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On a Horisontal Lift of a Linear Connection to the Bundle
of Linear Framnes

O podniesieniu horyzontalnym koneksji liniowej do wigzki reperdw liniowych

H
The purpose of this paper is to define a horizontal lift V of a linear connection V
on M into the total space FM of the bundle of linear frames £ : FM — M.

We define n—vertical lifts X®°* of type vy, @ = 1,...n, to FM of a vector field
X on M and in the standard way the honzontal lift X# to FM of a vector field X

H
on M. Later, we define a horizontal lift V on FFM of a linear connection V on M
similady as K. Yano for the tangent bundle in [3]. Our definition of the honzontal

H
ift V on FM is different than the one of L. A. Cordero and M. de Leon in [1].

H
We find a torsion tensor and a curvature tensor of the connection V on FM. Next,
we deacribe a geodesic curve on M and a parallel displacement of the honzontal
lift AH or the vertical lifts A%, a@ = 1,...n of the vector A € T, M with respect to
H
the connection V.
We state that if V is a metric connection for the metric tensor g on M, then the
H ‘
horizontal lift V is a metric connection for the diagonal lift G of g to FM.

1. Let M be an n—dimensional Hanadorff manifold of the claas C*°. Let T;.M be
the tangent space at a paint z. The ordered basis {X, }q=1,...n of the tangent space
T, M is a linear frame at z. We treat the linear frame {Xg }qmi....n 3t = a8 the image
of the map

(1.1) «:B" —T.M |, w(ea)=Xq , a=1,...n

where {€y jami,...n i8 the natural basis of R".

Let FM be a set of all linear frames over M and let x : FM — M , x(w) =z, be
the canonical projection. Let (U, #*) be a local chart on M, where U is the coordinate
neighborhood of a paint z. Each vector X, of the frame w can be expressed uniquely
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in local chart (U,z*) in the form X, = =5 58; Then, the induced local chart on FM
is of the form (x~'(U),#',2%).

If (U,7) and (U’,2") are the local charts on M and #*' = #'(2¢) is a change
of local coordinates, then for the induced local coordinates (x~!(U),z*,z,) and
(==*(U"), 2" ,5) on FM we get :

ol o "!' .-! "‘ 82"
(1.2) "="(") ’ ’n=‘i"c ' Alz-'a:
Thus we obtain the change of the basis of the tangent space T,FM :
a o ‘ 8
=457t Aimgg
a
(1.3) 8 " A::'&’-a_
iz, @ dzly

2. Let T’ be a linear connection on A as a connection in the linear frame bundle
x: FM — M and V be its covaniant derivative. The harizontal distribution Hyp
and the vertical distribution V on F(U) = x~!(U) are spanned by vectars D; and
D, ,s=1,...n,a=1,...n defined in local induced coordinates (t"(U),z",zf,) by
formmmlas respectively :

AEEWR Ry .
(2-1) D'=8—z‘— .,’Lﬁ " D..—az‘a

If we change the local induced coordinates (1,2), then the vectors D;, D;_ are related
in the following way :

(22) Di=ADp , Di, = 4'559&

The dual coframe on x~!(U) with respect to the frame {D;, D;,_ };.ami,...n consists of
the 1- forms {4/, 9} };,et,..n defined in local induced coordinates by formmlas :

(23) v =d ;| wy)=dz,+Tjdd

There are two seta : {#°}qmi,...n and {¢3)a,pm=1,...n of the 1-forme on FM with local
expressian :

(2.4) =2y , w3=zlw)

The 1-form 0 = #° ® ¢, is a canonical 1-form on FM and {eq }ami,...n is a canonical
basis of R".

The 1-form w = w§ @ ¢4 is a connection form on FM and {€? }4, pmi....n i & canonical
basis of the Lie algebra gi(n, R).

Deflnition 1. A horizontal lift of the vector fidld X on M into the total space
FM the bundle of linear frames is a vector field X# on FMf defined by :

(2:5) X=X , w(X™)=0
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Definition 2. A vertical lift of type v, a = 1,...8 of a vector field X on M
into the total space FM is a vectar field X¥* on FM defined by :

(2.6) £ X% =0 , wX)=["(X)eq ,

where [™!(X)]? denotes f—coordinate of vector «~!(X) € R™ with respect to the

basis {eq }ami....n:

uueczorﬁeldxonuisdthemx=x‘a—‘;; in local chart (U,z'), then
the horizontal lift X% and the vertical lifts X® , & = 1,...n in the induced local
chart (x~!(U),#*, %) are of the form :
=X'D
2.7) =
X* = X*§3D;,

The vertical lifts of type vq, & = l,...uforthevectomi—a:edtheform:

o e o
(5}') ~ oz,

The vertical distribution V' on F'M is spanned by a—vertical lifts of type v, :

8 \va a
(8?') 8:‘ of n vectors of the natural basis y
We have :

Proposition 1. For the horizontal lift XH and the vertical lifts X*=, a=1,...n
into FM of vector fields X,Y on M, we have the relations:
[XF,YH) = (X,Y[T - yR(X,Y) , [XF,Y"|=(VyxY)”

(2.8)
oA X* YR = [X,Y]" = (VxY)* ,  [X*,¥%]=0 :

where YR(X,Y) = Ri;tz:X‘YjD(. and Ri},, are the components of the curvature
tensor of the linear connectionT' with the covariant derivative V.

3. Let V be a covariant derivative on M of the linear connection I'.

Definition 8. A horzontal lift of a linear connection V on M into the total space
H
FM the bundle of linear frames is a linear connection V defined by :
H H.
3.1) VxaYH = (VxY)B | VxaY® = (VxY)*
i = a
VxYH =0 y  VxwY"=0 :

for all vector fields X and Y on M. .

n -
The components of the honzontal lift V of a connection V on M with components
T,} in the natural frame { o } are of the form in the adapted frame {D;, D;, } = Dy,
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(3:2) - ol
r‘.I T e r.:; =0 , P':u o gt r':;p =
We have the relations L '|
s a\| & 0
Dp e[ l ]
3.3 ¥ d=! 1
(3.3) \ ¥ -ris &s3
"
Thus, the components of the linear connection V in the natural frame
;) a \ 4 "
8,, = 1\5; ) E':; are of the form: V.,B,:Fp,a, f
H H pr o
F., B{,r,{é’é‘— (D,BL)BIBE , BBl =8,
E .
Fl=13 , Fq' = &L 12l + DT /el - Fimbiza
B ¥ 2 * B ™
= F.-,-"=I‘.-,-‘g ¥ F.J:I‘&
H b {
F.:_:O ) F.:”=0 1y F‘:}'—Q

H H
A tomion tensor T of the linear connection V is of the form :

PR, yH) = (T(X,Y))T +1R(X,Y) , FXT,¥")=0

(85)
T(x",Y") = (T(x,Y))” . T(X*,y") =0

H ) 4
A curvature tensor R of the linear connection V is of the form :

R(x” Y®)z7 = (R(x,Y)Z)" R(x" Y#)z*» = (R(X,Y)Z)"

(3.6) R(x'-,y")z" =0 ; R(X",Y")Z" =0 \
H " ‘
R(X*,Y")ZH =9 , R(X"*,Y*")Z*1 =0

Thus, we have :

Proposition 3. The horizontal lift g is torsionless connection on FM iff a
H
linear connection V on M satisfies : T =0 and R =0 . A curvature tensor R of the
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H
horizontal lift V on FM vanishes iff a curvature tensor R of a linear connection V
on M vanishes.

:4 Let C be & geodesic curve on the total space FM with respect to the horizontal

lift V In induced coordinates the equations of a geodesic curve ¢:1 — FM
C:t— O(t) = (£4), 2, (¢)) = (2(¢)) are of the form:

e H  d#ds¥
(‘.l) a. ..p‘“,a—a—=0

Thus, using the formmlas (3,4) for F ) we get :

D, do dst

g g =0
d’:’ : dz* dz™
(42) —i + O huzh +TT 2l ~TAT L 2h) ————+
; 4 dz™ . dz™ d
timga YTm g @ =0
We denote :
D2 dst i mde
A & = a g
Then if we assume that :
az  dzt do* ] .
(4.4) i +r:"iT— =0 , Toh=Ty
we obtain : :
Dz, _D (D= _
a d\ &
J’:’ dz' dz™
(‘-5) d1? m’r’ rf..‘rlm)’* d‘
. de! d2™ . dz™ do}
v lim e T

Thus, we have :

Proposition 3. A geodesic curve on the total space FM with respect to the

horizontal kft g of a bnear connection V on M with tensor torsionT = 0 , has in
induced coordinates on FM the equations of the form :

) ao dz' d=™ Dig,

TN = T

=0 .
ds
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Proposition 4. A curve C on the total space FM of the dundle of linear frames

H .
is a geodesic curve uith respect to the horizontal lift V, if projection C = x(C) on
M is a geodesic curve on M with respect to V and the second covariant derivative of

each vector Xa(t) = 22(t) 58;| of the frame u along C defined by O vanishes.
c(t)

Let X be a vector field defined along the curve 0 on FM. The vector field
X= X“g‘:j along the curve @(t) = (=*(t)) is parallel with respect to the horizontal

H
lift V if the equations are satisfied :

dX* H, do¥ .
(‘.7) T-ﬁ va &-X" ==

Havectorﬁeldf:X‘a—i-onFMistheverticaIliftoftypev,davectorﬁeld

X=X % on M, then the equations (4,7) reduce to :
(24 ]

X dz
(4.8) T + PI.X.I- =0
If a vector fild X = X*D; mFMh&ehmbonthﬁdaWﬁddX:Xi%;
on M, then the equations (4,7) reduce to : '

£ +r,.x*% :
(4.9) o i

Thus, we have :

Proposition 8. The parallel displacement of the vertical lift A® of type vo or
the horizontal lift AH of a vector A € Tc(o)M along the curve C on FM with respect
to the horizontal lift of a linear connection V coincides with the vertical lift of type
vo or the horizontal lift of the parallel displacement of a vector A along the curve
C = x(C) with respect to a linear connection V on M :

(4.10) C(4™) = (C(4))™ , Ca¥)=(c4)”

8. Let g be a metric tensar on M. We consider a diagonal lift G of g to FM
with respect to a linear connection V. H in local chart (U, z') the metric tensor g is
of the form g = g; d._z‘ ® dz’, then the diagonal lift G of g with respect to adapted
coframe (2,3) : {y*,95)} on FM is of the form :

(5.1) C=gin @0 +56%g;n, 0 n)
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We have the following forrmmlas for the covariant derivative of the diagonal lift G of ¢
H
with respect to the horizontal lift ¥V of V :

(ngG)(Yﬂ,ZH)=(ng)(Y,Z) ) (gxnc)(Y"',Z")=0
H
(63) (VxnG)(Y*, 2) =67 (Vxg)(¥,2) » (Vx~O)¥7.ZF)=0
(Vxe- Q)Y 27) = 0 . Fxm@)e, 2 =0
Thus, we have :

Proposition 6. If g is a metric tensor on @ manifold M and V is its metric

H .
connection, then the horizontal lift V is a metric connection on FM for the diagonal
lift G of g. '
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STRESZCZENIE -~

H
W pracy tej definiuje siq podniesienie horyzontalne V koneksji limiowej V na roamaitoécd M
do wiazki reperéw liniowwch F'M analogicanie jak K.Yano [3] do wiazld stycanej.
W tym celu okrefla si¢ w nowy sposéb dla pala wektorowego X na M B podniesiet wer-
tylalnych X%, @ = 1,...n orazs w standardowy sposéb podmiesienie horyzontalne XH,
Wyznacza sig tensor skrgcenia, tensor kraywizny, geodesyjne, praeniesienie réwnolegte dla pod-

H
niesienia horyzontalnego V na F'M.

SUMMARY

H
In this paper a horizontal lift V of a linear connection V on a manifold M into the total space
FM of the bundle of linear frames x : FM — M, in a way similar to that of K.Yano, is defined.
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: H
The torsion tensor and the curvature t aof the connection V has been determined, as well as

{ H
geodesics and paralld displacemant of the horizontal lift with respect to V are determined.

~




