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Regularity and Almost Sure Convergence

Abstract. We give a sufficient condition for almost sure conver
gence in the sense of [1] to be equivalent to almost uniform conver
gence.

Preliminaries. In the section we collect basic facts on the theory 
of non-commuta- tive Lp-spaces associated with an arbitrary von 
Newumann algebra. For details cf. [4].

Let M be a cr- finite von Neumann algebra with a faithful normal 
state u;0 . The Hilbert space H = L2(M,u?o) is the completion of 
M under the norm x i-t wq(x* x)1!2 = ||x||2. In the sequel, we 
assume that M acts in a standard way on the Hilbert space H 
with a cyclic and separating vector Co such that u>o(t) = (^Co, Co) 
for x € M . We identify M with the subset M($ = {xCo : % € M } 
of H . We denote by N the crossed product R(M, <tw°) of M 
by the modular automorphism group cru° associated with tvo (see 
[2]). Then N admits the dual action {0S} ,5 6 R, and the faithful 
normal semifinite trace t satisfying ro0s = e-sr, s£R (see [2]). 
The topological * ~ algebra of all closed densely defined (affiliated 
with A) locally measurable operators with respect to N is denoted 
by N (see [6]). The dual actions {0S} , s G R , are extended to 
continuous * “ automorphisms of N. Let LP(^M), 0 < p < oo , 
denote the Haagerup spaces associated with cjo and M [4]. It is 
known that M acts in a standard way in H = L2(M) C A and
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wo(x) = (x/ij^2, Zi^2)// = tr(/ioa?) = tr(xho) = tr(h{/2 xh^2) (M is 
identified with its isomorphic image in N ). Note that ho € L^M)* 
(the set of positive self- adjoint operators from ).

For 1 < p < oo , Lp(Af) is a Banach space and its dual space is 
L9(Af), where 1/p + 1/q = 1 . The duality is given by the following 
bilinear form:

(h,p) tr(Ap) = tr(srh) , h € LP(M) , g € L?(M) .

The (quasi-)norm of LP(M) for 0 < p < oo is defined by ||/i||p = 
tr(|Zi|p)1/p , h 6 Lp(Af) . The space LP(AT) is independet of the 
choice of a faithful normal state on M up to an isomorphism. Fur
thermore, if M has a faithful normal semifinite trace To , then 
LP(M} can be identified with the non-commutative LP(M, To) - 
space introduced in [3]. Let <£>o = r(Zio-) stand for the weight dual 
to u>0 (see [2], [4]).

2. Regularity and almost sure convergence.

Definition 2.1 ([5]). Assume that TV is a von Neuman algebra, 
whereas t is a faithful normal semifinite trace on N . We say 
that a weight <p = t(/i-) defined on N+ (the set of positive self- 
adjoint operators from N ) is regular if the operator /i-1 is locally 
measurable with respect to N (that is, xh~l is closable for each 
xEN ).

For some £ 6 H = L2(M,ivo) and an orthogonal projection 
p € M we set

OO

sCp = { (**) C M : < in#} ,
fc=i

where x^p converges in norm in M and
OO

IlClIr = inf{|l52z*p|| : (**) e S<)P } (see [1]) .
Jt=i

Definition 2.2 ([1]). A sequence ((„) in H = L2(M,u>o) is said 
to be almost surely (a.s.) convergent to ( € H if, for each £ > 0 ,
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there exists a projection p in M such that u>o(l — p) < e and 
ll<»-Clip —■> 0 as n —* oo .

Definition 2.3. Let xn, x € M . A sequence (in) tends to 
x almost uniformly (a.u.) if, for any £ > 0 , there is a projection 
p (z M, u?o(l — p) < £ , such that ||(xn — x)p|| —> 0 .

Theorem 2.1. Assume that the dual weight u>o = is regular.
Then, for any h € T2(Af) and a projection p E M, ||h||p = 
||hh0 */2p|I > that is hh^^p E M .

Proof, h^1^2 is locally measurable with respect to N (see [5]), 
and

0s(hho-1/2) = 0s(h)0s(ho-1/2) = e-’/2hes/2h0 1/2 = hh0 1/2 ,

that is, hh^2 is affiliated with M . If (52fc=i x*) —* h
in L2(M) , then -> h locally in measure in the
sense of [6] and (£)£=1 £*) —► hh^2 locally in measure. At the 
same time, (J2fc=1®fc)p -* x = xp in M for some x E M . 
Hence ($3£=1 Xk) p —> hh^^p locally in measure, which implies 
xp = hh„1/2p and ||h||p = |Ihh^1 /2p|| • This ends the proof.

Corollary 2.1. Assume that the dual weight w0 is regular. Then
(i) Let h, hn E L2(Af), £ > 0. hn -> h (a.s.) if and only if 

hnhQ1/2p —> hhg1/2p in M for a projection p E M such that 
w0(l - p) < £ ;

(ii) xn —> x (a.s.) if and only if xn —> x (a.u.), x, xn E M .

Proof, (ii) Identifying xn, x with xnh^2, xh^2 E L2(M) ,
respectively, we have ||xn - x||p = ||(a:n - x)h0' h0 7 p|| = ||(xn - 
x)p|| .

Remark 2.1. Assume that the dual weight is faithful normal semifi- 
nite. Let A be the set of all elements x in M such that the 
function s —> cr^°(z) = h'^xh^'9 is extended to an M - valued en
tire function. Then A is a a - weakly dense * - subalgebra of Af
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and = LP(M) , gdzie [-]p denotes the closure in LP(M)
(see [7]). Suppose that

ff>fcW2h € T2(M) , (xfc)cA,

'fcssl '

and

( ¿EL Xk\p—*x = xp£M in M 
'fc=l '

for a projection p € M . Then

E
fc=l

xk 1 h\/2 = hl/4 a“°4 ( Xk ) /zo/4 -*■ h
^k=l

By continuity of the involution in N

(£x^ = ffi/\(£x**)h

'k=i ' H-=i '

1/4
0 h* eN

Because of the continuity of the product in N , we have

Thus we have hp = h^2xp and ||xp|| = ||/i0 1/,2/ip|| for any sequence 
(xfc) in A .

In the sequel, we shall interpret R(M, cr“'0) as an implemented 
continuous crossed product (see [2], Def. 13.2.6). In the case when 
the algebra M is semifite, while t0 is a faithful normal semifinite 
trace on M , let wo(a:) = To(aox') = ro(xao), x € M , for some 
a0 € Lx(M,r0) .
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Proposition 2.1.
(i) If the algebra M is semifinite then the dual weight Ao is regular, 

if and only if M is finite.
(ii) If M is an algebra of type III then is locally measurable

provided that the operator A^1 , where A^1 is the modular 
operator, is locally measurable with respect to the von Neumann 
algebra Nj generated by the operators x , AqS (x G M, s 6 R) .

Proof.
(i) In this case, we have R(M, cr“°) ~ Ad ® L°°(7?), ©„(a: ® /) ~ 

a'^xa^*9 ® l(s)(/) where l(s) denotes the translation by s in 
h2(J?) . Finally, ho ~ ao 0 1 where l(s) = lls . Consequently, 
h^1 is locally measurable with respect to R(M, <7W°) if and only if 
a0 1 is locally measurable with respect to M . Since 1 = u>o(l) = 
Tb(a0), M is a finite algebra (see [5]). Conversely, if M is a finite 
algebra then obviously a^1 is locally measurable with respect to 
M (affiliated with M ), that is, h^1 is locally measurable with 
respect to R(M,aUo) .

(ii) In this case, h0 ~ Ao ® 1 and there exists a* - isomorphism 
from R(M, (7^°) onto a von Neumann subalgebra of Ni ® I/°°(7?) .

3. Concluding remarks.

Remark 3.1. It is known that N is a factor of type II^ if and only 
if M is a factor of type IIIi . Let h0 = /0°° p deM be the spectral 
decomposition of h0 . Then r(l - eM) = l/pu>0(l) = 1/p (see 
[4]). If h^1 = /0°°pdfM then 1 - = e1/#i . So, r(l - /„) = oo . 
Consequently, 1 is not locally measurable if N is acting on a 
separable Hilbert space.

Example 3.1. The following example shows that there exist se
quences of operators from the algebra M , such that x„ —> 0 in H 
and | |x„p| | = 1, n = 1,2,... , for some projection p 6 M .

Assume that M is properly infinite von Neumann algebra, whereas 
u>0 a faithful normal state on M . Moreover, let 1 = ©¿SjPi, p, ~ 
Pj ~ 1 , EiXl £1 = 1 > £«+l < £i ’ uo(Pin )/4 < l/n > ui»i = Pi ,
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UiU* = 1. Put xn = l/enUin . We have

w0(kn|2) = MpJ/4 < 1/n -> 0

, i.e. xn —> 0 in H . Let now v*vn = = pin . Put
v = £nvn • Then v*v = p^ , vv* = p for some projection
p e M . For £ H , Hill = 1, p(, = £, £ = v( , we have

oo oo
xjt = xi = 1/ejUi- ^£nVnC = U^VjC .

n=l n=l

Hence
IkjCII = IhvVjCH = ||v/|| = HCII = i, 

that is, IIxjpII = 1, j - 1,2,... .
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