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Estimates of Constants Connected 
with Linearly Invariant Families of Functions

Abstract. In this note we present estimates of some constants connected 
with linearly invariant families of functions. We estimate the constant sup{c/: 

/=log h', oid h=a}, where c/ is defined by (1.1). Moreover, We extend a result of 
Pfaltzgraff on the univalence of a certain integral We also establish some results 
concerning the coefficients of Bloch functions.

1. Estimates of constants

Let D denote the open unit disc in the complex plane. For an 
analytic function f on D we set

H/lls = sup(l - |z|2)|/'(z)|. 
zgB

The Bloch space B is the set of all analytic functions f on D for 
which ||/1|b < oo . The quantity |/(0)| + \\f ||b defines a norm of the 
linear space B which, equipped with this norm, is a Banach space 
(see, e.g. [1], [7]).

Let
B(0) = {/:/gB, /(0) = 0},
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and
Si = {! : f 6 8(0), 11/11» < 1).

As usual, let S denote the class of functions g(z) = z + •• ■ that 
are analytic and univalent in D. J.M. Anderson, J. Clunie and Ch. 
Pommerenke ([1]) put the following problem:

Find the best universal constant c, c > 0 in the representation

M ~ /(0) = dog 9\z),

where f € B and g £ S. Of course, it suffices to solve this problem
for the class #(0). Thus, if f € B(Q) and

(1-1) cy = inf{c : / = clog/, $ e S},

then we are interested in finding

• C =■ sup Cf.
/€B(0)

Let us note that sup{c : f = clog/, g £ S} = oo.

For a € D let the Mobius function <£>„ : D —> D be defined by the 
formula

*.(*) = ° e r.1 + az
If f is a function locally univalent in D then the order of f is defined 
in the following way

ord f = sup 
a€D

f/(^(z))-/(q)) 
1 /'(a)(l - |a|2) J,

where {/i(z)}2 denotes the second Taylor coefficient of the function 
h(z) = z + • • • .

The universal linearly invariant (or universal Mobius invariant) 
family UQ (see [6]) is the class of all functions /(z) = z + ■ ■ ■ analytic 
in D such that

1° /'(*) / 0 in D,
2° ord f < a.
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The authors proved the following result.

Lemma 1.1 [4]. f € B if and only if there exists a function 
h e U«<ooWa 3Uch that f(z) ~ A°) = log/i'(z).

This Lemma allows us to obtain some properties of Bloch func­
tions in terms of the order of a corresponding function from (JQ<OO ^a-

Let us foliate the class B(0) with respect to parameters a and 
consider the problem of finding

CQ = sup{c/ : f = logh', ord h = a},

where c/ is defined by (1.1).

Theorem 1.1. For each a 6 [l,oo)

( a - 1, if a e [1,
t (a + l)/3, if a e [2, oo)

Proof. Let a 6 [1, oo) be fixed and let h be an arbitrary, locally 
univalent function of order a. Then there exist a constant c > 0 and 
a function g 6 S such that

(1.2) logh' = clogg' = f G B.

If for a fixed h we put in (1.2) c = Cf — e, £ > 0, then the function g 
cannot be uni valent. Therefore

Jo

Thus, by a result of Pfaltzgraff ([5]) we get

1 1
-------  > 77“ •Cf — e 2a

Since £ arbitrary, we get
cQ < 2a.
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Moreover, it follows from (1.2), cf. [6], that

a = ord h = sup 
z6D

g"W 1 - H2 r 
<?'(*) 2

2^_-i)C + ^C-1^ ” + 2c+|c-l|.

Let us consider two cases.
(i) If c > 1, then c > (a + l)/3. Thus

c > max{l, (a + l)/3}.

(ii) If 0 < c < 1, then c > a — 1. It follows from (i) and (ii) that

c > f a - 1, if a € [1,2]
~ t (a + l)/3, if a G [2, oo).

The above inequality is true for Cf (thus for Cf, too), because in (1.2) 
we can choose c sufficiently close to Cf. □

Now, observe that it follows from the definition of the constant 
C that C > Ca for all a G [l,oc). So, using Theorem 1.1 we get 
C = oo.

Let us remark that for a = 1 Theorem 1.1 gives a lower estimate 
of CQ. There exists a function fo G £?(0) such that c/0 = 0. Indeed, 
if ho(z) = 50(2) = 2, then /o(2) = clog^(z) for all c > 0. Thus 
c/o = 0.

For each complex number A the non-linear operator Ta,f

Jo

maps the class of functions /(z) = z-(---- analytic and locally univa­
lent in D into itself. J.A. Pfaltzgraff ( [5], also see [3] ) showed that 
Ta(/) is univalent, if f G Ua and |A| < l/(2a). W.C. Royster ([8], 
also see [3]) has shown that Ta(5) S for each complex A / 1 in the 
range |A| > 1/3. The next theorem extends the above results result.
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Theorem 1.2. For all a > 1 and each complex // 0 1 and 
W>2[3(a-l)]->.-

T,(M„) t S.

Proof. W.C. Royster ([8], also see [3]) considered the function 

F(z) = exp[Hog(l - z)], v / 0,

which is univalent in D for \v + 1| < 1 or |i/ — 1| < 1. Thus the 
function

(1-3)
Ftf ~ F(0) 

F'(0)

He proved that for these functions the integral f/(g/(C))A does not 
belong to S, if |A| > 1/3, A / 1.

Let us denote by g- the function of the form (1.3) with the 
parameter i/ = — 1 and let

M*) = i\g-^)Vdc, 7<o.
Jo

For the function h-, we have ([6])

,i-N2 *"(*) ,i-N2ord h., = sup | —-----7-77-; -z\ = sup |-------- 7 - z\ =
2€D 2 g-\z) z€D 1 - Z

2|7| + 1 = 1 - 27.

Let a = 1 — 27. Then
\l-a)/2 £ ^ai

for all 0 > 1. Now, let us consider the function

/V«))"“-”’'2 <K = Z’(V(l.a)/J«))'</c, 
Jo Jo

where p, 6 C. By the result of W.C. Royster ([8]) we get -o)/2 
S. if n(l — a}/2 1 and l/rf 1 — o)|/2 > 1 '3. □
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2. Coefficients of Bloch functions

In this section we deal with coefficients of functions from the 
class Bi. F.G. Avhadiev and I. Kayumov ([2]) gave the following 
result

«
Theorem AK. If f E Bi then for every non-increasing se­

quence 6n > 0 we have

oo oo

fc=i k=l

The following theorem improves the above result.

Theorem 2.1. If f 6 Bi then

for 6k > 0, •

oo oo / . \ k oo ,

oo w-«<+>)<
fc=l i=l ' "T J t=l

for > 0 such that 6k < oo,

for all positive n and real 6k such that 6k > 0.

Proof. Let f € Bi. By the Parseval formula we obtain

-1’ è r |/,(re")|2 m=§ ‘’w2'2“-1’ * (T^'
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for r G [0,1). Now, put t = 1/(1 — r2) € [l,oo). Let us consider a 
function g, g(t) = 6n for t € [n,n + 1). The series

is uniformly convergence on all compact subsets of [l,oo). By (2.1), 
we get

(2.2) jT* (41)“1 fa, < /"f «a, = p„
Moreover we have

The arithmetic - geometric means inequality for 0 < a < b gives

bk - ak > k(b - a)^*-1^2^*-1^2.

Therefore

> k
*('+!)

z/-i\(*-1)/2 
V + V

Thus it follows from (2.2) that

00 / nE*w E
t=l \Z=2

6l

/U+1)
<E«<-

Zwl

For n —► 00 we get the inequality (i).
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Now, using (2.3) we obtain

£w(±(^)% - *+.)(^)‘) < ¿X

If n —> oo then
*

£fcia‘i2£((7i) w-<(+■)+„1^ £

oo

<£<»•
fc=l

We will show that the above Emit is equal 0.
Let us observe that

A/(r) = ~ i i/'(ie’*)i2iJzi = ¿fcia*i2r2fc -
* 7lzl<r fcl 1 “r

Then
6n • Az(0-l/n) < 6n • (n - 1).

Because the series <$n is convergent we have ¿„-(n-1) -+ 0 as
n —> oo. Thus

lim 6n+i fc|ajt|2 f —= Em <$nA/(\/l - 1/n = 0
n-.oo ' \n + l/ n—»00

k=l v 7

and we get the inequality (ii). The proof of the inequality (iii) is 
analogous. □
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