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Harmonic Locally Quasiconformal Mappings

ABSTRACT. Analogously with the universal linearly-invariant fam-
ilies Uy (see: [1]) of analytic functions, in this paper we introduce
and investigate linearly-invariant families H(«, K) of functions lo-
cally K-quasiconformal and harmonic in the unit disc. Not all of
properties of U, have their counterparts in H(a, K).

In this paper we consider functions complex-valued and harmonic
in the unit disc A = {z : |z| < 1}. In eighties univalent and locally
univalent harmonic functions in A were extensively studied. Various
classes were introduced by an analogy with regular functions and their
geometric characterizations such as convexity, close-to-convexity, uni-
valence, symmetry and so on. In this paper we investigate classes of
harmonic functions whose definition is based on properties of local
quasiconformality and linear invariance.

Ch. Pommerenke [1] defined a linearly-invariant family of func-
tions of the order a (a > 1) as a set M of functions ¢(z) = z +
dy($)z? + ... regular in A which satisfy the following conditions:

a) ¢'(z) # 0 in A (local univalence); |
b) for every conformal automorphism b(z) = c‘aﬁ% of the unit disc
A and for every function ¢ € M the function

Key words and phrases. Locally univalent functions, harmonic functions, qua-
siconformal mappings, linearly-invariant family.
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¢(b(z)) — ¢(5(0))
¢'(b(0))b'(0)
(invariance with respect to Mobius automorphisms of A);
c) the order of the family M is equal to a, i.e.

=z4...EM

ord M = sup |d2(¢)| = sup ") =«
PEM

seM 2

The universal linearly-invariant family U, of order a is defined
by Ch. Pommerenke as the union of all linearly-invariant families of
order less than or equal to a. It is clear that U,, a € [1, 00], contains
all normalized conformal mappings ¢(z) of the disc A.

Most classes of functions regular and univalent or locally univa-
lent are linearly-invariant. Because of this they have several general
properties which depend only on their order . On the other hand,
introducing the universal linearly-invariant family U, allows us to
investigate all locally univalent functions of a finite order.

In this paper we extend some ideas connected with U, to the class
of harmonic functions. Such functions can be represented in the fol-
lowing form:

(1) f(z) = h(z) + 9(2),

where

h(z) =Y an(f)z" and g(z) =) a_n(f)2"

are functions regular in A. We consider functions of the form (1)
preserving the orientation in A, i.e. the Jacobian Js(z) satisfies

(2) Jg(z) = ()" = 1g'(z)]* >0 in A.

Thus the functions considered are locally homeomorphic and har-
monic in A.

In what follows formal derivatives f,, f; will be also denoted by
df and Of in order to avoid ambiguity in symbols like f,(z) and so
on.
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Definition 1. If there exists a number K such that the function f(z)
of the form (1) satisfies

OF + 1351 _ W +1g'l _ p _ LEK
lof| —lof]  IM'[—1lg'l ~ 1-k
then f(2) is said to be locally K-quasiconformal in A.

in A,

Definition 2. Let us denote by H(a, K) the set of all functions
f(z) = h(z) + g(z) locally K-quasiconformal and harmonic in A with
the normalization ao(f) = 0, ai(f) + a—1(f) = 1, and such that

h'(z)/h'(0) € Ua.

The classes H(a, K) expand if a and K increase and they include
all functions f(z) with the above normalization sense-preserving and
harmonic in A. We consider the case, when a and K are finite.

Theorem 1. Forall a € [1,00), K € [1,00), the classes H(a, K') are
compact with respect to the topology of almost uniform convergence
in A (i.e. uniform convergence on compact subsets of A).

Proof. Let a sequence fn(z) = hn(z)+ gn(z) € H(a,K) . Then
a1(fn) + a_1(fn) = 1 . Since [0fn(0)/0fn(0)] < k , we have
la—1(fn)/(1 —a_1(fn))| < k. Thus |a—1(fa)| < k/(1—k) and conse-
quently
laa(fn)] <1+ la_1(fn)l < 1/(1 - k).
By the definition of H(a, K) we have that h,(2)/a1(fn) € Ua.
Thus (see [1]):
=, a-—1 R 1+ |z a-1
# R i L ACY CE i
(14 Jz))o*t = Jar(fa) |~ (2= 2)
Thus h’,(z) are uniformly bounded on compact subsets of A. More-
over, |¢'.(z)| < k|h",(2)|. Now, our theorem follows from the principle
of compactness. U

Let us observe that the inequality |a_1(f)/q1.(f)| < k and the
normalization a;(f)+a—1(f) =1 for f € H(a, K) imply 1/(1+k) <
laj(f)|. Thus we have

k

1 .
(4) VfeH(a k) 1-}-k < lay(f)l £ T la—1(f)| < 1%
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The inequalities (4) are sharp which follows by examples of functions
from the class H(a, K) given below.

The derivative of a complex-valued function f(z) in the direction
of vector €' at the point z will be denoted by

o Sz pe®) — f(2)
Osf(z) := pl—l.rﬁo ; ¢

For harmonic functions of the form (1) we have:
Bpf(2) = h'(2)e" + g'(z)e ™" = Of(2)e”® + Bf(2)e ™.

By an analogy to the definition of the linearly-invariant family of
regular functions we give the following

Definition 3. A family H of functions harmonic in A is called
linearly-invariant , if for all functions f € H:

(a) the conditions (1) and (2) hold,

(B AT R 2O o L &L P, (5)

(c) for all a€ A and 6 € [0,27) the function

£(b(0)) — £(6(0))
9a f(b(0))(1 — |a|?)

Let us observe that some classes of harmonic functions considered
so far, are linearly-invariant. For example: the class Ky - of univalent
harmonic functions mapping A onto convex domains, the class Cy
- of close-to-convex harmonic functions, the class Sy - of univalent
harmonic functions. The above classes were introduced in (2] and
later on were dealt with by some other authors. Linear-invariance
of the class Sy and some of its subclasses was used by T. Sheil-
Small [3], but he considered the normalization a;(f) = 1 instead of
a;(f)+a-1(f) = 1. He observed that the behaviour of f(z) = h(z)+
¢(z) € Sy depends of the order (in the sense of Ch. Pommerenke) of
the function h(z)/h'(0). The same holds in the case of the families
H(a,K).

If fe H(a,K) and f¢(z,a) = he(z,a) + go(2,a), where

€ H.

f9(z7a) =

h(i5ze) — h(ae'?)
ho(z,a) = (1 —|a|?)0 f(aeif) °
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then hg(z,a)/hj(0,a) € U, and

+ 8
9(55-¢") i Bk
S i B aiyl= ) T o
h(l+aze)

‘5fg(z,a)
afo(za a)

Thus H(a, K') are linearly-invariant families of harmonic functions.
Observe that H(a,1) = U,.

Theorem 2. For every f(z) = h(z) +9(z) € H(a,K) we have the
following inequality

e i

1(—fz)7t _
S T= e

(6) K (1ol =

< |8gf(z)] <

The equalities in (6) are attained for 6 = £5. Moreover, if z = re'?,
then the equality on the right is attained for

e'? (1 + ze~i®
2a(1 — k) [\ 1 —ze~*¢

e A 2 ) -1 o oo = —thee

and the equality on the left is attained for

h(z) =

_w\ 2)= z).
20(1+k ‘\1+ze"¢/ ' v 9(2) = kh(2)

Proof. If f(z) = h(z) + g(z) € H(a, K), then

5f(z) =’£'_(3_)_ <k
af(z)| |K(2)|~

Thus there exists a function w, regular in A such that |w(2)| <1 and
¢'(z) = kw(z)h'(z). Moreover, the equality

Be f(2) = K'(2)e' + g'(2)e® = h'(2)e'® + kw(2)h'(z)e'®
implies

1+L—uw( .-

106 f(2)| = |h'(2)] w(z)
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This and the inequality (3) imply

— et
(1= BIFO)| iz S WL =8 < 10of(:)

<IN+ 0 < @+ o) FHEI

Now, using (4) we obtain

1=k (1= |e)? _
T+ k(T + )"

1 + k(14 |z])*?
— k(1 —|z[)ett”

< |0sf(2)| <

a
For K = 1, we obtain from (6) a known estimate |¢'(z)| for ¢ € U,,
cf. [1). One can give a more precise estimate |0y f(z)| in H(a, K)
according to |h'(z)| and arg h'(2).

Corollary 1. Let f € H(a,K); z1,22 € A. Then for any real § and
v

Il -~ lelz — |21 = 22|2
(1 —]22[?)? B

log |8, f(z1)| — log |9s f(22)] + log

LR
TSR

where R = |(2; — 22)/(1 — z122)|. Moreover, for any z1,z2 € A there
exist real # and v, and a function f € H(a, K), such that the equality
holds.

Indeed, for fixed a,z € A choose ¢ € R such that e'¥(1+az)~? >
0. Put z; = e®(z + a)(1 + az)7!, z; = ae'®. For any 6,7 € R we
have

Bf(e"’ 2+a elfei(v—0+7) +'5f(e"m)( .(¢+—,) \

Oyp—o+~fo(z,0) = L (l+"“(;af(aew) 1+az /\ (1+az)?/
L 0f(n1)  _ 0yf(z1) 1 - aF)

B0 f(z2)I1 +az®  Bpf(z2) (1 |22f*)?
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Thus we get

1(1-RP |8y f() 1= amP _  (1+R)
K(1+ R = [Gof(z2)| (1 [P (1= Ryt

This implies our inequality. The equality statement follows from
Theorem 2.
If 6 = ¢ we obtain by Theorem 2 the following

Corollary 2. If f € H(a,K), re'® € A, then for the derivative of
f(z) = f(re'®) with respect to r the following sharp estimates hold

1 (1 )a 1
K(14r)ett =

(147!
R

with equalities for ¢ = +7 and functions for the left and right side
as in Theorem 2, respectively.

< |f(re®) < K

Let us denote by F = Fy = f(A) a two-dimensional manifold
being the univalent image of the disc A under a locally homeomorphic
mapping f € H(a,K). Let w;,wz € F, I being a rectifiable curve
joining w; and ws in F. Let diam I' be the diameter of the projection
of I onto the complex plane and /(T") the length of the projection of
I’ onto the complex plane. Denote

d(w;,w;) = dr(wy,wz) = inf diam[’,

l(wl,w2) = lp(wl,’U)2) = inf I(F),

where the infimum is considered for all curves I' C F joining w; and
wy. It is clear that |w; — w2| < d(wy,wz) < l(wy,wz).

Theorem 3. Let f € H(a,K), r € (0,1). Then the manifold with
the boundary F(r) = {f(z) : |z| < r} includes the disc of center 0
and radius [1 — (135)%]/2aK.

Proof. Let p be the radius of the largest disc of center 0 and con-
tained in F(r). Then for some zo, |z0| = r, we have |f(z0)| = p.
Moreover, the segment [0, f(zo)] C F(r). Let I' be a curve joining
0 and zo in the disc {z : |z| < r} which is the preimage of [0, f(z20)]
for the mapping f; ['(t), t € [0,1] is a smooth parametrization of I',
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['(0) = 0, I'(1) = 2. Then using the left inequality in (6) we get for
6 = argI''(t)

p= it = | (f[l“(t)])’tdt’= [ e

e : 1 [fa-ren!
= [ oyl > ¢ [ G mae!

_Lfaspett o At
K Jp (1+ |z])o+! K Jo (1+]|z])**!
1 bl g
= 2ax (!~ (i)
Now, let us observe that for the function

(®) f(2) = h(2) + kh(2), h(2)=2a(:1t:-k)L(iiZ) —1‘

|dz| 2

we have by Theorem 2:
- o L

=" _l1- .

f(&ri) 2aK (l + r) _

Thus, the radius given in Theorem 3 is sharp for the family H(«a, K).
O

The Koebe domain of the family H(a, K) is a maximal univalent
domain containing w = 0 and contained in the set nfeH(a.K) Fy.

Corollary 3. The Koebe domain of the family h(a, K) contains a
disc of center 0 and radius 1/(2aK). The radius is maximal.

Let us observe, that if the function
o e'? (1 - ze_“”\"_ 4 ke™® [/1—ze—1¢\“ 1"'
GRS 201+ k) [\1+ ze“'f’) 2a(1 + k) [\ 1+ ze—*¢
from Theorem 2 belongs to H(a,K) and v(¢) = fs(e'®) then the

Koebe domain of the family H(e, I) is contained in a domain bounded
by the curve

e'® + ke~ '?

¢ € [0,2n].
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Theorem 4. For a function f € H(a, K) the following sharp in-
equalities are true:

©)
9 1- ()] <o sep 10160 < [ (122) -]

1
2aK

On the right hand side the equality for d(0, f(z)) and (0, f(z)) is
attained for the function (7) with ¢ = £7 and z = %ri; whereas on
the left hand side for the function (8) with z = £rs.

Proof. The left inequalities in (9) for d and [ follow from Theorem
3 with equality for the function (8) and z = .
Let z = re'®. From Corollary 2 we have

0,56 < [ 1ieetya <k [ EEa= (1) )

1—-1r

Here, on the left part of the inequality we have the sign of equality
for the function (7) with ¢ = +7 and z = +r:. Indeed, for this

function we have
( r) 1:| ’
s 1 r

(0, f(xrd)) = |f(£ri)l-

From the definition of d(w;,w2) it follows that for this function, with
2= =n,

it!\

2a

f(tri) =

and

d(0, f(2)) = X0, f(2)).
Thus, the upper estimate in (9) is sharp, too. O

Corollary 4. f € H(a,K) = |f(2)| £ 2’:’ I(;_t:__i)‘* B l_l in A. The
inequality is sharp and the sign of equality is attained for the function
(7) with ¢ = +§ and z = +1|z|.
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Corollary 5. For every b,c € A andf € R

1 [ (1-r v dr(f(b), f(c))
2aK ‘.1 (1+r) , = (1= |c|®)|0s f(c)| ~

Ie(f(b), f(e A K (1+r)°_1]
1 = |C|2)|3of(0)| l—r ‘

where r = |c — b|/|1 — éb|. The inequality is sharp in the sense that

for every ¢ € A and 6 € R for the left and right side there exist b € A

and f € H(a,K) such that inequalities become equalities for b, f
suitably chosen. In this sense the inequality

FB) = f(©)l  _ K [[ld=1l+le=b\*
= [P)3ef ()] = 2a [(_neb Ty bI) 1]

is sharp, too.

Indeed, let us denote by Fy = fy(A,a) a manifold corresponding
to the function fg(z,a), where f € H(a, K). Next, if ¢ = ae'?, then

—iec—b iy _ _f(b) = f(c)
fO(C b — 1,66 ) = (1 - |C|2)39f(c)
and
I (fo(e™® S=2  ce=it),0) = =S Eh S

cb-1’ (1 = le?)IBa f(c)|’

This is true if [ is replaced by d. Thus, applying Theorem 4 to the

function fy(z,ce™"%) with z = e™*(c — b)(cb— 1)~ we get our result.
In [1] the following estimate for ¢ € U, was given

1 1
|Argd'(z)| < 2aZ (|2|, ;) <Vea?—1llog +—| + 2arcsin |z|,

where

:(H l) =larcsinm+1\/—_7 \/l—l—l,-+|z|v
i i a a 2
\/1 i |z|\/1—
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Arg#'(0) = 0 and Arge’(z) is continuous function of 2. Since, for
f € H(Q,I\"), NS (—7(',71’]

9o f(2) = a1(f)$'(2)e + kw(z)ar(f)¢'(2)e?,
¢ € Uy, |w(2)] < 1, w(0) = a—1(f)/(ka1(f)) (see the proof of Theo-

rem 2), we get

|Arg 85 f(2)| < |0] + [Argd'(2)]

Hargay (1) + forg(1 + Ko S ).

From (5) we see that
ENGISHOTR
a(f) | | a(f) R(O)]
Hence the set of values of a;(f) is the disc with the center C =1/(1—
k?) and the radius R = k/(1—k?). Thus |arga;(f)| < arcsin(R/C) =
arcsink and

ai(f)¢'(2)e’®
a1 (f)¢'(z)e® )

arg(1 + kw(2) ) < arcsin k.

In this way we have proved

Theorem 5. If f € H(a,K), z € A, 6 € (—m, 7], then
_ 1
| Arg 8 f(2)| < |6] + 2arcsink + 2aZ(|z|, ;)

1+ .
< |6| + 2arcsink + Va2 —1lo 08 7 ] + 2 arcsin |z|;

where Arg 0, f(0) = 0 and Argdsf(2) is a contmuous function of z
and 6.

This theorem, as well as the previous results imply the known

results of Ch. Pommerenke ([1]) for Ua (k = 0). =7 4
The definition of the order of a linearly-invariant family given by
Ch. Pommerenke suggests the following

Definition 4. The order of a linearly-invariant family H of harmonic
functions is defined as the number

ordH = sup %(|a 0(0) + 3 DF(O))) = sup |aa(f) + a-a(f)
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Theorem 6. ord H(a,K) = aK.

Proof. Let f € H(a, K), f(2) = h(z) + g(2), h(z) = a1(2), $(2) =
z4+ Y00 ,cnz™ € Uy, (a1 = a1(f)); ¢'(z) can be given in the form
(see the proof of Theorem 2) ¢'(z) = kw(2)h'(z). Thus

1
az = az(f) = Eh"(O) = a;cy,

a2 = a-a(f) = 590) = 3k - (W7(0) - &(0) + F(0) - 0))

k([ a_ -
=5 (@ 2m S+ @hi( - wO)P),
2 X kal
where f3; is a complex number and |f;| < 1. For our function w there
exists a regular function wo(z) = f1z+ -+, |wo(z)| < 1, such that
w(0) + wo(z2) 2
w(z) = —— =w(0) + zB1(1 = |w(0)) +--- .
1+ w(0)wo(2)
Thus
&a- —1 — |w(0)]?
laz + a_z| = |ar1c2 + k- (621 - +a-ﬁ;|—‘;()|—>

k
<laicz +a1G] + §|ax|(1 — lw(0)]?)

= alar] + lansl) + larl(1 = (O)P),

because ¢ € U, and |cz| < a. Since |w(0)| = |a=1|/|ka;|, we get
) k
|a2 + a_2| S |01| a+a- k- |UJ(0)| + ;(1 = |w(0)|)2 .

Observe that the function ¢(z) = a + akz + %(1 — z?) is increasing
in [0,1]. Using (4), we obtain

laz + a—a| < (1) = aK.

1—k?
Now, let us observe that for the function (7), with ¢ = +7 we have
Fia k(+ia)

TN L T vt

laz + a—z| = ’
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Corollary 6. For all f € H(a,K) and for all real 6:

0909 f(2)
09 f(2)

The inequality is sharp and the equality is attained for the function

2K (a + |z|)
1=l -

(0) 1) =h(2) + ¥, b= | () -1):

1—=2

andz=r,0 =27,
Proof. Let f € H(a, K) and let us consider

Y(2) = fo(z,a) = i bn2z" + Z b=aZ% i Hi ande)s
n=1 n=1

Then (o ahd e
a-f(e 1+&z)e

O f(ae'®)(1 + az)?’
= —f( '9%";)89
3'#(2) s f(ae.O)(l m az)z’

Y(2) =

%, = 8 9y(0) = a—fg:_le@@f(ae‘”)e"(l — laf?) + 0f(ae*®)(~2a)],

)

2b_ = 33Y(0) = 5 ;( [03f(ae'®)e ™" (1~|al’)+Df(ae')(-2a)],
S 6969f(ae'9)1—|a|2_3f(ae'a)ae'o+5f(ae'0)a€_'0
batit o | 5,z e 5 0f(ae®)et® + Jf(aet®)e=1*

Since fo(z,a) € H(a, K), we have |b; + b_2| < aK by Theorem 6.
Thus

1+ 8f(ae”)a —2i6

0 L 2 ae' 3
%duflac)| 1=lof ¢y 1 v
(11) aof(aex ) 2 1 3f(ac’?) —2i6

< aK +|a|K,
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and from the above we get our inequality. For the function (10) we
have

Opr/202n/2f(r) _ (£i)2K(a+7)
Oz r/2 f(r) BTt an
This ends our proof. O

Let us observe that for a = |a|] (= r) we get from (11) the following
sharp inequality
0% f(re'®)/or? ak +r

Of(re*®)/or 1—r2°

which is better (in this case § = arg z) then the inequality in Corollary
6. The estimates given in this paper are true for K-quasiconformal
functions from Ky for @ = 2 and from Cy for a = 3 (with the
normalization (5) in these classes). But in the case of these classes
sharpness of the estimaties is an open problem.

Some known results for U, have no counterparts for H(a, K). For
example for all ¢ € U, and 6 € [0 27) the function

" )n+l
|¢'(re’ )|—
(1+7)°
is decreasing with respect to r € [0,1) (see [4]). But in H(a, K) we
have no analogous result for f!(z). The function f(z) = h(z) + g(z)

with
Ma==%;(1ij)a-1], ¢'(2) = kzh!(2)e’®
belongs to H(«, K), but the function
50| (e =+ e

is not monotonic with respect to r on some set of §. One can show
that for almost all 8 there exists a limit

3f,roxo\ (1 _T)G-H
or' | (1 4 r)e-!

if f € H(a, K). One can show that for all f € H(a, K) and real 6
there exists a sequence Tn T 17 such that there exists a limit

(rn ‘0) ( r")a+l

(1 +7rn)e

lim

r—1-

= 6 € [0, K],

lim
n—o00

€ [0, K].
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