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On Moments of a Class of Counting Distributions

ABSTRACT. Using two methods of determining moments of discrete
distributions we give formulae and recurrence formulae for moments
of a class of counting distributions.

1. Introduction and preliminaries. The aim of our note is to
give formulae for moments of a class of discrete distributions. Let
pr(n), n =0,1,..., be a probability function of a random variable
T defined by the following recurrence relation

(1.1)  pp(n) := P.(n;a,b) =(a+b/n)p,(n—-1), n=1,2,...,
where a <1, a+b>0, p,(0)>0. (cf. [1] and [2]).

We need to note that for a random variable T obeying:
(i) binomial probability function

N
(1.2) pp(n) = ( )P"‘IN'", n=0,1,.,N;0<p<1l,ptqg=1;
n

a=—p/g, b=[(N+1)/pl/q, pr(0) =",

(ii) Poisson probability function

(1.3) pr(n)==e?*, n=0,1,...; A>0;
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a=0a b=’\1 pT(0)=e_’\,

(iii) geometrical probability function
(1.4) pr(n)=p¢", n=0,1,..,; 0<p<1, ptqg=1;

a=gq, b5=0, p;(0)=p,
(iv) negative binomial distribution function

n+k-=1
n

pr(n) = (

0O<p<l, p+qg=1;

k _k
2= DAL, sorrnki (8.2, oo
(1.5) )p $vast

a=gq, b=(k_1)Qa pT(O) =pka
(v) logaritmic distribution function

q
(16) pT(n) = _nln P )

n=12..; 0<p<l, p+qg=1;

a=gq, b=-q, pr(l) = —¢/lnp,
(vi) truncated Poisson distribution function

n

(1.7) pr(n) = (/r\z—' e_’\)/(l —e™),n=1,2.; A>0;

a=0,b=X, p(1)=(AeM)/(1-¢7").

2. Moments of counting distributions established by the
direct method. Let m, (c) := E(T — ¢)" denote moments about
the point ¢ of a random variable T. Assume that p.(0) > 0.

Now we see that elementary evaluations lead to formulae for mo-
ments m,(c) about the point ¢, ordinary moments a, := m,(0)
and central moments p, := m,(ET) of a discrete probability func-
tion p(n):=p,(n), n=0,1,..., obeying (1.1).
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Taking into account that p(n) satisfies (1.1) we get
my(¢c):= E(T —¢c)" = Z(n —¢)"p(n)

p(0)+azz ;\)(n —1-¢)p(n—1)

n=1 3=0
+bzz( Jii=oran 1)
n—l]-O
= (-0p0) +0 3> () msfe) + (= 3 ol =1
+b22()n’ Y(—c)"'p(n — 1)
n=1 ;=0

S LORD» ( ’T) my(€) +(=e)” Y_lp(n) = ap(n = 1)

+bzz(} = 1= e 1P (=) -1

n=1 j=0
r=1 /N
= (1 —a)(—=c)" + am.(c) + ag (\j)mj(c)
+bii( )( o) v ‘i(i)(n—l ¢)'(1 +¢)~*p(n — 1)
i= 1=0
— (- ey +ame(c) +a Y ()m
j=0
+b;(j-:1) ¢) i lg(.)(l+c ‘my(c) .

Hence we have

21) (- amil) = (1= a)= +a2(7)m,(c

1=0
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B e

j=0 =0
r—1r—1
By (2.1) after using the equivalence Z Z( )iz =2 2 ()ij we
J=0:=0 1=0 j=1t
are completing the proof of the following result. []

Theorem 1. Moments m.(c), o, and pu, satisfy the following
equations:

me(e) = (=) + = Z ()

(2.2) . b:é (] :— 1) (z:)(_c)r—i—l(l Bt c)i—":’ mi(c) ,
r 22 Cmale)=15

gy =m0 1_1_[(1) e
r 2}, ap =1,

(0T

The moments «, and p, for r =1,2,3,4 are as follows:

-1 _a+b _(a+b)(a+b+1)
_(a+b)(a+b)?+3(a+b)+a+1)
‘e (1—a) '

_(a+Dd)[(a+b)°+6(a+Dd)?+(a+b)(4a+T7)+a +4a+1]
K (1-a)t
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a+b (a + b)(a+ 1)
p— ]_ = = — -_——
p‘o b #1 01 N2 (1 — a)2 ) l‘l‘3 (1 - a)3 ]

i (a+b)[3(a +b) + a® +4a + 1]
e, (1-a) |

Corollary 1. The coeficient of skewness < and the kurtosis of
probability functions (1.1) are given by

_;1,3_ a+1
T_;’;_\/a-i-b’
M4 _a2+4a+1
"REAT YT T atb

respectively.

In the case when the first positive term in (1.1)is p(ng), no > 1,
the formulae (2.1)-(2.4) for moments need some modifications. They
are given in the following theorem.

Theorem 2. Moments m.(c), a,, and p, for a probability func-
tion (1.1) with p(ne) > 0, no > 0, satisfy the following equations:

ma(c) = (=c) + — {nap(no)+p(no>§C‘)(—cv‘n;‘f

l—a

o) #0% (1) Qe o fmo}

=0
r>1, mo(c) =1,

ay i = my(0) = lia{ngp(no)+:Z:[aC) +b(7';1): a,-},
i TP o ="1"; J

s nop(no)+a+b) B /nop(no)+a+b)'
1 =2 /r\ /nop(ne) +a+b\i ,_; "‘[ (r)
+1_a{p(no)z(j)( a-1 )no +Zai

j=0 1=0
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1 . - .
. (T \(7\ /nop(no) + a+b\r=i=1 rngp(ng) + 1+ byi=i|
TbZ\)-{-l) :)k a—1 ) ( | ) ) |Nx}'
TZI,‘[L():]_,

respectively.

For r=1,2 , we have
a+ b+ nop(no)

ay = ]

1—-a
o ( + b)[a +b+1+ Tlop(no)] + nop(no)[no - (no — 1)a]
o 1-a)
T = a+ b —ngp(no)(nea + b) + nip(ng)[1 — (Tlo)]

(1-a)?

Corollary 2. Under the assumptions of Theorem 2 with ny = 1
we have

on e Bl() (5}

r>1,a=1,
o= (BEE) l—i—a{m)g (5) (Hxaxty
Z[a( ) +b2(}+1)() P(llta:l+b)r i-1

i=0

x(w) ]u;},er,p():l.

l—a

Remark. The equations (2.5) and (2.6) allow us to give formulate
for moments of probability functions (i)-(iv) truncated at the point
Ng = 1.

By Theorem 1 and 2 we obtain the following formulae for moments
of the diserete distributions (i)-(iv).
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Corollary 3. The ordinary moments a, and the central moments
of the binomial distribution (i), the Poisson distribution (ii), the geo-
metric distribution (iii), the negative binomial distribution (iv), the
logaritmic distribution (v) and the truncated Poisson distribution (vi)
satisfy the following equations:

r—pz[ (5)- (2:1)]%

(i) o /\)r“f[rz—f(ﬁl)()( D (E vl

=0 =3

=35 () (Dl
@ w=(-2)+25()
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W =G - 065 -]
S () O6GE) "0 k)

o= (- 2m) M 2 () )
T (5 )2 ) s

=0 S j=1

respectively.

3. The method of the moment generating function. Now, by
the method of the moment generating function we give relations for
moments of probability functions satisfying (1.1).

Using (1.1) we can write the generating function M,__(u) of the
moments of T about ¢ as follows:

M;_ (u)= ) " "p(n) = *"*=p(ny)
n=ngo
oo [o ]
+ ae* Z e*"1=9p(n —1) + b Z (€*(*=9) /n)p(n — 1),
n=ngo+1 n=no+1

with p(ng) > 0 (no is the smallest integer of that property). Hence
we have

(1= ae") My, (u) = ™ p(ng) +5 3" (X" m)p(n ~1).

n=ng+1
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Derivation gives

(1 - ae* )M, _.(u) — ae* My_ (u) = (no — c)e* (™ ~p(no)

[o o] [e o]

+ be" Z e*(""1=p(n — 1) — be Z (e*™=9) /n)p(n — 1).

n=ng+1 n=no+1

After putting

(b/n)p(n — 1) = p(n) — ap(n — 1)

we get
(1-ae*)M,_,(u) = (a+btac)e® M,_,(u)—cM,_,(u)+noe* ™~ p(no)

According to Leibnitz’ formula the derivative of order r—1 of both
sides gives

1
(1 — ae")M". aZ(T \ "D M= (u)

l\Jf

. | . .
= (a+ b+ ac) § : (’" ; )(e")mM},[j-’>(u)
J'_ &£

_0 LY
- cM;:l(u) + no(np — c)'_le“("°_°)p(no) ,
or
r—1

(1- ac")M:_r_)c — Z

J=0

- r r#il (r=3=1)(y
_“(j+1)+(b+“)( i )‘M ()

—ch;_:cl(u) + no(no — c)r_le"("°_°)p(no) .

Hence setting u =0 we obtain the following moment formulae. m
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Theorem 3. Moments m.(c), o, and p, of discrete probability
function (1.1) satisfy the following equations:

(

1
" <L"0("o —¢)" ! p(no)

m.(c) = =y

S reem('7)

+[ra+b—(1- a)c]m,_l(c)} ,

r>1; mo(c) =1,

mr—j-1(c)

1
1—a

nop(no) + a + b\lr_1
l1—-a )

1 2 -
nop(ngla + a* + b (r — 1\
+;[“<J+1) 1-a ( e s
+[(7‘ —l)a—nop(ng)]pr_l y 721, pp=1.

pr = !nop(no)(no =

Pr—j—1

In the case when ng = 0 we get recurrence relations for mo-
ments m.(c), o, and p, of counting distributions useful in many
applications.

Theorem 3'. Recurrence formulae for moments m.(c), a, and
pr of discrete distributions (1.1) with p(0) > 0 are as follows:

me0) = =S

Me—j-1(c)

L) o),

+[ra+b—(1—a)c]mr_1(c)}, r>1; my=1,
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3 /TR r r—1

r—1
1 r a?+b(r-1
= e el ) + 22 (77 )

i=1

+(7'_1)aﬂr—1}, r21, pp=1.
Moments of probability distribution functions (1.2)-(1.7) are con-
tained in the following corollary.

Corollary 4. Moments a, and central moments p, of probability
distribution functions (i)-(iv) satisfy the following equations:

r—1
r—1 r—1
aite [N( j )‘(j+1)]“""‘“

=0

o=l S (157) - G-

1

by pand e o
@ =2y ("ot e =AY (77 g

(i)

(iif) ’=°_l
q [ 7‘—1) (’"—1>] . .
re= o P T S A G YT
17 pz{j=1p(]+1 ; i1 )qpr—1
(iv)
r—1
) (Dl
oy = = k . 4+ 1 . Qr—j—1,
p;[ ( j j+1 y

por = ?%{i[p(; ; 1) ¥ k(r ; 1)]Hr—j—1 {03 I)Q.Ur—l};
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(vi)

=0
=2 =1 e >
pr = A R 1 — Hr-1
: J 1
J=1
e"‘/\ 5 r—1
! )
M g ( 1—e2 }
'I‘>1, 010—1, #0"17

respectively.

4. Relations between ordinary and central moments. Using

the formulae:

GT_Z()) 11"?-.1: O"=Z(r')a;_j”j;

=0 =0 M

r

5 Ot =% (Ycarocs

j=0 N/ Jj=0

we get the following results.

Theorem 4. Relations between ordinary and central moments of
the probability function (1.1) with p(0) > 0 describe the following

equations:

=3 () (20 s o =2 () (1)

r>1, ag=1,
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~ [T\ /a+b\r-i "\ (r\ /a+b\i
=% ()G e o = ()Y e
T21,00=1,/J.0=1.

Using Theorem 4 and the formulae a; = (a + b)/(1 — a) and
p2 = (a+b)/(1 —a)? we can state.

Corollary 5. Under the assumptions of Theorem 3' we have

r 1-
0‘__1+Z( a) pi, r>1,

fiar on (2;)((1 yrrife St)n s

Ha

In particular we see that

ap 1 ﬂ_ola2+4a+1
ag—x'ra+b, #g—u'r a+b
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