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On Moments of a Class of Counting Distributions

Abstract. Using two methods of determining moments of discrete 
distributions we give formulae and recurrence formulae for moments 
of a class of counting distributions.

1. Introduction and preliminaries. The aim of our note is to 
give formulae for moments of a class of discrete distributions. Let 
pT(n), n = 0,1,..., be a probability function of a random variable 
T defined by the following recurrence relation

(1.1) pT(n) := PT(n;a,6) = (a + b/n)pT(n - 1), n = 1,2,... ,

where a < 1, a + fe > 0, pT(0) > 0. (cf. [1] and [2]).
We need to note that for a random variable T obeying:
(i) binomial probability function

(1.2) pT(n)= (^pnqN~n, n = 0,l,...,7V; 0<p<l, p + g = l;

a = -p/q, b = [(TV + l)/p\/q , pr(0) = qN ,

(ii) Poisson probability function 

AnPT(n) = —re_A> n = 0,1,... 
n!

; A>0;(1.3)
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a = 0, 6 = A, pT (0) = e A ,

(iii) geometrical probability function

(1-4) pT(n) =pqn , n = 0,1,..., ; 0 < p< 1, p + g = 1;

a = g, 6 = 0, pr(0) =p,

(iv) negative binomial distribution function

(15) Pr^=(n+n ^pkqk ’ n = °»1>-» k = 1,2,...; 

0 < p < 1, p + g = 1;

a = g , b = (Jc - l)g, pT(0) = pk ,

(v) logaritmic distribution function

(1.6) pT(n) =-----y— , n = 1,2,...; 0 < p < 1, p + g = 1;
nln p

a = g , b = —g , pr(l) = -g/ In p,

(vi) truncated Poisson distribution function

(1.7) pT(n) = 0) e-0 /(I - e-A), „ = 1,2,A > 0;

a = 0, 6 = A, pT(l) = (Ae-A)/(1 - e_A) .

2. Moments of counting distributions established by the 
direct method. Let mr(c) := E(T — c)r denote moments about 
the point c of a random variable T. Assume that pT(0) > 0.

Now we see that elementary evaluations lead to formulae for mo­
ments mr(c) about the point c, ordinary moments ar := mr(0) 
and central moments pr •= mr(ET) of a discrete probability func­
tion p(n) := pT(n), n = 0,1,..., obeying (1.1).
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m

Taking into account that p(n) satisfies (1.1) we get 

oo

.(c) := £(T - cf = - cfXn)
n=0 

oo r
= (—c)rp(0) + a ^2 JL ( i ) " 1 “ _

„=i>=o

+ &J25ZÎ .}nj l(~cY Jp(n-1)
n=l j=0

= (-c)rp(0) + aJ2 ( -)mj(c) + (-c)r -p(n- i)
j=0 ' n=l

OO r Z \+i’EÉG)ni'1(-c)’"lp("_1)

n=l >=0

r / \ °°= (—c)rp(0) + a ( r ) m/c) + (—c)r (p(™) “ aP(n ~ 1)]
j=0 n=l

+ + J (n - 1 - c + 1 + c)J(-c)r 1 xp(n — 1)
n=lj=0

j—1
= (1 - a)(—c)r + amr(c) + a ( • ) mAc) 

j=o 'J'
+>£ e G ; Û (--=)"'■* £ C> -1 - c’i(i+n

„=1 j—o v 7 «=0 v 7
I—1

= (1 — a)(—c)r + amr(c) + a E m/c) 
j=0 v/

+6EG;1)(-cr,',ÉÔ(l+c)"im‘(c)-

Hence we have
I—1

(2.1) (1 - a)mr(c) = (1 - a)(—c)r + a . ) m/c)
J=0
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+6E G + 1)(-d’->-1 E G)(l + c)>-m,(c) .

r—1 j r— 1 i—1
By (2.1) after using the equivalence 52 I2(')v = 12 Z2 (')»> we 

j=0 i=0 t=0 j=i
are completing the proof of the following result. ■

Theorem 1. Moments mr(c), ar and /j,r satisfy the following 
equations:

m ■(C) = (-C)r+T^E a

(2-2) “St
r > 1,

' l(_cr>-i(i + c)J-. mi(c) ,
+ 1/ V 

m0(c) = 1,

The moments ar and ¡ir for r = 1,2,3,4 are as follows:

«0 = 1, Ql = a2
(a + 6)(a + fc + 1)

1-a’ (1 — a)2
(a + 6)[(a + i>)2 + 3(a + 6) + a + 1]

(a + 6)[(a + ft)3 + 6(a + h)2 + (a + &)(4a + 7) + a2 + 4a + 1]

(I-«)4

a, T b

«4

»3 =
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Mo

M4

i - n - a + b
1, Mi-0, ^2 — (1 — a)2 5

(a T 6)[3(q 4- 6) + a2 4~ 4a 4-1]

M3
(a + 6)(a + 1) 

(1 - a)3

Corollary 1. The coeficient of skewness 7 
probability functions (1.1) are given by

and the kurtosis of

_ M3 _ a + 1

<r3 y/a 4- b ’
M4 o a2 + 4a + 1 

k = —7 - 3 = -------—----a4 a + b
respectively.

In the case when the first positive term in (1.1) is p(n0), n0 > 1, 
the formulae (2.1)-(2.4) for moments need some modifications. They 
are given in the following theorem.
Theorem 2. Moments mr(c) , ar , and pr for a probability func­
tion (1.1) with p(n0) >0, n0 > 0, satisfy the following equations: 

mr(c) = (-cf + |noXno) + J>(«o) 52

1—1
ar : = mr(0) = —— jnSp(no) + a

1 - a I >=o L

r > 1, a0 = 1,

/"nop(no) + a + b\ fnop(no>) + a + b\r
: = M—J= v J

^r\/nopÇno)-b a-b b\i r_j

. +&

•¿WgC
r—1

no) + a + b\J r^j7TÏ-------)"» +E
t=0

r — 1
j

aJ ( ’
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, , / r \ fj\ /nop(no) + a4-6\r-J-i/nop(no) + l + 6\J-’‘
+ —) t—rr;—1 J*

r > 1, po = 1, 
respectively.

For r = 1,2 , we have 
a + b + nop(no)»i =

a2 =

P2 =

1 — a
(a + 6)[a + b + 1 + nop(no)] + nop(no)[no - (n0 - l)a]

a + b - nop(no)(noa + V) + n§p(n0)[l - p(n0)]

Corollary 2. Under the assumptions of Theorem 2 with no = 1 
we have

r—1 r
1 I Z X

Or
r=i^{p(i)+gKr)+6(r71)]“4’

(2.5)

r > 1, oo = l,

- - (P-^)' + T^{*) g Q

(2-6)

x(Pdi±l^y-]Mi}ir£lii,o = 1.

Remark. The equations (2.5) and (2.6) allow us to give formulate 
for moments of probability functions (i)-(iv) truncated at the point 
n0 = 1.

By Theorem 1 and 2 we obtain the following formulae for moments 
of the discrete distributions (i)-(iv).
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Corollary 3. The ordinary moments ar and the central moments 
of the binomial distribution (i), the Poisson distribution (ii), the geo­
metric distribution (iii), the negative binomial distribution (iv), the 
logaritmic distribution (v) and the truncated Poisson distribution (vi) 
satisfy the following equations:
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respectively.

3. The method of the moment generating function. Now, by 
the method of the moment generating function we give relations for 
moments of probability functions satisfying (1.1).

Using (1.1) we can write the generating function MT_e(u) of the 
moments of T about c as follows:

oo
MT_c(u) = 52 eu(n_c)p(n) = e“(n°-c)p(no)

n=n0
oo oo

+ aeu - 1) + 6 ^2 (e“(n_c)/n)p(n - 1),
n=no+l n=no+l

with p(no) > 0 (n0 is the smallest integer of that property). Hence 
we have

OO

(l-ae")MT_e(u) = e“(n°-c)p(n0) + 6 J2 (e“(n_c) 
n=no+l

/n)p(n - 1) .
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Derivation gives

(1 - ae“)MT_c(u) - ae%_e(u) = (n0 - c)e“(n°-c)p(n0) 
oo oo

+ beu e“(n-1"c)p(n-l)-6c £ (e“(n_c)/n)p(n -1).
n=no + l n=no+l

After putting

(6/n)p(n - 1) = ?(«) - ap(n - 1)

we get

(l-ae“)MT_c(U) = (a+6+aC)euMT_c(tz)-cMr_c(u)+noeu(Tlo"c)p(no)

According to Leibnitz’ formula the derivative of order r — 1 of both 
sides gives

(1 - (r ~
j=l ' J '

= (a + 6 + ac)
j=0 ' -1 '

- cM^^u) + n0(n0 - c)r-1e’‘(n°-c)p(n0) ,

or

(1 - = «“ E “(y + i) + <4+ oc>C ~j

-cMrT~^u) + n0(n0 - c)r-1e“(n°_c)p(no) .

Hence setting u = 0 we obtain the following moment formulae. ■
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Theorem 3. Moments mr(c), ar and pr of discrete probability 
function (1.1) satisfy the following equations:

mr(c) = ——< n0(n0 - c)r lp(n0) 
1 — a [

r—1 r — 1+ E
j=l L

+ (6 + ac)
U + 1

+ [ra + b — (1 — a)c]mr_i(c) 

r > 1 ; m0(c) = 1,

mr_j_i(c)

}■

«r = y4^{n°rP(no) + È aQ + i)+6(r j «r-j-l},

r > 1, «0 = 1,

If z V nop(no) + a + 6\r 1
Pr = ;------< nop(no) n0---------- :------------1 — a \ 1 — a J

nop(no)a + a2 + b (r - 1Y
I i

+ [(r - l)a - nop(no)]pr-i , r > 1, p0 = 1 .

In the case when no = 0 we get recurrence relations for mo­
ments mr(c), ar and pr of counting distributions useful in many 
applications.

Theorem 3'. Recurrence formulae for moments mr(c), ar and 
pr of discrete distributions (1.1) with p(0) > 0 are as follows:

m’-(c)=î4^{è aG+i)+(6+ac)C > 0

+ [ra + b — (1 — a)c]mr_i(c) > , r > 1 ; mo = 1,
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Moments of probability distribution functions (1.2)-(1.7) are con­
tained in the following corollary.

Corollary 4. Moments ar and central moments pr of probability 
distribution functions (i)-(iv) satisfy the following equations:
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4. Relations between ordinary and central moments. Using 
the formulae:

j=0 'J '

we get the following results.

Theorem 4. Relations between ordinary and central moments of 
the probability function (1.1) with p(0) > 0 describe the following 
equations:

r > 1, o0 = 1,
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r > 1, q0 = 1, p0 = 1 .

Using Theorem 4 and the formulae ai = (a + ¿>)/(l — a) and 
= (a + 6)/(l — a)2 we can state.

Corollary 5. Under the assumptions of Theorem 3' we have

In particular we see that
0i2 , , 1 M4 _ o , °2 + 4a + 1

a + b pi a + b

References

[1] De Pril, N., Momenta of a class of compound distributions, Scand. Actuarial 
J. ((1986)), 117-120.

[2] Johnson, N.L., S. Kotz and A. W. Kemp, Univariate Discrete Distributions, 
Sec. Ed., John Wiley & Sons, Inc. New York, 1992.

Dominik Szynal received March 22, 1995
Instytut Matematyki UMCS 
Pl. Marii Curie-Skłodowskiej 1 
20-031 Lublin, Poland

Józef L. Teugels 
Katholieke Universiteit Leuven 
Department of Mathematics 
Celestijnenlaan 200B, B-3001 Leuven 
Belgium




