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Some Extremal Problems Concerning
the Operator B,

ABSTRACT. Following [P2] we assign to each quasisymmetric automorphism
v of the unit circle T a linear homeomorphic self-mapping B, of a Hilbert
space (H,|| - ||[H#). A complete solution to the following extremal problem
is found: For which quasisymmetric automorphisms v of T, || B,(f)lln =
VK(7) for some f € H with ||f||z = 17 Here K(7) stands for the maximal
dilatation of an extremal quasiconformal extension of v to the unit disk. As
an application a relation between the Schober constant A(T') of a quasicircle
I' C C and an extremal quasiconformal reflection in [ is established.

0. Introduction. Given a domain  in the extended complex plain C:=
Cu{oo} we denote by H(2) (A(f2)) the class of all complex-valued harmonic
(analytic) functions on . If a function F': Q — C has partial derivatives
for almost every (a.e. for short) z = z + iy € Q then the Dirichlet integral
Dq[F] of F is defined by

(0.1)  Dg[F]:= / (|0:F|* + |0, F|*)dS = 21/ (I0F|* + |0F|*)dS ,
Q 0
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where dS := dzdy and

.. OF _OF
P = X 0 F = 33’

(0.2) 9 .
S(0:F +i0,F).

OF := %(E},F—iayF), 3F :

The class A%2(Q) := {F € A() : Dqo[F] < o} is a closed subspace of the
space H2(Q) := {F € H(Q) : Dg[F] < o0} in the pseudo-norm ||F||x :=
VADalF), F € X := H}(Q).

Suppose € is bounded by a Jordan curve I' = 9. Given a function
F : Q — C we define for every z € T, 3F(z) = limgyy—, F(u) provided
the limit exists, while dF(z) := 0 otherwise. Write A := {z € C: |z| < 1}
and T := {z € C: |z| = 1} for the unit disk and its boundary, respectively.

In case Q = A we will use the symbol 3, F for the radial limiting values
function of F, i.e. for every z € T, 0F,(z) := lim,_,;- F(tz) if the limit
exists, while 9, F(z) := 0 otherwise.

Given K > 1 we denote by Qa(K’) the class of all K-quasiconformal
(K -qc. for brevity) self-mappings of A, and let Qa := Uy 5, Qa(K). It is
well known that every ¢ € Qa has a continuous extension to T and d¢ is
a sense-preserving homeomorphic self-mapping of T cf. [LV, p. 42]. Due to
Krzyz the class Qp := {0y : ¢ € Qa} has a very simple characterization
by means of quasisymmetric automorphisms of T; cf. [K1] and [K2].

Another interesting characterization of the class Qr by quasihomogra-
phies was introduced by Zajac; cf. [Z], see also [K3]. For K > 1, define
Qr(K) := {d¢ : p € Qa(K)}. Thus Qr(K) is the class of all quasisym-
metric automorphisms of T which admit a K-qc. extension to A. The
functional K[p] := inf{K > 1:¢ € Qa(K)} is the maximal dilatation of
®.

Analogously, for v € Q we set K(y) :=inf{K > 1:v € Qp(K)}. In
both definitions inf may be replaced by min because of the compactness
of the class {¢ € Qa(K) : dp = 7} in the uniform convergence topology
on A;cf. [LV, p. 73]. Thus I'(y) is the maximal dilatation of an extremal
qc. extension ¢ of ¥ € QT to A; extremal means that p € Qa(K[y]). For
p > 1, we adopt the usual notation LP(T) for the class of all functions
f : T — C, p-integrable on I' with respect to the Lebesgue arc-length
measure, i.e. || f||, := (fr |£(2)|Pldz|)'/P < oo.

The notation f = g, f,g9 € L'(T), means that f — g equals a constant
almost everywhere (a.e. for brevity) on T. It is clear that = is an equivalence
relation in L'(T), and let L'(T) := {[f/ =] : f € L'(T)} stand for the
quotient space L'(T)/ =. Recall that for every f € L'(T) and z € A the
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Schwarz and Poisson formulas read as

03)  fal) =g [ Sl = aolf)+ Y an(02",
n=1
04)  PUAG) =5 [ ) Re T jaul,
where
w(f):= 5 [ Swidul,
(0.5) : 5
an(f):= ;/rﬁ"f(uﬂdul, pr=yk, 244,30

Obviously, for every f € L'(T), fa € A(A) and P[f] € H(A). According
to the Poisson integral properties, for each f € L'(T) we have 9,P[f] = f
a.e. on T; cf. [Du, p. 5], [R, Sect. 11.12]. Therefore, the operator Sy :
LY(T) - LY(T),

So([f/ #]) := 0:P(f] - PIfI(0), fe€ LY (T),

is a selector on the quotient space L!(T). We call it the Poisson selector.

Consider the class H2(8A):= {f € L)(T): P[f] € H*(A)}, and define
the quotient space

H := Re H*(0A)/ == {f € L'(T): So(f) € Re H*(dA)}.

Here and subsequently, Re X := {Re f : f € X} for any space X of complex-
valued functions. If f € Re H%(QA) then, by (0.3) and (0.5), we get

I£115 = 27 fa () + 7 ) lan(£)I* < 27lag(H) + 7Y _ nlaa(f)I’
n=1 n=1

= 2nlao( /) + [ |(fa)PdS < oo,
Ja
so that f € L?(T). Therefore, (H,|| - ||#) is a real Hilbert space, where

(0.6) 20 Fll3 = DIPSo(H)]] = /,.. (So(F)a)2dS .

For brevity we shall write D[F] for the Dirichlet integral Do [F]. We denote
by P the set of all complex polynomials. For a non-empty set K C C,
let P(K):= {Py : P € P}. From (0.3), (0.5) and (0.6) it follows, in the
standard way, that

(0.7) So(H) C Re L*(T);

(0.8) [|So(£)ll2 < V2||flln, f € H;

(0.9) {f:So(f) € ReP(T)} is a dense subspace of H;
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cf. [P6, Thm. 2.4.8] and [P5, Thm. 1.2]. Moreover, we can show that for
every F € Az(A), F belongs to the Hardy class H*, and so

(0.10) F = (Red,F)a + iIm F(0) and Red, F € Re H*(dA);

(0.11) 2[Red, £/ £l = DIP[Red, F]] = [, |(RedF)a)|dS;

cf. [P6, Thm. 2.4.4). We adopt the usual notation C(K) for the class of
all complex-valued continuous functions on a set X # 0. From Lemma

1.1 and (0.9) it follows that there exists a unique linear bounded operator
B, : H — H satisfying

(0.12) B,([f/ ) =[fov/ 2], f€ReC(T)NH*IA).

Let ||T|| stand for the supremum norm of a linear operator T : H — H,
i.e. ||T|| := sup{||IT(f)|lu : f € H and ||f||x < 1}. Following [BS] we will
use the notation ¢ for the inverse mapping to a complex-valued mapping ¢
if it exists. By definition and by Theorem 1.2 we easily find that for any
7,0 € QT

(0.13) 1B, ]| < E(2);

(0.14) Byo, = B,B,;

(0.15) By = BJY;

(0.16) Bigy =1,

whereidy : T — T and [ : H — H are identity mappings; cf. [P6, Corollary
2.5.4] and [P2, Lemma 1.1]. The properties (0.13) and (0.15) say that the
operator B, is a linear homeomorphism of H onto itself. Moreover, it turns
out that

B,(f)=[So(f)ev/ %], fFE€H,v€Qr;

cf. [P6, formula (2.5.8)]. However, we will not use this fact in the sequel. In
what follows we list four natural questions involving the supremum norm of
the operator B, .

Question 0.1. For which v € Qr, ||B,|| = /K(v) ?

Question 0.2. For which v € QT, does there exist f € H with ||f||lx =1

such that || B,(f)|| = ||B+|| ? This question may be formulated equivalently:
When [|B,| = max{[|B,(f)llx : f € H and ||fllw <1} ?

Question 0.3. For which v € Qr, ||B,(f)|ly = /K (y) for some f € H
with ||fllg =17

Question 0.4. Does there exist a constant ¢ > 0 such that for every

7Y €QT, [|Byll -1 2 (VE(7)-1)?

In the next section we give a complete answer to the Question 0.3. In
Section 2 we show that for some y € Qr, ||B,|| may be expressed by
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the smallest positive eigenvalue A,(y) of 4. The results obtained there
are helpful in the next section. It turns out that the supremum norms
|B,|| and ||B;!|| are related to the Schober constant A(T) of a certain
quasicircle I' C C whose welding homeomorphism is ¥ € Qp; cf. Lemma
3.1. Thus the study of the Schober constant A(I') can be reduced to the
study of norms ||B,|| and ||B;'||, which seems to be easier in some cases.
As applications we present a few results in Section 3. The norm || B,|| is
also closely related to the Grunsky-Kiithnau constant & (cf. [Kil, p. 383])
for a respective Grunsky matrix associated with y. However, this topic will
be studied in a forthcoming publication. This justifies studying the norm
||B,]||- In the last section we give some comments to our sub ject.
The author is very grateful to Ken-ichi Sakan for his helpful remarks.

1. The main result. It is easily verified that
la1by + azba|* + |a1bs + azbi|* < (Jas|* + lazl*)(161] + |2])?

for any a,,a,,b;,b; € C. The change of variables formula now shows that
forall F € H*(A), K > 1 and ¢ € Qk(A)

(11)  DalFogl=2 [ (8(F o) +13(F o p))is
<2 [ (10F o gl +10F o o126 +10¢"dS
< 2K1¢] [ (10F o off + 15F o 611001 = 06I")d5
= 2K(¢] [ (OF" +13F1)dS = KlpiDalF).
This means that the Dirichlet integral is quasi-invariant; cf. e.g. [Al, p. 18].

Lemma 1.1. Given K > 1 assume thaf ¢ € Qi(A). ’rhen for all functions
F ¢ ReP and P € Re H3(A), G := P[O(F o ¢)) € Re H*(A) and

(1.2) D[Fop—-G+ Pl=D[Foyp—-G|+D[P].
In particular,
(1.3) D[G] = D[F o ¢) - D[F o p — G] < KD[F] .

Proof. Suppose I, ¢, F and P satisfy the assumptions of our lemma and
set v := O¢. The proof will be divided into two parts.
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Part I. We first prove the lemma under the assumption that G € H%(A).

Since the class ReP(A) is dense in Re H2(A), there exists a sequence
P, € ReP, n € N, such that

(1.4) D[P, -P]=0, n—o.

For z € C define $(2) := ¢(z) if 2 € A, ¢(z) := ¥(2) if z € T and
@(2) := 1/p(1/%) if z € C\ A. By the reflection principle for qc. mappings
(see for instance [LV, p. 47]), ¢ is a qc. self-mapping of the extended complex
plane C. For every t € R the set

le(t):={z€ C:Re(z —tE)E =0}, €E€C\{0},

is the straight line passing through the point t£ and orthogonal to the
straight line {s¢ : s € R}. Since ¢ has the ACL-property (for the defi-
nition cf. e.g. [LV, p. 127 and 162]), it is absolutely continuous on almost
every chord parallel to either of the coordinate axes, i.e. ¢ is absolutely con-
tinuous on ¢¢(t) N A for a.e. t € [-1,1], £ = 1,:. By definition, 0G = F oy,
and so &(F o p — G) = 0 on T. Moreover, by our assumption, D[G] < o0,
so that for almost every y € [—-1,1] and z € [-1,1]

[ |0z(F og@—G)| < oo and / |0y(Fop—-G)|< o0 .
Jane(y) ANty ()

Fix n € N. We may now integrate by parts to conclude that for a. e.
Y€ [_la 1]

[ 0z(F o @ — G)0 Ppdz = — / (Fop—G)d2 P.dz

ANt (y) Jant(y)

and for a.e. z € [—1, 1]

[ O F 2 6)0, Pada’s X [F(Fop LB a
Jane(z) Ant(r)
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where 82 := 0.0, and 82, := 9,0,. Fubini’s theorem then implies

/ (3:(F o ¢ — G)3: Py + 8,(F 0 ¢ — G)d, P, )dS
A

1
=/ (/ 0:(F o ¢ — G)d Ppdz)dy
-1 Jang(y)

1
+/ ( 0y(F o p — G)0y Prdy)dz
-1 Anll(l‘)
1
== [ ([ (Foy-GPudz)ay
-1 JAN¢ (y)
1
- / ( / (F ¢ ¢ = G)3, Pady)dz
-1 Jang(z)

= [ (Few- GYOLP. + 8, PYis =0,

because P, is a harmonic function on A. Hence
D[Fop—G + P, =D[Fop—G]+ D[F]
+ 2/ (8z(F 0 p = G)0:Pn + 0y(F 0 ¢ — G)3, P,)dS
= D[;op—G]+D[P"] s
A passage to the limit now implies, by (1.4), that
D|IFo¢ -G+ P = nan;oD[F0<p—G+Pn]
=D[Focp—G]+nangoD[Pn] =D[Fog- G|+ D[P],

and this is precisely the equality (1.2). Setting P := G in (1.2) we obtain
the equality in (1.3). The inequality in (1.3) follows from (1.1).

Part II. We complete the proof by showing the first part of our assertion,
i.e. we prove that G always belongs to H*(A). Let At be the class of all
homeomorphisms ¢ : T — T which have a conformal extension to some
open annulus containing T. It is easy to check that each ¢ € At is a
quasisymmetric automorphism of T, so that Ar C Qr. The inclusion
follows immediately also from the Fehlmann characterization of the class
Qr; of. [F1, Thm. 3.1} and [F2]. It turns out that there exist a constant
K= > 1 and a sequence 7, € A N Qr(K"), n € N, satislying

(1.5) ,.liﬂ-, m(z)=7(2), z2€T;



170 D. Partyka

cf. [P6, Lemma 3.1.3] and [P5, Thm. 2.1]. For n € N define G, := P[Fo~,].
Fix n € N. It is easily seen from the Douglas formula that D[G,] < oo;
cf. [D] and [A2, Thm. 2-5, p. 32]. However, this can be obtained in a more
direct way as below. Integrating by parts we have for each k € N

ag :

9] i AL e L
— | Fovy,(uv)T|du| = — Foyn(e)e ™ dt
= Yn(w)T"|dul 54 n(e")

1 i —ikt d* it
52 /‘; ¢ deFO Tule" )dt .

Hence

r

D[G,] = jA I(Fova)a)’dS =

k=1

d? = 1
< =
on {omas, | F ol ) 27 <
and we can use Part I to obtain
(1.6) D[G,) < K*D[F] .

From (1.5) it follows that v, is uniformly convergent to v, and consequently
for every z € A, limy_.0o 0G,(2) = 0G(z) and lim,_ 0G,(2) = 0G(2).
Then (1.6) shows, by Fatou’s lemma, that P[G] < liminf, .., D[G,] <
K*D[F] < o0, which is our claim. Combining Parts I and II yields the
assertion of the lemma. O

Theorem 1.2. Given v € Qt assume that ¢ is its qc. extension to A.
Then for every f € H

(L.7) 2B4(Hll = D[F o 9] = D[Fop - GJ,

where F := P[So(f)] and G := P[SoB,(f)]. In particular,

(1.8) IBx(Hlle < VEOSllx -

Proof. Suppose 7 and ¢ are as in the assumption and fix f € H. By (0.9)
there exists a sequence f, := [fn/ =], fo € ReP(T), n € N, such that

(1.9) If = follg =0 asn— oco.
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Then, by continuity,

(1.10) IBy(f) - By(fa)llw — 0 asn—oo.

For n € N set F;, := P[f;] and G, := P[fn 07]. From (1.10) and (0.12) it
follows that

(L11)  20By(H)li} =2 Im (1B, (fa)ly = lim D(Ga] .

By (1.1), (1.9), (0.6) and the Minkowski inequality we have

ID[F 0 ¢]'/? = D[Fa 0 ¢]'/?| < DIF 0 ¢ = Faoo]'/? = D[(F = F) o g]'/?
< VE[QID(F = Fo))'? = V2K[0)llf = fally =0 asn— oo,

and consequently

(1.12) nler;o D[F,o¢]=D[Fog].

In the similar way we show that

|D[Fo@—G)* —D[F,0¢ - Ga)'?| <D[Fop—Foop+ G, - G]'/?

< DI(F = Fa)o 9]/’ + DIG - Ga]'?

< VKIS - fallu + V2B(f) - By(fa)llg =0 asa— oo,

and so
(1.13) lim D[F,0¢~-Gn)=D[Fop-G].

From Lemma 1.1 we conclude that for every n € N, D[G,] = D[F; o ¢] -
D[F,0p—Gy]. Combining this with (1.11),(1.12) and (1.13) we obtain (1.7).
It is a well known fact that for any K > 1 the class {¢ € Qa(K): 0p = 7}
is compact in the uniform convergence topology on A; cf. e.g. [LV, p. 73].
Therefore there exists an extremal K (7)-qc. extension ¢ of 7 to A. Setting
@:= ¢ in (1.7) yields (1.8). O

We recall that a qc. self-mapping % of A is said to be a regular Te-
ichmiiller mapping if there exists a non-zero function F' € A(A) and a
constant k, 0 < k < 1, such that the complex dilatation of ¢ is of the form

(1.14) s

We are now in a position to answer the Question 0.3.
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Theorem 1.3. Lety € Qr andlet 0 < k < 1. If f € H satisfies || f||ug > 0
and if v admits a regular qc. Teichmiiller extension 1) to A with the complex
dilatation

(1.15) a il kw a.e.on A,

o (So(fla)

then there exists g € H such that ||g||w = 1 and
(1.16) 1B~(9)llH = K(7) = 1 -

In particular, || B, || = /K(7v).
Conversely, if g € H and k satisfy ||g||uy = 1 and (1.16), then v admits

a regular qc. Teichmiiller extension ¢ to A with the complex dilatation
(1.15), where f := B.(g). Moreover, v is uniquely extremal.

Proof. Assume y € Qr admits a qc. extension ¥ to A with the complex
dilatation (1.15). Let F := So(f)a and G : A — C be a function satisfying
the equation

(1.17) (1-k)Goyp=kF +F.

Differentiating both sides of this equality we get

(0G)oy Y+ (0G)opdY = (1- k)" F',
(0G) oY + (0G) o Y = (1 — k) VkF" .
Since dY O Y — OYAY = YOy — 0-11)-0-_1# = |09¥|® — |0¢|® > 0 a.e. on A,

(1.15) shows that G = 0 a.e. on A. In this way the function G is analytic
on A; cf. [Al, p. 33]. Moreover, by (1.1) we have

2(1 — k)? / |G'|*dS = D[(1 — k)G) = D[(KF + F) o 9
4

< K[¢)DIkF + F] = 2K [¥](1 + k?) J/ |F'|%dS < oo .
A

Thus G € AQ(A) and, by the definition of H, there exists g € H such that

G — G(0) = So(g)a- By (0.9) there exists a sequence g,, € H, n € N, such
that g, := So(gn) € ReP(T) and

(1.18) llg — gnllH =0 asn— oo.



Some Extremal Problems ... 173

From (1.17) we see that Go ¢ € H?*(A), so that
(1.19) ReG oy = P[So(h)] + ¢

for some h € H and ¢ € R. Moreover, from Lemma 1.1, (1.1), (0.6) and
(1.18) it follows that
(1.20)

201k — B,(ga)lfy = DIReG 0% - Plga 09]] < DIRe G o = Plga] o ¥]
< K[¢]D[Re G — Plgn]] = 2K[¥]llg — gnllly =0 asn — oo.

On the other hand, by the definition of the operator B, and by (1.18), we
obtain

| B+(gn) — B4(g)llH =0 asn—oo.
Combining this with (1.20) we conclude that

(1.21) B.(g)=h.
Theorem 1.2 now shows, by (1.19), (1.21), (0.6) and (1.17), that

2/|B(9)ll} = DP[ReG o9} - D[Re G o) — P(SoB,(g)]]
= D[ReG o ¢p) — D[ReG o9 — P[So(h)]] = D[Re G o 9]

= (1) pime 1 = 2225 ity

Since G is analytic, we see that

(1.22)

G'odp=(1-k)'F and G'oypdyp=(1-k)"'kF",
and hence, by (0.6), that

21 211 = ‘“/ \F'[ds

= ____ |F'|*dS - f [F'[*dS
(123) (I_L}' ./A (I_“‘) A

=/(|G'ow8¢|2—|G'od)5dJ|2)(15
A

= / IG' o wIR(10%[? - |3%[)dS = / IG'PdS = 2llall% -
A A

Combining this with (1.8) and (1.22) we obtain

(L20) Byl < Klal < (1% ’”) 11 = 1B(9)IF%
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From (1.23) and (1.24) it follows that
IBY(9)lI = K(Mliglh = (1+ k)(1 = k)7 iglly -

Replacing now g by g/||g||# we obtain (1.16). That ||B,|| = /K () follows
from Theorem 1.2 and (1.16), which proves the first part of Theorem 1.3.

Suppose now that g € H and k satisfy ||g||w = 1 and (1.16). Since for
any K > 1 the class {y € Qa(K) : (')cp = v} is compact in the uniform
convergence topology on A (cf. e.g. [LV, p. 73]), there exists an extremal
K(7)-qc. extension ¢ of ¥ to A. Set F := (SoB(g))a and G := (So(g))a-
Then Theorem 1.2 shows, by (1.1) and (0.6), that

D[ReG o) — Re F] = D[Re G o 9] - 2||B,(9)||%4 <
K[$ID[Re G) - 2K (v) = 2K (v)(llglly — 1) = 0.

Hence the equality Re G o ¢ = Re F' + ¢ holds a.e. on A for some constant
c € R. Differentiating both sides of this equality we get

(1.25) G'opOv+G o0 =F'.

Hence,

(1.26)

IF'|? = |G" o $2|09)% + |G 0 $*|0* + (G 0 )2 0% 3% + (C7 0 $)20% T
- v |0l 100, 0 s

= 16" o w2109 + 13¥])? - @ = |G o |%uaﬂ-—wwn Q

a.e.on A, where Q := 2|G’ o |?|09]|0y| — (G’od))zag_b(')w—(-@ot/))z%%
a.e. on A. Since ¥ is K(7)-qc., (|0¢| +[09])(|0y| — |0¢¥])~! < K(7) a.e. on
A. Combining this with (1.16) and (1.26) we obtain by (0.6)

2K(y) = 2B (a)ls = [ 1FFds
< k() [ 16" 0 w(owl - uftyas - [ Qus
= K(7) / IG'[2dS — / QdS = 2K (v) g% - /Ast
= 2K (v / QdS < 2K(y) .

The inequality is possible iff the equalities

(G 0 w210W(I3Y] = (G' o w3y b and 1901 _ y



Some Extremal Problems ... 175

hold a.e. on A. Therefore,

) _ .G o0
(127) (—)—w' = I\,m a.e.on A .

Let f:= B,(g). Then F = (So(f))a. We conclude from (1.27) and (1.25)
that G' o 8y = (1 + k)~ F’, hence that

LA
1. — =k—= ae.
(1.28) ) 7 a.e.on A,
and finally that (1.15) holds. This ends the proof of the converse statement.
We now prove the uniqueness of the extremal extension . Suppose ¥ is
another extremal /'(7)-qc. extension of 7 to A. Then the Beltrami equation
(1.28) holds with 9 replaced by 3. Hence 0(1/) 01) = 0 ae on A, and so

wo1/)eQA (1). Since dyp = d = v, we see that y = pon A. O

Corollary 1.4. If K > 1 and if g € H satisfies ||g||u = 1, then there
exists ¥ € Qr such that

(1.29) 1B, = 1By(9)lly = K() = K .

Moreover, v admits a unique regular K(v)-qc. Teichmiiller extension 1 to
A with the complex dilatation given by (1.15), where k := (K —1)/(K +1)
and f := B,(g).

Proof. Given K > 1 and g € H, let ||g||ly = 1 and let k and f be as
above. By the Mapping Theorem [LV, p. 194] (also cf. [B] and [LK, p. 45]),
there exists a solution 9 of the Beltrami equation (1.15) being a K-qc. self-
mapping of A. Hence 7 := 9y € Qr(K). Theorem 1.3 now shows that
(1.29) holds and 4 admits a unique regular A'(7)-qc. Teichmiiller extension
¥ to A with the complex dilatation given by (1.15). O

2. The smallest eigenvalue of a quasisymmetric automorphism of
the unit circle. If f € Re L!(T) then, by (0.3), Im fa is a real-valued
harmonic function on A. A classical result states that the function Im fa
has a finite non-tangential limit a.e. on T and

A 1
0-Im fa(z) = 1ir{1 Im fa(rz) = -;Re PV /
r—1-
for a.e. z € T; cf. e.g. [G, p. 103]. For every f := [f/ =] € H, define

(2.1) A(f):=[0-Im fa/ =].
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Since D[Re F] = D[Im F] for F € A*(A), we conclude from (2.1) and the
definition of the space H that

(2.2) AHy=H , A’=-1 and |A||=1,

and so the operator A maps isometrically H onto itself. Therefore, the
operator

(2.3) A, := B,AB]',

called the generalized harmonic conjugation operator, is a linear homeomor-
phism of H onto itself; cf. [P2]. We recall that a real number A is said to
be an eigenvalue of v € Qr if there exists f € H with ||f||# = 1 such that

(2.4) (A+ 1DA(f) = (A= D) A(f) ;

cf. [P3, Definition 1.1]. For every v € Qt write A for the set of all eigen-
values of 4 and define

Ae(7) =min{A > 0: X € AL}

whenever AZ # 0 and the minimum exists, while A.(y) = oo otherwise.
From [P3, Thm. 1.4] it follows that A.(y) = oo for ¥ € Qr(1), and

(2.5) A(7) 2 (K(7)+ 1)/(K(y)-1) fory€Qr\Qx(1).

A sufficient condition on 4 for the equality in (2.5) to hold, was obtained in
(P4, Thm. 2.2]. We use this result to show the following

Theorem 2.1. Let v € Qp \ Qr(1). Then

(2.6) A(7) = (KM + D/(K(v) - 1)
ifl there exists g € H such that ||g||g = 1 and that
(2.7) 1B+(9)ll% = K(7) -

Proof. Assume first that (2.7) holds. Then Theorem 1.3 shows that v ad-
mits a regular qc. Teichmiller extension 1) to A with the complex dilatation
(1.15), where f := B,(g) and k := (K (y)—1)/(K(7) + 1). Therefore (2.6)
follows from [P4, Thm. 2.2].

Conversely, assume that (2.6) holds. Then there exists f € H such that
Ifll# = 1 and that (2.4) holds with A replaced by A.(y). Hence, by (2.2)
and (2.5) we have

(A(r) + DIflla = (Aa(r) = DA (|1
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and consequently, by (2.3) and (2.6),
K(y) = |ByABT (f)llx -

Set g := (v/K(7))""AB;'(f). Theorem 1.2, (0.15) and (2.2) now imply
that

lglla < (VE(y 'IIIAIIIIB"IIIIfllu = (VE(Y)"
<S(VE@)'VEG

moreover,
K(y) = |ByAB; (f)lla = VE(7)||B+(9)lln
SVEM)IB,llllglla < K(v).

Combining the above inequalities we see, by (0.13), that ||g||g = 1 and the
equality (2.7) holds. O

Corollary 2.2. If vy € Qt and if (2.7) holds for some g € H such that
llgll# = 1, then there exists f € H satisfying

(2.8) Iflle =1, B (Hll = K() -
In particular, ||B,|| = ||B;!|| = VK(9).

Proof. Given v € Q1 \ Qr(1) assume (2.7) holds for some g € H such
that ||g||g = 1. Therefore (2.6) holds by Theorem 2.1. From [P3, Thm. 1.4
(v)] it follows that A% = A%, and hence

Ad(¥)=min{A>0: A€ A} =min{A >0: X €A} = A.(7) .
Combining this with (2.6) we obtain

A7) = Au(r) = (K(1) + D/(K(7) - 1) = (K(#) + 1)/(K(#) - 1) -

Applying Theorem 2.1 again, with ¥ replaced by ¥, we see, by (0.15), that
there exists f € H satisfying (2.8). Moreover, combining (2.7) and (2.8)
with (0.13) we have

VE(7)=By(@llr <1I1B,ll £ VE(7),
VE(F) = |B5y(Hlln <1IBsll £ VE(T),
and hence ||B,|| = /E(7) = VE(3) = ||B5ll = |1B;']| as claimed.
If ¥ € Qr(1) then, by (0.13) and (0.15), we obtain ||B,|| < /K(7) =1

and ||B;!|| = ||Bs|| < /K(4) = 1. Hence the operators B, and B;'a
isometries of H onto itself, and the corollary follows. 0O
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3. The Schober constant A (I'). Given a Jordan curve I' C C write
H(T) for the family of all real-valued functions F continuous on C and
harmonic on QU Q. = C\ T which satisfy 0 < Dg[F]+ Dg_[F] < 0o, where
Q and Q. 3 oo are complementary domains to I'. Define

1 {lDQ[F] — Dq_[F]|

2(T) PP Dg[F + Do [F]

:Fe H(I‘)}

provided the supremum is a positive number, while A,(I') = oo otherwise.
For a short survey of basic properties of the curve functional \,(I') we refer
the reader to the Schober article [S]; also see the references given there. Let
& and &, denote conformal mappings of A and C \ A onto the domains
Q and ()., respectively. Such mappings exist by the Riemann mapping
theorem; cf. for instance [R, Thm. 14.8]. Moreover, by the Taylor-Osgood-
Carathéodory theorem both the mappings ¢ and #. have homeomorphic
extensions to the closures { and (1., respectively; cf. for instance [R, Thm.
14.19]. Then v := 0®.00d is a sense-preserving homeomorphic self-mapping
of T. We recall that every homeomorphism 7 assigned to I' in this way is
said to be a welding homeomorphism of I' C C. The class of all welding
homeomorphisms of I' will be denoted by Weld(I'). For z € C\ {0} set
h(z) := 1/z, and let A(0) := oo, h(oo) := 0. If a Jordan curve I' C C
admits a K-qc. reflection ¥ then ¢ := ho®, o® o ® is a K-qc. extension of

= d%. 0 39 to A. Conversely, if 9 is a I{-qc. extension of ¥ to A then
v,

(3.1) Sp(z):{d!‘.oﬁolboi'(z) ,2€0,

U(z) & & Doy

is a K-qc. reflection in I'. Thus for every K > 1,
(3.2)
a Jordan curve I' C C admits a K -qc. reflection iff Weld(I') C Qr(K) .

Lemma 3.1. For every quasicircle I' C C the following equality holds
1 (max{||By|l,IB7'[I})* - 1

As(T)  (max{||B,, IB51})?+ 1’

where v € Weld(T).

(3.3)

Proof. Given a quasicircle I' C C let F € H(T). Define G := F o @ and
G.:= Fo®, ok By the conformal invariance of the Dirichlet integral we
have

(3.4) D[G] = Da[F] and D[G.] = Da.[F),
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and consequently, by (0.10), =[g/ =), 9. := [g./ =) € H, where g := G
and g, := dG.. Since both the functlons g and g. are continuous on T and
g = g. o7, we conclude from (0.12) that

(3.5) g=B,(g.) and g.=B;'(g).

From (3.4), (3.5) and (0.6) it follows that
DalF] - Da.[F] _ DIG] - DIG.] _ llglly — llo-Il
DalF] + Da.[F] DGl +D[G.] llglif +llg-lI%

_1By(g )l = llg-lly _ IB,lI* — 1
||Bw(y Wy + llgely = 1B+ 1

and similarly

Do.[F] - Da[F] _ IIB7'(9)llk — llgllle _ I1B5'1* - 1
DolF] + Da.[F] ~ ||By'(9)l% + llgliyy ~ I1B7 12 +1

Combining the above inequalities we obtain

[DalF] = Da(FIl _ (max{l1B,ll,IB7 1} - 1
DalF) + Da.[F] = (max{[|B,I,1B5 [} + 1

and consequently

1 (max{|| By, 1 B7'1I})* -

(3.6) As(T) = (max{[| B, |, 1B [1})? + 1

It remains to show the inverse inequality of (3.6). Fix g. € Re P(T) and
let g := g. 0. For z € C define F(z) := Plglo ®(2) if z € Q, F(2) :=
Plg.]o ko d.(2) if 2 € Q. and F(z) := O(Plg]o #(2)) if z € T. Since both
the functions g and g. are continuous on T, we see that for every z € T

d(Plglo®)(z) = godd(z) = g.oy0dd(z) = g.0dd.(z) = O(Plg.]oRhod.)(2).

Therefore the function F is continuous on C.

We can assume that ||g.||g = 1, where g. := [¢./ ] € H. By (0.12),
9 = SoB,(g.). The conformal invariance of the Dirichlet integral now
shows, by (0.6), that

Dqo[F] = D[Plg]] = 2| By(g.)ll&x < 0

and
Dq.[F] = D[Pg.]] = 2llg-l}k =
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Hence F € H(I') and

1B(g )l — 1 _ |DalF) - Da (F)| 1
(i) 1B(g)l% +1 5 DalF] + Da.[F] = M(D)°

By (0.9), || B~|| = sup{||B(f)ll# : So(f) € ReP(T) and || f||# = 1}. Then
(3.7) leads to

IB.JP -1 1
13,1741 = X(T)

The same conclusion can be drawn for the inverse operator B;l, and so

(max{|B, | 1B )2 -1 _ 1
(max{[[B, I, 1By [+ 1~ A(D)

Combining this with (3.6) we obtain (3.3). O

Assume I' C C is a quasicircle. By (3.2) we see that ¥ is an extremal
K-qc. reflection in T iff ¢ := ho®, oW o ® is an extremal K-qc. extension of
7 to A, K > 1. Moreover, the complex dilatations of » and ¥ are related
by the equality

(3.8) a.e.on A .

oY _ [(aw o ®)d"
oY (0¥ o &)&')

This observation is the key for the proof of the following

Theorem 3.2. Given K > 1 suppose that I' C C admits a regular K -qc.
reflection ¥ with the complex dilatation
o K+1G'
o K-1G'

(3.9)

a.e.on

where G € A%(Q) is a non-constant function. Then for each v € Weld(T')

_ K41 |IByIP 41

. A(l') = =
S0 R = S A

and V¥ is a unique extremal K -qc. reflection in T.

Proof. Given a non-constant function G € A%(Q),let F:= God—God(0).
Then F € A(A), D[F] > 0and F' = (G' o®)®'. By (3.8) and (3.9) we have
9y (Wod)d K-1(God)# K-1F

(3.11) oY (O o &) ' " K+1God ¢ K+1F

a.e.on A .
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By (0.10), f := [0, Re F/ =] € H and F = Sy(f)a.

By (0.11), 4||f|l3 = D[F] > 0. Theorem 1.3 now yields (1.29) for some
g € H satisfying ||g||mw = 1. Therefore ||B,|| = ||B;'|| by Corollary 2.2.
Hence (3.10) follows from (1.29) and Lemma 3.1. Moreover, from Theorem
1.3 and (3.11) we conclude that 9 is a unique extremal K-qc. extension of
7 to A, and hence that ¥ is a unique extremal K'-qc. reflection in I'. O

Corollary 3.3. For every K > 1 and every non-constant function G €
A%(Q) there exists a quasicircle T C C which admits a unique extremal
K -qc. reflection W with the complex dilatation given by (3.9), and for each
v € Weld(T') the equality (3.10) holds.

Proof. Fix a non-constant function G € A*(Q). Then the function F :=
Go®—God(0) € A(A)is also non-constant. Following the proof of Corollary
1.4 we see that there exists ¥ € Qr which admits a unique regular A'(v)-qc.
Teichmiiller extension 1 to A with the complex dilatation given by (3.11),
where K := K'(y). It can be shown that v is a welding homeomorphism
of some quasicircle I' C C; cf. e.g. [P1] or [V]. Then the mapping ¥, given
by (3.1), is a unique extremal K'-qc. reflection and, by (3.8), its complex
dilatation satisfies the equation (3.9). Then Theorem 3.2 shows that (3.10)
holds for each y € Weld(T'). O

Theorem 3.4. Given K > 1 suppose that I' C C admits a regular K-qc.
reflection ¥. If

_K+1
T K-1
and if there exists a sequence G, € H(T), Dq|G,] =1, n € N, such that

(3.12) As(T)

1 |Dq[Gn] = Da.[Ghll
(3.13) _A,(F) = lim DalGul + Do [Ga]
and that
(3.14) Dq[Gn—Gm)—0 asn,m — oo,

then the equation (3.9) holds for some non-constant function G € AZ(Q)
and the equation (3.10) holds. In particular, ¥ is a unique extremal K'-qc.
reflection in T.

Proof. Let v := 3. 0 8¢ € Weld(T'). For every n € N, set F, := G, 0@,
Foo :24G 58 o k and f, := JF,. By the conformal invariance of the
Dirichlet integral we have

(3.15) D[F,) = Pa[Ga) =1 < 00 and D[F,.] =Dq [Gn] <00, n€EN.
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Then for each n € N, F, € HZ(A), and consequently, by (0.10) and (0.11),
we see that f, := [f,/ =] € H and 2||f,||} = D[F.) = 1. Since each
fn € C(T) and OF, = 0F, .07, we conclude from (0.12) and (0.6) that

(3.16) 2|B7' (fu)ll = D[Fn.], ne€N.

Applying the conformal invariance of the Dirichlet integral once again we
see, by (3.14) and (0.6), that

2| fn = Fmlly = D[Fp — Fr] = Da[Gn —Gm] = 0 asn,m — 00 .
Therefore there exists f € H such that ||f — f.||lg — 0 as n — oo, and

hence || f||# > 0. By this, (3.13), (3.15), (3.16) and by the continuity of the
operator B! we obtain

— lim IDQ[Gn]—DQ.[Gn]| = lim |D[Fn]_D[Fn.-]|
As(T)  n—oo Dg[G,]+ Dq.[Gn] n—= D[F,]+ D[F,.]
o MBS I = fallhal _ HIBS () = 113l
n=co || By (fa)llg + 11l UBT (O + 1 F11%

Hence by (3.12) we have

1B (Pl = KNflIE  or BT (P = KM 1INk

and consequently

(3.17) 1B (HlIk = Kllfli or 1Byl = Kligl%,

where g := BJ'(f). Set k := (K —1)(K +1)~". Suppose the second equality
in (3.17) holds. Then K'(y) = K by Theorem 1.2 and (3.2). Theorem
1.3 now shows that v admits a regular qc. Teichmiiller extension ¥ to A
with the complex dilatation (1.15) and % is uniquely extremal. Then the
mapping ¥, as given by (3.1), is a unique extremal K'-qc. reflection and,
by (3.8), its complex dilatation satisfies (3.9) with a non-constant function
G := So(f)a o ® € A*(Q). If the first equality in (3.17) holds, then by
Corollary 2.2, the second equality in (3.17) holds for some g € H, ||g|| > 0,
and the rest of the proof runs as before. O

4. Complementary remarks.

Remark 4.1. Theorem 1.3 states additionally that if ¥ € Qr admits a
regular qc. Teichmiiller extension ¥ of to A with the complex dilatation
(1.14), then % is uniquely extremal, provided F is a square of an analytic



Some Extremal Problems ... 183

function which is square integrable on A. In this way we have proved, by

the way, a special case of Strebel’s theorem; cf. [St1], {St2] and [LK, p.
153-154).
From Theorems 1.3 and 2.1 we obtain

Remark 4.2. Under the assumptions in the first part of Theorem 1.3 the
following equality holds

2

i ”37”2 i

From Remark 4.2 we get

Remark 4.3. Theorem 3.2 and Corollary 3.3 hold with the equality (3.10)
replaced by
K+ 1

(4.2) A(D) = A (1) = =7 -

Every analytic Jordan curve I' C C is a quasicircle, which is clear e.g.
from [LV, p. 97].

This can be also deduced from the inclusion Weld(I') C At C Qr and
(3.2).

Combining Kiihnau’s result [Kiil, Satz 5] with Theorem 3.2 yields

Remark 4.4. In case I' is an analytic Jordan curve Theorem 3.2 is reduced
to Kithnau’s result [Kii2, p. 302].

The idea of using welding homeomorphisms in the study of topics covered
by Section 3 appears in [Kii3], too.
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