIO0 + 5Oe OO | + 4B BT
m—[( ;:pf"')(i’)-c-c(Vrnf‘)(f)#(vppf‘)(x)w(Vrnf')(f)]
4 -xcf-(%,r)(v) % }.F( 3 «F7 - r(vtn))
BT d‘(vfi')(:m e!’(vﬁ!‘)(xn 2 3;9{)(X)+ﬁr(3{?{'uf}—

2(8¢ + l)
3

& :i‘(vﬁnm - 2 (Vpy F)E) - eB(¥e Y - g(V;’-fr{')(X)] -

182 1t g

- —i,-,{*mr)(?) +4gF [(vm(?) +597] -4 [‘(r’r F)P)+ EG7)]-

$ 3
T2+ e) | s‘n ;‘s[(v{f"?"fx +F (v,.;,r )(X)] -'(VMF)(X)-

1 4| OrrDED + EGre D] + £ F O BB} -

=35 BOBND) + 3g B BT = -

=
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=-{e f‘(v i‘)(r)+ ek F € [(v P)(W)+P(vxr)(Y)]

= b FOBI) + b & 5 BOePIT) =0

£ F(VyF')(X)+

M S A S N O S
VD)) = OB - F{ 3 ETB0 + gt 4 8
13 8
)

+e P D0+ BT DI+ 5 Car DO |+ b O £ENET+
i -

t 208 :_'_‘) “,‘E‘(éﬁb(m*' (v}'ip)(i}"'j'(éppfj')(ff)-rc(%p'.ff'){f{)]=
13 .

..(vxf')(}') x(vfnma,x,r evffr p(v,m]

—-——2(3 re BT a(v,,}')(x1+

+5 BV DD+ g F(vhr)m +e F(VH’F)(X) -e r;(v"r)m—

’ e
-5 5V F)X) - ¢ {'(Vp;y{‘)(x) - ;,(Vﬁf')(x) =

= LV E)T) + §EV o7 - 1(V o 7) - m{,, B(v ryF)(X)+

+e F l.’[("7,3,,—,1}")(1?7?) + 1;(%3;1?‘3‘)(5()] - 1;"(‘757{‘)(11’)—

—£ee [(éﬁi')(i‘f) +f'(ér9i’)(f)]} =

el tf‘(vnf‘)(fhcj'(vnh(f)"!F(an')(x)-tf'(""‘ B]=o

2,1

_ This condition and (1.2) imply

V5)P) = (O PEV)+ FO D)D) =0

- -

: 2 0
Remark. The torsion tensor for the connections I' and I" are given by the
fallowing formmlas

NET)

11

;(x,}") —li‘(f’,X) £ _%

-
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and
o Sk, Sar o
P& 7) - RP. %) = -3 N(E,7) - “’:‘.:.‘.) N(X,7)-
£ : A L4 I =
I 4(.-.;4- 2 NX.Y) - g +7) gg(ﬁ,w

0
Definition . The linear connection I' will be called {{'}—oomnechon

3. Connections induced on submanifolds of Riemannian manifold with
a $—structure. Let us assume that A" is the 4®-dimensional Riemannian manifald
with the metric 7 and the 3-structure {{‘} Moreover, let M*"~! be smooth, oriented

hypersurface immersed in M**. By N we denote the local vector field such that
N ¢ TM**~! and §(N,N) = 1. Then for each vector fidd X € TM*" we have the
following decomposition

(2.1) FX=FX+ew(X)N, a=1,23,
o a ao

where F is a tensor field of the type (1.1), F‘XETM""' » @ is & tensor field of

the type (0,1) ([1]).
We introduce notations

s =FNeTM'!
(2.2) ! ¥
: Tt
We have
(2.3) EN::-f-:éN.
With respect to (2.1) we get
(2.4) FX=FX+ew(X)N d
o -] oo

for X € TM*"~1,
Thus we obtained the 3-structure {{";’"} on M*"~!, It satisfies the following
a

conditions:

' F? =e(l-w®n)
a a a o
ger =ty
-4 Fq =—ecly
aq aa,
win) =1-e¢QP
= a'a
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| FoF =14¢ F-

Al i vl g

woF =ew-¢lw
(23) ‘0 [} fr1 pap
3 F = -sA

o3 w1 882

= - A

gl =Eed-5d]

(theorem 2, [1]).

Let ¥ denote the covariant differentiation of the linear connection I' withoat
torsion on M ", For all vector fielda X,Y € TM**~! we have the decompasitions

@1 VxY =VxY +A(X,Y)N
x VxN =-KX+k(X)N. -+

where V is the covariant differentiation on M**~! and K, A,k are tensor fields on
M*=! of the type (1.1), {0,2), (0,1) respectively. Moreover we have A(X,Y) =
= A(Y,X) for all X,Y € TM**=! ([3]). The connection I' will be called the induced
connection by I'.

The condition (2.4) implies

(VxE)Y) = (VxE)Y) + e(¥xu)¥) N + ¢ o(¥) 9N
Hence we get
(VxE)Y) = (VD)) - ¢ w(Y)EX - B(X,Y)g+
+e[(Vx@)(¥) + £ MXEY) + 0(Y)KX) - A M(X,Y)|N
| OxB)N) =Vxn-¢ ) KX - k(X)n +(E o K)(X)+
+:[79x§ +ebXa)+we K)X)|N

(2.8)

Thus we have the fallowing theorem:

Theorem 2. I}V is a covariant differentiation of the linear connection usth-
out torsion on Riemannian manifold M*" and V is a covariant differentiation of
the induced connection on oriented hypersurface MA"~! immersed in M ™, then the
covariant derivatives of the 3-structure {{‘} on M*" and the induced 3-structure

{F w9} on M=t satisfy the relations (2.8).

3. Riemannian connections without torsion. Let 6 denote a covariant
differentiation of the R.igma.nnjan connection without torsion on Riemannian manifold
with the 3-structure {F'} and with the metric § such that

(3.1) a(fx,{:}"; =§X,¥Y), a=123
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for all X,¥ € TM*, The existence of such metric was given in [1].
Differentiating the above condition we get:

(8.2) H(V )X, EY) +5(EX, (VF)(¥)) =0

for arbitrary Z € TM*".

Let M*"~! denote the oriented hypersurface immersed in M*". We will assume
that N is a normal unit vector field to M*"~! i §(N,N)=1, §(X,N) =0 for
X € TM*"~!, Then we have k(X) =0 and

. . ¥
i { Z Y =V ,fy +MX,Y)N
VxN =-KX

for X,Y € TM*"~!, Thus the formmlas (2.8) have the form

(OxE)Y) = FxE)) - g oK X -AK, Yo+

+¢[(Vxw)(¥) + ¢ B(X,FY) - AKX, Y)]N
(3.4) ; -

(éxf:')(N) =exz—:éKX+({'°K)(x)+

+:[8x£ + ¢ M(X, :) + (:: o K)(X)|N

Substituting (3.4) to (3.2) and making use of (2.1) and the conditions §(X,Y) =
= g(X,Y) for X,Y e TM**~! ¢(X,9)= tg(X) ([1]) and (2.5) we get the following

relation for the induced metric g on A"~
o((V2F)X), EY) + o(EX, (V2 F)¥))+
+u(D)[(Vsg) ) + AZEY) + (e - DA R(ZY) - £ 9(K Z,EY)]+

+0)[(V20)(X) + £ AEX, 2) + (£ - DA BX.Z) - ¢ o(EX, K 2)] =0

4. On some connections on a manifold connected with a $—structure.

- 8
Let V denote the covariant differentiation of the linear connection on Riemannian
manifold M4", which satisfies the condition

Qe

(1) E=d0F, Xermw
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8
where a2 are local 1-forms. By V we denote the covariant differentiation on M 4"~}
of the induced connection. We have

(VxE)Y) =g oV X +A0 V)0 + SO0OEY

(Txa)¥) =3 h(KY) — g MGEY) —u(VK(X) + ¢ -6 (XD (¥)
w2 9, '3 5 3 :

Bk = £ 3 K X+ k(X = (F o K)(X) + e2(X)s

ox) =gk - e )0+ s 20

X,Y eTM-1,
Hence we get the following theorenx

S 1
Theoremn 8. If V is a covariant differentiation of a linear connection on
Riemannian manifold which satisfies the condition (4.1) , then the induced connection
on the hypersurface satisfies the relations (4.2). '

In the particular case we get . i

Corollary. I] V i a covariant differentiation of the {P}-conncchon on Rieman-

nian manifold (VF 0, a=1,2,3), then the induced connection on Aypersurface
satisfil¥ the followmg formulas:

(VxE)Y) = £ )RX + K6 Y)n

(Vx@)(¥) = A AX,Y) - £ A(X, FY) - w(¥)k(X)

(4.3) :

Vxn= e AKX + k(X)n - (F o K)(X)
ox) = ¢ hXo) - (¢ 2 K)(CD)

for X,Y € TM*"-1,
0 5
Theorem 4. Let V denote the covariant differentiation of the {E}—connection

on Riemannian manifold with the metmic § , which satisfies the condition (3.1).
Then we have
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Jor arbitrary vector fields X,¥,Z € TM*".

The first identity follows from the assumption and the condition (31). Substi-
tuting f;y instead of ¥ we get the second identity.

8. Riemmnnian manifold with Tachibana 3-structure. Let us consider
the Riemannian manifold M*" with the metric § and with the 3-structure {{‘} We
assume that condition (3.1) is satisfied:

i(txa?)=i(x_|y) ’ a=1,23

for arbitrary X,¥ € TM*". By G we denote the covariant differentiation of Rieman-
nian connection without torsion with respect to the metric §.
The manifold A{*" is said to be a manifold with Tachibana 3-structure, if

(51) @H)@) + TP =0, a=123

for all vector fids X,¥ € TM*".

Let us consider a smooth oriented hypersurface M **~! immersed in M*". By
N ,we denote the normal unit vector field on M*"*~! (with respect to §). Then we
get the decomposition (2.1) :

§f=§f+:g(X)N, a=1,2,8.

The condition (5.1) implies

(5.2) (‘r7x§')(l’ )+ (\i?yf:')(X) =0 for X,Y € TM*"!

°
The above formmla and the formmlas (3.4) imply the following conditions for the
induced connection on M4"-1 ;

(OxD)¥) + OrE)X) =2A(X,V)a +elo(V)K X +5(0)K V]

(5.8) ' T T T T T
(Vxa)() + (Tyw)(X) =2 WX, Y)A - e[ MX, FY) + A(Y, EX)]

Theoremn 8.  The induced connection on hypersurface of the manifold with
Tachidana 3-structure fulfills the relations (5.3).

6. Riemeannian manifold with almost Sesaki 3—structure. Let us consider
the Riemannian manifold M*" with the metric § and the 3-structure {{'} y Which

satisfies the condition (3.1). By V we-denote the covariang differentiation of the
Riemannian connection without torsion wih respect to §.
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We define on M*" the tensor field g of the type (0,2) as follow
(6.1) Q(J't,?) = i({‘i.?) , a=123

for arbitrary vectar fields X,¥ € TM*, '
The manifold M*" is said to be a manifold with almost Sasald 3-structure if

(6.2) \4 (g(i',i)) + 6;,(?(2,:’()) +93(8(X,7)) =0
for X,¥,Z € TM*". The condition (6.2) is equivalent to
(6.2) VR HEY, ) + V5 (§(F2, X)) + O3 (§(FX, 7)) =0
Let M*"~! denote a amocth oriented hypersurface immemed in M*® with in-

duced metric ¢ , i.e
9(X,Y) = §(X.Y)

for X,Y € TM* =1, By N we denote the normal unit vector field to M*"=! (with
respect to §). Using the decompostion (2.1) we get

% (§(FY,2)) + V% (3(F2, X)) + VZ (H(FX,Y)) = 0
for all X,Y,Z € TM**~!, Hence we obtain
#(V%FY,2) +§(FY,9%2) + §(Vy F2,X)+
+i(Fz, V3 X) +§(VZFX,Y) + §(FX, VyY)=0.
The i;dnced metric g on M**~! and the induced connection V* satiefy the condition

9(VixFY,2) +¢(FY,V%2) + 9(V¥ FZ,X)+
+9(FZ,9%X) +9(VZFX,Y) + 9(FX,VEY) =0.

The above condition is equivalent to the condition

Vx(9(FY,2)) + Vy ((FZ,X)) + V3 (s(FX,Y)) =0

Vx(g(ya Z)) + Vy (E(Z,X)) + Vz(g(x, Y)) =0,
where
(8.3) #(X,Y)=¢(FX,Y), XY eTM"".

Thus we have
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Theorem 6. The abmost Sasaki 3-structure {{'} on Riemannian manifold M4"
induces the almost Sasaki 8—structure {f} on cn oriented hypersurface of M*™~ ! with
the induced metric and the induced connection

Let us consider the tensor field 2 on hypersurface M*"~! defined by (6.3). The
fornmla (theorem 3, [1}) :

o(FX,FY) =¢(X,Y) - w(X) - w(Y)
and the relation (2.65) imply
9(FX,Y) = g(F’X,FY) + (w0 F)(X)u(Y) =
=6 9(X,FY) - e (X)(w o F)(Y) + (w o F)(X)w(Y) =
=sg(X,FY)+ A w(X)w(Y) = ¢ A w(X)w(Y) .

Hence we get ‘
$(X,Y) = $(Y,X) + (1-)A w(X)w(Y) .

H:tl,thenSAreayrmnetﬁc
2(X,Y)=2(Y,X) :
H:: —~1, then we have

B(X,¥) + (¥, X) = 2) w(X)e(¥)

Calculating covariant derivatives fram (6.1) with respect to {{‘}-oonnecﬁon v
(p- 60) we get
gLl BERE S, e il
(V28)(X.Y) + 8(V:X,Y) + #(X,V;Y) =

= (V)ERT) + fEV,2,9) +HEX, 9, )

for arbitrary X, Y, 2 € TM*",
The above relation and the farmmla (6.1) yield

(V2 8)(X,7) = - i

and we hg.ve v
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Thus we have proved the following theorem:

Theorem 7. The tensor ﬁeldé on Riemannian manifold M*™ with s metric
g given by the formula

g(x,rr) =§FX.Y), XYeTM*"

satisfies the relation

[ 3
-

®:8)X.9) = (V) EXT)

0
where V is a covariant differentiation with respect to {F'}-connection (p.60).
a
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STRESZCZENIE

Niech M 4" bedzie 4n-wymiarows rozmaitoécda Riermmanna z zadany na mej 3-struktury {i‘},
a
a=1,2,3 speiniajycy okredlone warunki. W pracy tej acstaly podane weaystkie zaleinoéc maeday ten
sorami Nijenhnsa danej 3-struktury oraz waér na koneksj limiows merujacy tensory F -
. a

@=1,2,3 (twierdzenie 1 o istnienin takiej koneksji). Usyskane wyniki dla 3-struktury {{’} na Af"

sostaly aastc dla koneksji indukowane] na hiperpowierschm lnm_x'mnq wM™ na ktdre)

okredlona jest odpowiedma 3-struktura {E,(:,q} geneTowana praex {fa‘} W dals»e) cagda pracy
a

otrzyrmmane wczeéniej saleznaéc sostalty praemesione na pewne specjalne roxmaitoéd i sanurzone w

nich hperpowierschme

SUMMARY .
Let M*" be a 4n—dimenmonal Riermannian manifold with a given 3-structure {E}, a=1,23

subject to soms conditions. In this paper the reiations between Nijenhuis tensor of the given 3-
structure and a formula for the linear connection annihilating tensors };, a=1,23 are given. The
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axistence of such connection is established in Thm 1. The results cbtained for the 3-struciure {F')
a
on M*" are applied to an induced connection on a hypersurface immersed in M*™ where a suitable
3-structure induced by {F'} can be defined. These results are applied to some special manifolds and
a
inumersed hypersurfaces




