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On some Univalence Criteria

O pewnych kryteriach jednalistnoda

Let H denote a dass of fanctions regular in the unit disk K = {2 : |z| < 1} and

such that+f(0) = 0 and f'(2)f(2)/z # 0 in K, and let G consist of all non—univalent
" functions belonging to the class H.

Let N and R denote the set of natural and real numbers, respectively. Consider an
arbitrary non-negative functional & defined on the dass H and let
o(®) = inf{®(f) : f € G}. H it turns out that inf{B(f) : f € H} < a(®), then
we get the following simple univalence criterion : the condition &(f) < a(®) for
f € H implies the univalence of the function f'in K. :

In this paper we will give an estimate of constants a(®), where & has the form

(1) Paslf) = 1"w_{Ilos[f'(z)(f(z)/z)""""']| :3€ K}
(2 . .
Wo,a(f) =sup{log|f'(2)(f(2)/2)> =" | = log|f'(w)(/ (x)/%)***~}| : 5,4 € K}
for a, 8 € R.

Put a(®q,s) = 80,8, 6(Va,g) = da,s.
The number a),9 is known as the Robertson constant. In [3] J.Krzy2 proved
that /2 < a;0 < 1.940 . The number exp b, o is called the John constant. It is

known that by 2 /2 (see, eg. [1] ). In the paper [2] J.Gevirtz proved that
exp by o < 7.189 . In the present paper we shall establish :

Theorem 1. For the constants a5 we have the following estimates :

C (@) ' ‘ {ar+t/2 for ~1/2< a <0, BER,
a
*? = 1=/2 fora20, A€R,
(4) da_’sdzesdo.‘)(l.',ss fora,ﬂéandsEN.
n'n
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Theorem 3. For the constants by s we have the following estimates :
(5) bap<bg g Shyo fora,BER, n€EN,
A n'n
(6) %/2<baps S hop <0.71x .

To prove inequality (3) we shall use
Lerwma . [1). Leta,f € R. If f € H satisfies the condition

LA
(7) /; Re[s f"(z)/f'(z) + 1+ (@ +$B8 — 1)z f'(2)/f(z)]d0 > —=

for0< 0, -6, <2z, 0<r<1, where z = re?, then f is univalent in K.

Proof of Theorem 1. Assume that f € H and ®,s(f) < t. Then the fanction
z — w(z) =t~ log[f'(2)(f(2)/2)®**#~"] is 1egular in K and |w(z)| < 1 for z € K.
Since ‘
() (3)+ 1+ (a+iB —1)3 f'(2)/f(s) =tz ©'(s) + a +iB

and

I 2¢+20l fora<0, BER,

a .
/ Reftr & o'(re'’) + a +if]ds > fora 20, BER,

for0< 8; — 6, <2x, r6&(0,1), the lemma implies (3).
Let now f be an arbitrary fanction of the class G and f,.(:) = (f(s")'"".
Obviously, f, € G and

®a,8(fn) = %'é(f) =

= sup{[log[(z £'(2)/1 (=) "V [£ (+)(f (2)/2)°+*-1)"") | : s € K} =
= sup{(1 - 1/n)|log[s £'()/1(s)] | + (llﬂ)llos[f’(z)(f(z)/s)"*'"‘]I s€K}<
< (1= 1/n) ®0,0(f) + (1/n) Ba,a(f)-

Hence, for any natural number » and any function f € G we have Ja,p < o ps(fn) =
= ’2 E(l)’ that is, a5 < ‘9. E and aq, < (1 - l/n)Qn o)+ (l/a)@o ,(f)

Since f € G, thereis0<r < 1 anchtha.t[r(z) f(rz) € G. Thus @4 s(f;) < co.
Passing to the limit as s — oo in the preceding inequality we obtain aq,s < $o,0(f),
and finally a,,5 < $9,0(f)-

To complete the proof of inequality (4) we have to show that ag0 < 1.765 . To
this aim consider the fallowing function

f(3)=3 eprl;'(c‘“ - 1)~ lds , where ¢t =1.765 .

Putting ¢ = aresin(x/(2t)) we get

4

Re[e’f'(c*)/1(e)] =0
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and

Arg f(¢') =0+ /l(l/z) sin(t.t/?) exp((z/3)V4? - x2] dz >

l\:‘ 'f‘| .
>'+f ( 8. 3! 32-5!_ 123,71)“9((’/2)\/“’—1’)43.

Simple calcalation shows that Arg f(e’’) > x. But f has real coefficdents, hence
J€ G. Thus Gg0 < oolo(,) ={.

Corollary 1. For the Robdertson constant a o we have ;0 < 1.765 . This
improves the result obtained dy J. Krzyz in paper [3] (81,0 < 1.940) .

Proof of Theorem 2. Tb prove inequality (§) we proceed ‘as in the proof of
inequalities @q,s < ‘a E < a¢,0. From (5) and from the known estimate by, > /2

(see, e.g. [1] p.34) follows bl_ 2x/2.
Let us now show that bo 0 <0.71x . To this end consider the fanction

J(z)=z exp Jl [(1=du)**/(1 +56)" —1]e~"ds , where ¢t =0.71.
°

Putting # = arcsin|tanh(x/(2¢))] we obtain

Re[e™f'(e) /("] = 0

and

Argle ()] = Im Togle ™ 1)/ 1] =T [ [(r=im /(e =)o~ s,

gince f has real coefficents.
Substituting « = ¢'* we get

Arg f(¢*) = /o‘ co’(2 los 1+ mz) o

ek /;m [(conty)e™2/(1 + )] dy =

00 s [(31)
= 2¢"4/3 z:(—l)""’l x / 1= cogty dy =
wi)

= 2,7t/3 E( )n-H (u(l—ln)l/(lt) +2n - l) x ((2“ aly l)’ ‘z)-l

- 2‘?” 2(_l)n-Hu(l—)n)t/(’l)/((2“ |y l)’ + ‘3) + :c"/(l + c") !

n=|l

Hence

Arg f(c“) > 2te"/3 [e"/(“)/(l + !’) - e'"/(")/(‘) + l’)] + te"/(? +e)>x.
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This means that f € G, whence by < Wo,0(f) = ¢, and the proof of Theorem 2 is
complete.

Corollary 2. For the John constant we have exp by o < 9.305 . This result is
weaker than the bound obtained by J.Gevirtz in [2] (namely expb; o < 7.189 ).
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STRESZCZENIE

Niech H omamldmﬁmkqx regulamych w kole jednostkowym K = {z : |z| < 1} takich, 7o
f(0) =0, f'(:)f(z)/z # 0 w K, i niech G bedzie shiorem wasystkich funkcji miejednolistnych
3 dasy H.

Temmntemn pracy sy oszacowania stalych d(o) = mf{'l(f) 1 f€ G}. dla ktérych funkcjonat
® jest postac :

(1) sup{ [log[£"(2) (£ (2)/2)*+#~"]| : s € K},
lub .

@) suplog]f()(£(e)/2)7+" | ~ gl (@) (6) 1)+ : 2, n € K).

SUMMARY

Let H be the dass of functions regular in the unit disk K = {z : |g] < 1} such that
J(0)=0, f'(2)f(2)/2+# 0in K andlet G C H be its subdass consisting of all non—univalent
functions. In this paper the constants a(®) = inf {®(f) : f € G}, where the functional & has
the form (1), or (2), are estimated.




