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On Some Class of Functions Generated
by Complex Functions of Bounded Variation

ABSTRACT. Let P/ denote the family of functions p given by the
integral

211 —itz
p(z)=/ 1 & Mgty F e K (s : 2l 1)
0

1—e—*2

where u is a complex function of bounded variation satisfying the
condition | fﬂz' du(t) - 1|+ J27 |dp(t)] € a for a > 1.

In this paper we examine the properties of the class ., and give
estimates of coefficients and of the real part in the class P/,.

1. Introduction. Let ‘B denote the well-known family of all func-
tions of the form

(1.1) p(z) =1+a1z+a22 +...,

holomorphic in the disc I = {z : |2| < 1} and satisfying the condition
Rep(z) > 0for z € K. Let SC be the class of functions f holomorphic
and univalent in the disc K, with the normalization f(0) = f'(0)—1 =
0 and such that the image of the disc K is a convex domain. As well
known (e.g.[6; p. 4]), a function p belongs to P if and only if

(1.2) p(z) = /0 7rP(e_",z)d/;(t), 2 'elE;



2 D. Bartnik

where

1+ez
l1—ez

(1.3) P(e,z) =

Let u € M, where M denotes the set of all real functions p nonde-
creasing on the interval [0, 27] with fnh du(t) = 1. A function f € S€
if and only if f(0) =0 and

(1.4) f'(z) = exp [—2/0 7rlog(l —e7"2)du(t)|

where p € M and z € K ([6; p. 8]).

Paatero [3] extended the class SC to the classes Vi of functions f
for which f' can be expressed in the form (1.4) with p € My, k > 2,
where M) consists of all real functions p of bounded variation on
[0, 2] such that f du(t) =1 and fu |du(t)| < %. Also, the classes
Py of functions (1.2) with p € My, k > 2, are well known see [4].

V. Starkov [8] introduced the classes U}, of holomorphic functions
f for which f(0) = 0 and f' has the form (1.4), where u € I,,
a > 1, and I, denotes the family of complex functions u of bounded
variation on [0, 27] satisfying the condition

n 2n
(1.5) [ a1+ [ i<

It is evident that the class I, reduces itself to the empty set for
a < 1. Moreover, I, is the family of nondecreasing real functions
such that j;]h du(t) < 1.

In order to explain the geometrical sense of inequality (1.5), let us
recall the definition of the universal linearly invariant family (Pom-
merenke [5]).

Let M be some class of functions of the form f(z) = z+ ...,
holomorphic and locally univalent in K. We call 9 a linearly invari-
ant family if, for any Moebius self-mapping ¢ of the disc K and any
f € M also As[f(-)] € M, where

_ f(2(z)) - f(2(0)) _ | e K
As[f(2)] = F1@(0)20) =g 4.5, z € K.
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The number

I i
ord MM = sup i@l
fem 2

is called the order of the linearly invariant family 9. In [5] it was
proved that

f'(z)
f'(z)
We denote by U,, 1 < a < oo, the union of all linearly invariant

families 9t whose order is not greater than a. It is known [5] that the
universal linearly invariant family U, is composed of all holomorphic

ord 9 = sup sup
fEM €K

3. 8 X
"—'+§(1“]~|)

and locally univalent functions f(z) = z + ... for which
¥ 2 f(2)
sup|[—z 4+ =(1—=|z]*")——=] < a.
26112' 2( l | f'(z)

It turns out [8] that the above-mentioned class U, is a linearly
invariant family of order a, and also U!, C U,.

2. Definition and basic properties of the class P!.

Definition 2.1. Let P!, a > 1, denote the class of functions given
by formula (1.2), where p are elements of the class I, defined earlier.

By definition, the following properties hold.
Property 2.1. The inclusion P C P} takes place.
Property 2.2. If1 < a; < a3, then Bar'C B, -

We have also

Theorem 2.1. The set of functions of the form (1.2), generated by
piecewise constant functions p € I, is dense in ..

Proof. Let Q denote the set of functions described in the above the-
orem, i.e. the set of functions p of the form p = ZLI P(e™""*, z)ax,
lk € [0,27r], ax € Ca

(2.1) IZak—1‘+Z|ak|£a, e 12, ...
k=1 k=1
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Of course, Q C P...
Take an arbitrary fixed function p € B!,. Then

2w g
p(z) = /0 P(e™™, z)du(t), z€ K,

where pu € I,. Let pu(t) = p1(t) +ipa(t) for t € [0,27]. The functions
p1(t), as well as py(t) can be approximated by step functions on
the interval [0,2x] ([7; p. 282]). So, there exists a sequence (u,) of
complex piecewise constant functions, uniformly convergent to the
function . Hence, for any € > 0, there exists an N such that, for
each n > N and each t € [0, 2], we have

[pn(t) — /‘(t)l <e.

Let I' = {2z : 2 = p(t), t € [0,2n]}. For any n, define a piecewise
constant function v, which has the same points of discontinuity as
pn and takes the values z; = pu(ty),... ,zm, = p(tm,), 0 < t) <
t2 < ... < tn, < 27, where t;, 1 = 1,... ,m,, are points from
different constancy intervals of u. Put, moreover, v,(0) = p(0) and
vn(27) = p(27), which causes no loss of generality. Of course, for
n > N and t € [0, 2], we have

lun(t) —va(t)| <e.
Thus, for n > N and t € [0,27],
|1(t) = valt)] < 2e.
This means that the sequence (v,) is uniformly convergent to the

function g on the interval [0,27]. Besides, the construction of the
sequence (vy,) implies that

p2m p2m
/0 du,,(t)=J/0 du(t)

and

27 2T
/0 (dua(t)] < J{ du(t)].
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Thus v, € I, because

‘ /027r dvn(t) — 1! - J/;“ |dva(t)] < ‘ /02" du(t) — ll

2n
+ J/ |du(t)| < a for n=1,2,.
0

Put p,(2) = ;"P(e"“,z)dun(t), 2€ K,n=1,2,.... The uni-
form convergence of the sequence (v,) to the function u implies the
almost uniform convergence of the sequence (p,) to the function p in
the disc K.

Let us observe note that the functions p, constructed above are
elements of the set (. Indeed, if we denote by a,,... ,a, the jumps
of v, at the points of discontinuity 71,... ,Tm, then we obtain

pa(z) =Y _ P(e™™,z)ax,
k=1

with ay satisfying (2.1). This ends the proof. ]

Corollary 2.1. If p(z) € P!, then p(e*’z) € B!, for 6 € R.
Corollary 2.2. If p(z) € B.,, then p(rz) € P, for r € [-1,1].

Corollary 2.3. If p € P’ , then pow € P, where w is a Schwarz
function (i.e. w is holomorphic in K, w(0) = 0 and |w(z)| < 1 for
z€ K).

Simple examples of functions of the class P/, are:

1) pi(2) = fa= l)' }+:, 2 € K, a > 1, maps conformally the disc
K onto {w Imw > 0};

2) pa(z) = 1;20- }__i, 2 € K, a > 1, maps conformally the disc K
onto {w : Rew < 0};

3) pa(z) = “;:?:n = m,‘n'—L+(1 a)':+:,z € K, a > 1, maps

the disc K onto C\{(—o00,—1(a — 1)]U [3(a — 1), +00)}.
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Theorem 2.2. The class ‘B!, is compact in the topology of almost
uniform convergence in K.

Proof. Let p,(z) = fou P(e™", 2)dun(t), 2 € K, pn € I4 for n =
1,2,..., whereas P is defined by formula (1.3). Using the method
applied in [8], we shall prove that from the sequence (p,) one can
choose a subsequence almost uniformly convergent in A" to a function
of the class B,.

Take into consideration the sequence(p,) and denote |un(t)| =
an(t), arg pua(t) = @a(t), t € [0,27]. Without loss of generality let
us assume p,(0) = 2a. Hence by (1.5) it follows that a,(t) and
¢n(t) are functions of bounded variation on the interval [0,27]. By
of Helly’s selection principle ([1; p. 196]), from the sequences (ay)
and (p,) one can choose subsequences (a,,) and (¢,,) such that
an, (t) = ao(t) and @, (t) — @o(t) for t € [0,27], where ap and ¢y
are functions of bounded variation. Therefore the sequence (p,, ) is
convergent to the function po(t) = ag(t)e'?e(®) for t € [0, 27)].

We show that pg € I,. Since p,, are functions of the class I,,

[ tim@l @] [ duns 1| o,
0
By the above (compare the proof of Helly’s theorem in [1])
2m 2w
/ |dpo(t)] £ lim inf/ |dpn,(t)| £ lim L,,,
and, consequently,

[ tawen <a| [ st 1)

Let us consider a subsequence (py, ) of the sequence (p,) such that
P ()= f:" P(e™", 2)dpn, (t), z € K, and denote

2w
w@) = [P0, ek
0
Ewidently po € P/,. By Helly’s theorem,

kli_rrglopnk(z) = po(2), z € K.
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Since the subsequence (p,, ) is sequence of locally bounded functions
in K, we obtain by Vitali’s theorem that the sequence (pyp, ) is almost
uniformly convergent to the function pg in the disc /. This ends the
proof. O

Theorem 2.3. The class B, is convex.

Proof. Take arbitrary fixed functions of the class P.,.

2w
p@)= [ P, meln seK, j=12
0

with P being defined by formula (1.3). Let

pe(z) = Opy(z) + (1 — O)p2(2), 0<O<L1, z€K.
Obviously

po(z) = /0.,P( it )d(Ou(t) + (1- O)a(t)),  z€ K,

| / A (1) + (1~ (1) ~1] + [ (@) + (1~ O)ua(t)
S@’/ ”dul(t)—1’+(1—9)m xdpg(t)—ll
+0 / |dp1(t)] + (1 — O) / |dp2(t)] < Oa + (1 — O)a = a.

Thus pe € B!, for 0 < © < 1 and this ends the proof. O

Corollary 2.4. The class B!, is arcwise connected and, in conse-
quence, connected.

3. Estimates of certain functionals in the class . Using
elementary methods, we can obtain estimates of some functionals in

the class B.,.

Let p € B, a > 1, and let {p}, k = 0,1,..., denote the k-th
Taylor coefficient of p at zero.
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Theorem 3.1. Ifp € B, a > 1, then
(3.1) Hr}k| < 2a for k=1,2,....

Equality takes place for the function (1.2) generated by

l1+a l-a
K= P 60+ 2 6n/ka

&

where

0 107 (e
(3.2) 6_.,(t)={ or T RUS

1 for s<t<2r, 0<s<2m.

Proof. Let p(z) = 02” P(e™*,2)du(t), z € K, p € I, whereas P is
defined by formula (1.3). It is evident that

2r
{p}x = 2/ e ®du(t), k=1,2,....
0

We have

2r ) 2w
hel = [2 [ e Hau) <2 [l <20, k=12,

and thus, the estimates (3.1). O
From Theorem 3.1 and Corollaries 2.1 and 2.2 we get

Corollary 3.1. Fora > 1 and k = 1,2,..., the set Vi of values of
the functional p — {p}« on the class ‘B, is the disc of radius 2a and
centre 0.

Theorem 3.2. For a > 1, the set Vy of all coefficient {p}o, p € B,
is the ellipse

(ReA - 3)?  (ImA)?
a? T gt
4 I e

In the case a = 1, the set Vy reduces to the interval [0, 1].

(3.3) (2w

Proof. It follows from (1.2) that for each function p € B., a > 1,
there is a p € I, such that

2w
G / dy(t).
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For a > 1 we have

3o~ 11+ Hphol = | [ dut)=1]+| [ auco)

0

2n 2
< |/ du(t) — 1! + [ ldu(t)] < a.
0 | ./0

Thus {p}, lies inside or on the boundary of the ellipse with foci at
the points 0 and 1 and major axis of length a. This means that {p},
belongs to the set described by inequality (3.3).

Let Ay be an arbitrary fixed complex number satisfying (3.3). Note

that
2n

Ay = d(Apbs)()
Jo
where 6, is given by formula (3.2). Moreover, A¢b, € I, for each
s € [0,27]. So, Ay is the constant term of the Taylor expansion of a
function from the class B!, generated by pu = A¢é,. Thus A4g € V5.
Let o = 1. The second part of Theorem 3.2 results directly from
the properties of the class I;. O

Theorem 3.3. If p € P, a > 1, then

l14r 1 -« 14r a+1
3.4 < <
(34) 1= —5— SRelp(2)) < 7— ——,

|2l =r, z€ K.

Equality in (3.4) occurs for the functions (1.2) generated by

lta
H= Téargza

where 0 < arg z < 2n, 8, is defined by (3.2) and + (resp. —) is taken
for the upper (resp. lower) bound.

Proof. With respect to Theorem 2.1, we can confine our consider-
ations to the dense subclass @, i.e. to the class of functions of the
form (1.2) generated by piecewise constant functions from the set I,.

Let p € Q. Then p(z) = oo pP(es i d)ag,mm =l 2pi i/ Of

course,
n n
‘Zak—1|+2|ak| < a.
k=1 k=1
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Let us observe that P(e™'*,z) = %E; + 125k, |2l =7, |k} =1 for
k=1,...,n.
Hence we get

3

Re[p(z)] = Re [ P(e_“",z)ak:'

k=1

1472 2 2% i q

TEFL i Re[Zak]+l_r2 Re[Zaka
k=1 k=1

14+1r? | — TR
< - Zak‘-l__l—r"- kzllﬂﬂ

1472 & 2r -
S{_2 kX—;ak +1_r2(a—|kz_lak-—l|).

Denote

(3.5) ﬂ:[iak—1[+)iak
k=1 k=1

Then1 < B < e, 2| Y f-,ak|—1< B and

n

Sl (a_5+|k§:akl)

R Ll [ T I S

l—rl"—d1 | 1—1r2

L4 72
1—1r2

Re[p(z)] <

l1-r f—a 1+4r 1+a<1+r1+a
1+r 2 1S e S TP o e

Analogously, we can obtain an estimate ‘from below’

e[ L]+ pRe[ S

k=1 k=1

Re[p(=)] =
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14 r? or
Z1—1‘2Re[ gl _1—7‘22|k|
k=1 k=1
14 r2 & 1 2r
Z1—r2Re[ ¥ _1—r2(a—|zak_1|)
k=1 k=1
et L 2r
Y {0 B AN )

From (3.5) we conclude that 3 }_, ax is a point of the ellipse with
foci at 0 and 1 and with major axis of length 3.

Then
n 1 T . t
Zak= +ﬂcost+i\/ﬂ 1sin i 0<t<on
2 2
k=1
and hence
Re[ ey 1+ﬂcost‘ l ap] = B + cost
2 2
k=1 k=1
and
1+72 1+ Bcost 2r B + cost
Re 2z > (alg / o ___—)
PN 2 T—7 —— 1-r2\" TP T

1
sy L+ —dar+ 26+ [A(1 + %) — 2r] cost}

1-r a—ﬂ+1+r 1—a21+r l—a_ .
14r 2 l—r 2 1—r 2

vV

4. Concluding remarks. It follows from the considerations car-
ried out that there are substantial differences between the well-known
family B of Carathéodory functions with positive real part and the
classes B;,. Of course, from Property 2.1, Theorem 3.1 and Theo-
14 |z|

rem 3.3 we get classical estimates: |{p}x| < 2, Rep(z) < e
— 1%
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However, on account of substantial differences between the sets M
and I,, the families P and P!, are essentially distinct.

This also implies suitable conclusions concerning applications of
the classes P and B.,. It is known, for instance, that if the function
f(z) = z+ a22* + ... holomorphic in K satisfies the condition f' €
B, then f is univalent in K. So, there arises a natural problem of
investigating the properties of such functions.

This problem, in our case, can be formulated as follows: examine
the class of functions f(z) = a;z + a22% + ... holomorphic in K and
such that f' € P., a > 1. Note that the functions fi satisfying the
conditions (see examples 1-3 from Section 2 of the paper)

vy (@=1)i1+42 1y 1—altz
fl(z)_ 2 1_23 f2(z)_ 9 1_27
3 a—1)z 5
Am =8 s K,

are univalent in K in the case k = 1,2, whereas f3 is not univalent
since, f3(0) = 0. Hence, among other things, the further investi-

gations concerning the properties of the class P, considered in the

paper and its applications seem interesting. This, however, was not
the aim of the present studies.

The author wishes to thank the Referee for the remarks that were
utilized in the revised version of this paper, and, in particular, for
the suggestions concerning Section 3.
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