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ABSTRACT. In this article we consider a class of nonlinear mappings
with an almost sparse Jacobian matrix.We propose two methods
for solving nonlinear equations F(z) = 0 for mappings F with an
almost sparse Jacobian matrix . We establish some results about
Q-linear and Q-superlinear convergence and discuss several least-
change updates for which local Q-superlinear convergence is proved.
We also give numerical results which compare the classical methods
with their proposed modification.

1. Introduction. Let R" denote the n-dimensional real linear space
and R™*" denote the n xn - dimensional space of matrices. Let ||-|| be
an arbitrary norm. Let F : R®™ 2 D — R" be a nonlinear mapping,
where D is an open, convex set. We are interested in finding a solution
t* € D to the equation

(1.1) F(z)=0.

A traditional method for solving nonlinear systems of equations
i1s Newton’s method. Newton’s method is attractive because it con-
verges rapidly from any sufficiently close initial guess zo, but some-
times it is difficult to describe all formulae for the partial derivatives.
Quasi-Newton’s methods are used in practice; the Jacobian matrix
F'(z;) of the mapping F is approximated by a matrix By with a
similar structure.
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In this paper we introduce the definition of a nonlinear mapping
with an almost sparse Jacobian matrix:

Definition 1.1. An operator F : R" — R" is called a mapping with
the almost sparse Jacobian matrix at z* if:
A1l. There exist mappings F} and F; such that F(z) = Fy(z)+
Fy(z), Fi(z) is the sparse matrix for £ € D
and
A2. The Jacobian matrix Fj(z*) is nonsingular;
A3. There exists a constant vy € (0,1) such that

I[Fy(z") ™ Fa(=)Il < 7,

where z* is the solution of the equation F(z) = 0.

This paper is an attempt of investigating Q-linear and superlinear
convergence of mappings with an almost sparse Jacobian matrix.

The optimization problems with the small parameter belong to
the class of mappings with an almost sparse Jacobian matrix. These
problems are given by the formula

nelﬁar}' h(z) = mm[h (z) + tho(z)],

where the matrix of second partial derivatives 7%k, (z) is nonsingular,
sparse and the parameter ¢t € (0,1]. We assume that

I[T?ha (@)™ 9ha(a®)]| < t5

J. Jayakuma and N. Ramanujan consider in their paper (5] the
differential equation

Ly(z) = eu(z) + a(z)u'(z) + b(z)u(z) = f(z)
with initial conditions
u(0) —eu'(0) = 4,u'(1) = B,z € [0,1],
a(z) > a>0,b(z) >b>0,A,B — constants

for a small parameter € , 0 < € < g9 < 1.
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We propose for the problems with an almost sparse Jacobian ma-
trix the method defined by recurrention formula

(1.2) Tky1 = 2k — [Fl(zi)) Flzx), k =0,1,...
or
(1.3) Tr41 = 2 — By F(zk),k = 0,1,...,

where By ~ F|(zx).
Here it is necessary to get the sparse Jacobian matrix Fy(zx) ( for
example p-diagonal ), or the matrix By with a similar structure.
Moreover we show in this paper that the proposed methods are
locally Q-linearly convergent to the solution z*, i.e. for the sequence
{z«}, klim zx = z*, there exists a constant ¢ such that
—00

k41 — z*||

<g<l
lzx—zo] — 157

and we give conditions which guarantee the methods are locally Q-
superlinearly convergent to z*, i.e. :

k—oo |lzk —z*|

The proposed methods (1.2),(1.3) need almost the same number
of iterations like the Newton’s to get a required approximation of the
solution z*, but the Jacobian matrix Fj(zx) is a sparse matrix ( for
example p -diagonal) so solving the equation Fj(zi) sk = —F(zk),
where s = 41 — Tk, needs less computing operations than solving
the equation F'(zk) sy = —F(z) with full-rank Jacobian matrix
F'(z4). That’s why it is useful proposed method of solving some
kinds of problems, like problems with a small parameter.

2. Modification of Newton’s method for nonlinear systems
with an almost sparse Jacobian matrix. Consider a system of
equations

(2.1) F(z) =0,
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where F' : D C R™ — R" is a nonsingular mapping with following
properties:
A4. There exists a point z* € D such that F(z*) = 0;

AS5. F is continously differentiable in an open neighborhood of

i

A6. The Jacobian matrix F'(z*) is nonsingular;
A7. There exists a constant L > 0 such that:

(2.2) Vz,ye€e D  ||F'(z) - F'(y)ll £ Lllz - yl|;
AS8. There exists a constant L; > 0 such that:
(2.3) Ve,ye D  ||Fi(z) = Fi(y)ll £ Li]lz - y]|.

Let the initial guess ro € D be given. Consider the method given
by the formula (1.2):

Ter1 = ok — [Fi(z1)) 7 F(zk),k = 0,1, ...

for the mapping F' with the properties A1 - A8 .
Now we show that the sequence {zx} described by (1.2) is locally

Q-linearly convergent to z*, where z* is the solution of the problem
(2.1).

Theorem 2.1. Let a mapping F satisfy the properties A1 - AS8.
Then the sequence {zi} defined by the formula (1.2) is locally Q-

linearly convergent to z*.
To prove this theorem we will use bounded deterioration

Theorem 2.2. Let F satisfy the assumption A1 - A8. Consider
the sequence {z\} defined by the formula

Tkl = Tk — Bk_lF(:tk),

where By = F{(zy).
Assume that there are nonnegative constants q; and g, such that:

1 Besr — Fy(@™)ll < (1 + @)l B — Fi(*)l| + ger,

for k = 0,1,..., where ri = max(||zk — z*||, ||zk+1 — z*||)
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Then there exist positive constants € and é such that for
lzo — 2"l <e,  [1Bo— Fi(z")l| <6

the sequence {zy} is Q-linearly convergent to z*. Furthermore the
sequences {||Bk||}, {||B; ||} are uniformly bounded.

Proof Theorem 2.2. This theorem is a particular case of the The-
orem 1 given in (4] for B* = F{(z*).

Proof Theorem 2.1. Note that
|F} (ze41) — Fy(=*)]| <

< ||Fi(zk41) — Fi(ze)ll + I|1Fi(ze) — Fy(z®)||
< Ly|lzk1 — zill + | Fi(zk) — Fi(z™)]| <
< 2Lyr + || Fy(zi) — Fi(z*)]|-

Now the proof directly follows from the bounded deterioration The-
orem 2.2 for By = F{(zx). O

3. On local Q-linear and Q-superlinear convergence of
least-change secant method. In [3] the author considers the class
of methods

Tr41 = i — By F(zi),

such that By & F'(z«) and Bx = C(zx) + Ax where C(z;) denotes a
”computer part” of F'(z).

He defines By as orthogonal projection B on the convex set
Q N L, where

Ly ={X € R™": X(zx41 — k) = F(zk+1) — F(zk)}
and Q is a convex closed set such that F'(z) € Q for ¢ € D and By
should be in Q.

In this section we present the method:

The1 =Tk — By F(z), k=0,1,...,
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where By = F|(zx) and we give an algorithm for computing the
matrices By with a similar structure as the matrix Fy(zg).
Consider the set of matrices

(31) Mk = {X € Ran . X(.'Ek+1 —.’Ek) = E (Ik+]] e F1($L)}

Define the matrix Hy as
1
(3.2) H, = /Fl'(:ck + t(:rk.H = .’Bk))dt.
0

Denote sy = Tk4+1 — Tk, Yx = Fi(zk+1) — Fi(zk). Note that Hysy =
Yk *

1
Fi(zk+1) — Fi(ze) = /F{(mk + t(zk+1 — zk))skdt = Hysy,
0

so Hy € M;.

In [3] the assumption F'(z) € Q C R"*" was introduced. In this
section we consider the assumption of the form:

A9. Assume that Fi(z) € Q C R"™" for z € D, where Q is a
closed, convex set.

@ may be the whole space R™*" of matrices or in particular: (a)
a set of symmetric matrices,

(b) a set of sparse matrices,

(c) a set of symmetric and sparse matrices,

(d) a set of p-diagonal matrices.

Now we give the Theorem 3.1 and two properties used in proving
some properties of matrices By, Hy.

Theorem 3.1 [3]. Let H denote a Hilbert space and Q be a convex

closed set, Q C H. Let Pox denote the orthogonal projection ¢ € H
onto Q. Then

(3.3) iz — Pozll® + [|[Pez — yl* < ||z — y||? for all y € Q.
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Property 1. If F satisfies the assumptions A1, A2, A4 - A8 then
(3.4) 15k — F{(z")]l < Lars.
The proof is an analogue of the proof of Property 1 in [3].

Property 2. If F satisfies the assumptions A1, A2, A5 - A8 and
H; € Q C R™™™, where Q is a closed convex set, then

(3.5) Hi € Q.
The proof is an analogue of the proof of Property 2 in [3].

It follows from Property 2 that if the mapping F' satisfies the
assumptions A1l - A8 and A9, then Hy € My N Q. Now we give an
Algorithm Ul to compute the matrix Biy; which is an analogue of
the Algorithm 1 in [3]; the only difference is that the definition Ly in
paper [3] is replaced by the definition M} in this paper:

Algorithm Ul. Suppose that By € R"*" is given. Then
(3.6) Biy1 = Poam Bk, k=0,1,..,

where P4 X denotes the orthogonal projection X onto the closed,
convex set A.

Theorem 3.2. The sequence {z;} defined by (1.3) with the update
U1 is locally Q-linearly convergent to z*.

Proof. Since Hy € M N Q we get the inequality
|Bk+1 — Bill® + || Besr — Hell* < || Bx — He|?
from Theorem 3.1, thus
|Bess = Fi(z")I| < Bess — Hill + 1 He - Fi(*)|
< |1Bk — Hell + || Hk — Fy(z*)|| < |Bx = Fy(z*)|| + 2] Hi — Fi(=")]]
< ||Bk — Fy(=*)|l +2L17s

from Property 1.

Now .the bounded deterioration Theorem 2.2 for the mapping F'

with the almost sparse Jacobian matrix implies local and Q-linear
convergence of the sequence {zx}. O

Now we give two lemmas used in proving the superlinear conver-
gence of the sequence {z}.
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Lemma 3.3 [4]. If {Ax} ,{Bk} and {Cy} are sequences of matrices
in R™*"™ such that

Z |Ak+1 — Ckl| < o0, |Bx — Akfl S M < 00
k=0

and

1Bk — Akl|® > || Bet1 — Ck|I” + ax

[0 o]
then ) ax < oo.

k=0
Lemma 3.4 [4]. Let F: R"*" — R" be a mapping with properties
A4 - A7. Assume that the sequence {zx} defined by (1.3) is Q-
linearly convergent to =*. Then

B P 1 %))
k—oo ||zk — z*|| k—oo ||Skll
. ') "
o tim WBe=F)lall _,
k—o0 ISkl

Theorem 3.5. Let F satisfy the assumptions A1 - A9. Moreover
assume that F}(z*) = 0. Then the sequence {z} described by (1.3)
with the update U1 is locally Q-superlinearly convergent to r*.

Proof. By Lemma 3.4 it is sufficient to prove that
. |[Br — F'(z®)sell _

lim = 0.
k—oo llskl

Note that Hi, Bxy1 € Mg so Hisg = yx and Bg413k = yk. Now

[[Bx — F'(=* )]skl _ [I[Bx = Hilskl
[l = l| sl
< |Bk+1 — Bil| + Ly7e.

+ ||He — Fy(=")||

Note

|Bi = Hill < |Bi - Fi(=")]| + | Fi(a") - Hel
< 1Bk - Fi(=")]| + Lure < M
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because the sequence {||Bk||} is bounded (by Th. 2.2). From the
Property 1 of orthogonal projection we also have

1Bk — Hi||* > || Bisr — Hil* + |Brs1 — Bel.

Since Y ||Hik+1 — Hi|| £ 3 Ly||sk]| < o0, it follows from the Lem-
k=0 k=0
ma 3.3 that .
Y 11Bit1 = B’ < o0
k=0
and khm ”Bk+1 = Bk“ = 0. Thus
. I[Be = F'(z")]sell _

lim

0.
k—oo llskll

The problem Ber%in 2 | B — Bi|| may be difficult to solve.
kN
S. M. Grzegérski in [3] proposed two level update of the form:
R = Pg,nL. P, Bk

In such a case we propose an analogous Algorithm U2 to compute

Bk+1 .

Algorithm U2. Suppose B, € R"*" is given. Define Biy; as
(3.7) By = Pg, PQ,amy B,k = 0,1, ...

where Q = @, N Q2 and @Q,,Q, are convex, closed sets.

In the case Q2 = R™*" the orthogonal projection Pg,nm, Bi de-
notes the projection onto M.

Theorem 3.6. The sequence {zx} defined by (1.3) with the update
U2 is locally Q-linearly convergent to z*.

Proof. Put B;c = Pqg,Anm, Bk and Byy = PQlB;c‘ Since Hy €
QN M, and Q = Q; N Q2, where Hy is defined by (3.3) and M
is defined by (3.2) ,

1B, = Bi|® + | Bk — Hell® < || Bk — Hell”
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and ) y
] 2 I
|Bk+1 — Bill” + [ Bes1 — Heel|” < || By — He|l"
Then, from these inequalities and from PROPERTY 1 :
| Be+r — Fi(z*)I| < [1Besr — Hill + || He — Fi(z*)|| <
”Bk = Hk” + Lyri < ”Bk = Fl'(:c')|| + 2L, rg.

Now the bounded deterioration Theorem 2.2 implies local and Q-
linear convergence of the sequence {z}.

4. Numerical examples. We now give some numerical examples
which are calculated on TURBO PASCAL v.7.0 by the IBM PC 386
SX. Define the norm

1/2

41 = (X3 lal?)

=1 )=1
where A € R™*" | First we compare our modification of Newton’s
method, given by (1.2) with the classical Newton method, i.e. we

compare the number of iterations and time (taken in hundredths of

a second) of calculations needed to get a required approximation of
the solution z*.

Consider the mapping F' : R” — R7such that:
F=(f1’f2,f3a"'7f7)a
fi=2z;+zi1 +ziy1 —di for :#4 and i;é7
fr =2z7 + z¢ — dr, fa=2z4+ 23 + 25 + to 27 — dy,

where t is a small parameter and d; = [0.3, 0.4, 0.4, 0.4+0.01¢, 0.4,
0.4, 0.3]7T.

Put
2121 +;l,"z—d1
Ty + 2z + 13 — dy
T2 + 213+ 24 — d3
F1= .’E3+2$4+$5—d4 and F2= t-

T4 + 225 + 16 — ds
Ts + 2z¢ + 27 — ds
ze +2z7 — dy

cocooB ooo
8
-~
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Note that z* = (0.1,0.1,0.1,0.1,0.1,0.1,0.1)7 is the solution of
the equation F(z) = 0.
Example 1. Let ¢t = 1072, Since ||[F}(z*)] ! F3(z*)|| = V18 - 1073,
F is a mapping with an almost sparse Jacobian matrix. Let’s take
the following initial guesses z :

a) (0,0,0,0,0,0,0)7

b)(1,1,1,1,1,1,1)T.

Our results are given below (TABLE 1):

Table 1. The number of iterations and the time needed to approxi-
mate the solution z* with the accuracy € = ||F(zx) — F(z*)||.

initial | accuracy Newton’s method modif. of Newton’s
guess € method
time |number of iter. time number of iter.
a) 10~ 2.47 2 1.09 2
b) 10~* 2.28 2 1.7 3
a) G { 2.37 2 1.92 4
b) e 5.11 4 2.48 5

Example 2. Let t = 107°. The norm ||[F!(z*)]"! F3(z*)|| = V18-

10~®. The start points are the same as in Example 1.

Table 2. The number of iterations and the time needed to approxi-
mate the solution z* with the accuracy € = ||F(zi) — F(z*)|.

initial | accuracy Newton’s method modif. of Newton’s
guess € method
time |number of iter. time number of iter.
a) 10~2 3.37 3 1.15 2
b) 102 2.8 2 1.27 2
a) 108 3.63 3 1.54 3
b) 108 4.01 3 1.82 3

Now we compare our method (1.3) with update defined by Algo-
rithm Ul with the classical Broyden method, i.e. analogously as in
the above examples we are interested in the number of iterations and
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time (in hundredths of a second) needed to get the required approx-
imation z*. Consider the mapping F : R> — R5 such that:

F=(fi,f2,0nf5), fi=22;+05z;41° —d; for i#1,i#5
fl =2, + 0.51‘22 + trs — dy, f5 =25 + tz; — ds,

where t is a small parameter and d = [2.5 + ¢, 2.5, 2.5, 2.5, 2 + t]7.
Put

"2T; + 0.51‘22 —dy-
2272 + 0.5$32 = d2
Fy = | 2z3 + 0.5:E42 — dj and F; =
2.’1:4 + 0.5.’1?52 = d4
2:1)5 - d5

~ O O O =
f '

Note that z* = (1,1,1,1,1)T is the solution of the equation F(z) = 0.

Example 3. Let ¢t = 1072. Since ||[F](z*)]" ' F3(z*)|| = 10'23’;—;3’—2‘ﬂ <
1, F is a mapping with an almost sparse Jacobian matrix. Let’s take
the following initial guesses z :

a) (0,0,0,0,0)T

b) (1.2,1.2,1.2,1.2,1.2)T.

Our results are given below ( Table 3):

Table 3. The number of iterations and the time needed to approxi-
mate the solution z* with the accuracy € = ||F(zx) — F(z*)|].

initial accuracy Broyden method method 1.3
guess 3 with update Ul.
time number of iter| time number of iter
a) 1072 9.17 6 3.98 5
b) 10~2 2.02 2 1.81 2
a) 107° 18.49 12 8.51 11
b) 10~° 10.73 7 5.49 7

Example 4. Now let t = 1075. The norm ||[F](z*)]"' F2(z*)|| =
1o=fn 3@ < 1. The start points are the same as in Example 3.
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Table 4. The number of iterations and the time needed to approxi-
mate z* with the accuracy ¢ = |[F(zx) — F(z*)||.

initial accuracy Broyden method method 1.3
guess € with update Ul.
time number of iter time  |[number of iter.
a) 10—* 9.20 6 4.01 5
b) 10~2 3.04 2 1.78 2
a) 10~° 17.00 11 7.09 9
b) 10-° 10.48 7 4.88 6

Our results suggest that for some kinds of problems like problems

with a small parameter the proposed methods (1.2) and (1.3) with
update Ul need almost the same number of iterations to get a re-
quired approximation of the solution z* as the classical Newton's or
Broyden method. Because the Jacobian matrix F| is 3-diagonal (in
the Example 1 and 2) matrix or 2-diagonal (in Example 3 and 4), the
modification of Newton’s method needs less computing operations
than Newton’s or Broyden methods, so the times of calculations are
shorter than in classical methods.
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