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ABSTRACT. We consider properties of three classes of discrete probability
distributions, namely the so-called Inflated Factorial Series Distributions
(IFSD), Inflated Modified Factorial Series Distributions (IMFSD) and In-
flated Modified Power Series Distributions (IMPSD). The formulas for mo-
ments and recurrence relations for the moments of those inflated distribu-
tions are derived. The obtained results generalize or extend some theorems
established by Janardan [7], Sibuza and Shimizu {12], Gupta [5], Gerstenkorn
[6] and Grzegorska [4].

L. Introduction. The Factorial Series Distributions (FSD) introduced by
Berg [1] and the Modified Power Series Distributions (MPSD) defined by
Gupta [5) were discussed, among other things, by Janardan [7]. This note
deals with the mixtures of those distributions and the degenerate distribu-
tions. They are called inflated probability distributions (cf. [10]). It appears
that the inflated probability distributions sometimes better describe random
Phenomena than the classic probability distributions alone. They describe
mixed populations consisting of two groups of individuals, the individuals
of the first group follow the simple distribution, while those of the second
group always contribute to rth cell. Those distributions are applicable in
the cases where simple distributions describe the situation well except for
the rth cell which is inflated, that is, there are more observations with r
than could be expected on the basis of a simple distribution. Models of
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random phenomena described by inflated distributions were presented for
instance by Cohen [3], Panday [9] and Singh [11].

We are interested in moments of different classes of inflated probability
distributions. In Section 2 there are given definitions of Inflated Factorial
Series Distributions (IFSD), Inflated Modified Factorial Series Distributions
(IMFSD) and Inflated Modified Power Series Distributions (IMPSD). Ordi-
nary and factorial moments of IFSD are established by difference operators
in Section 3. Formulas for ordinary and factorial moments of IMFSD are
contained in Section 4. Ordinary and factorial moments of IMPSD are given
in Section 5. Recurrence relations for central moments and similar relations
for factorial moments are given in Section 6. The obtained results generalize
formulas from [7], [12], {5], [6] and [4].

2. Definitions and notations.

Definition 2.1. A discrete random variable X is said to have an inflated
probability function (p.f.) if its p.f. is a mixture of p.f. degenerate at the
point s and a p.f. of discrete random variable Y, i.e. if

_Jl-a+aPlY =2z], =35,
(2.1) P(Z‘)—‘{ aPlY = z), g#s, zeNU{0}; 0<a<l.

Definition 2.2. A discrete random variable X is said to have an IFSD if
its p.f. is given by

¢ (£) (1
|1_a+"9—m7‘>—)’ z=s,
(2.2)  po(z) = ’I aat})(‘;[)”, z#s, € NU{0};
0<fl<o0,0<a<l,

where f(6) admits a factorial series expansion Y a(z)8*) in 6, with coef-
ficients a(z) > 0 independent of # and simply related to the ath forward
difference of f(8) at § = 0, namely

A*f(0
(2.3) apapm 2],

z!
Here Af(z) = f(z 4+ 1) - f(z) and 8 = 6(8 — 1) ...(0 — = + 1).
Definition 2.3. A discrete random variable X is said to have an IMPSD
if its p.f. is given by
i (#)]* a(x)
l —a+ nli—f%ﬁ—, T =S,

|
2.4 I) =+ Y
(24) po(z) l ﬂﬁ%a t#s, e NU{0}; 0<a<]l,
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where f(8) = 3 a(z)[g(8)]", g(0) is positive, finite and differentiable, while
the coefficients ¢(z) are nonnegative and independent of 6 .
Now we introduce a more general class of distributions.

Definition 2.4. A discrete random variable X is said to have an Inflated
Modified Factorial Series Distribution (IMFSD) if its p.f. is given by

. (z)
1 — a+ old® aa(r). A
(2.5) po(z) = { =

(=)
(_19(8),8“(:). t#s, te NU{0};0<a<],

where f(6) = Za(:)[g(f))]{‘}, g(0) is finite and differentiable and a(z) is
given by

(2.6) a(z) = A-’—ﬂm.

z!
where A, f(z) = f(g(z) + 1) - f(g(z)).

We will use the following notation for the moments:
m!-rth ordinary moment of discrete distribution,
m,-rth ordinary moment of inflated distribution,
mi,)-rth factorial moment of discrete distribution,
m(,)-rth factorial moment of inflated distribution,
fti-rth central moment of discrete distribution,

K.-7th central moment of inflated distribution.

We are going to use the following operators:

Ef(z)= f(z+1), Af(z)= f(z+1) - f(=),
Vf(z) = f(z) - f(z - 1),
E f(z) = f(g(z)+1), Ayf(z) = f(g(z)+1) - f(a(z)),
Vo f(z) = f(9(z)) - fg(z) - 1).
We note that
E=I+A, ET'=1-V, E"f(z) = f(z +n)

and
E;=I1+A, E,-'=1-VY,y, E;"f(z) = f(g(z) + n).

Moreover, we have

J y
(2.7) iT= B0 = (I+A)07 =) (i) Akor,
=1
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where A¥0" = A*z" |z = 0 and A*0" =0 fork =0 and k > r.
We shall use the Stirling numbers of the second kind defined by

in

ST (7 < T
(2.8) .5{;,;):16! :2;

3. Moments of IFSD. By the definition (2.1) we have the following
obvious

Lemma 3.1. If a discrete random variable X has an inflated p.f. (2.1)
then the ordinary moments m., the factorial moments m(,y and the central
moments p, of r.v. X have the form

(3.1) m, = (1 - a)s" + am!,

(3.2) miy = (1 —a)s + amy,,

(33) e = ab(s = miy (@ = (-~ + o (7) Bmt - )i

respectively, where m!. denote the ordinary moments, m;r] denote the fac-
torial moments and p, the central moments of r.v. Y (¢f. (2.1) ) and
B=1-a, 0<a<l.

Proof. Formulas (3.1) and (3.2) follow from the definition of ordinary and
factorial moments and from (2.1). To prove (3.3) observe that

pr=B(s—m) +a) (z-m) P =1z.

Using the equality

-

Z(m -m;) PlY =z]= Y (;){.r - m} ) (m} = my)" I P[Y = 1]

T r j3=0
i

¥ () [Bml — )}~
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we have
pr = Pa"(s —my)" +QZ()[,\3m1—b)]' I Wi

From the equalities go = 1 and p; = 0 we obtain (3.3). For the factorial
moments of an inflated p.f. we have the following

Lemma 3.2. If a r.v. Y has the ordinary moments m!. of the form

(3.4) m} =Y C;A%0"
=l

then the factorial moments m() of an inflated p.f. (2.1) are given by the
formula

(3.5) iy 4 (0= SN oGt = g

aC,r!,

Proof. Let S = [5(z,7)] be an r X r matrix of the Stirling numbers of the
second kind. Obviously S is a nondegenerate matrix (cf. [7]). From (j) =0
for s < j and from (2.7) we get

r

m, = (1 - Q)Z( )AW + nZ(* A" = Z [(1 - a)(j) + aC:‘i

ji=1 =1

A0,

Using the equality
my = Zm(J)S(T,j)
j=1
we obtain

(3.6) 3 { [(1 _ a)(j) : aC,] e m(,.)} S(r.j) = 0.

j=t g

Since §(i,j) > 0 for i > j, we have (3.5).
The relations (3.2) - (3.4) and the formulas for the ordinary moments of
FSD given in [7] imply the following

Theorem 3.3. The rth ordinary moment m, and rth factorial moment
m,y of IFSD are given by the formulas

IR~ H) g > 1

(3.7) m, =(1-a)s" + “Z FO)R! , 721,
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and

l’ (1-a)s” + o o) T AT f(0-1), s>,
(3-8) My(r) = % 5(r) .

l A f( T s<r,
respectively.

Example 3.4. Inflated binomial distribution.
Suppose X is a r.v. with p.f.

0V(_a \o(_1 \o-z . _
P[X::E]:{l_a+a(r)(l+a (H_a) y T =8,

a(®)(15)7 (1202, g sty i

Observe that this is an IFSD with the series function f(6) = (14 a)’

(3.7) and (3.8) we get

(3) _
(1-a)s” +aze YA, r>1,
+a

and
m f (1-0a)s) +adMa"(1 +a)"", s>,
(0= 1 adMa"(1+a)", s<r.

Example 3.5. Inflated hypergeometric distribution.
Let X have p.f. given by

1-a+a(?)( '“]/“'“]. 2=,
affllm) J e umiti

z = maz(0,n — m),...,min(n,0).
In this case f(8) = (“’") Using (3.7) and (3.8) we have

5
6Rne)
= - r E _—— = >
m, (1 Q)S +O’L—lk!(0+m)(k)A 0,7‘_1’

and g ipir)

l.(l—-ﬂ)s +&W-,-;, SE2) T
m(y) = I g plr)

o s<r.

30

. From
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Example 3.6. Inflated Stevens-Craig distribution.

Now we consider a r.v. with the p.f. which is a mixture of the Stevens-Craig
distribution considered in [7] and inflated distribution at the point s, given
by the formula

J1-a+aN#S(n,z)N°", z =3,

Y =
Hfa 7} = 1 aNE) §(n,z)N~", r#£s8, =12,

ceey

where §(n,z) are Stirling numbers of the second kind defined by (2.9). This
distribution has the series function f(N)= N". Thus from (3.7) and (3.8)
we obtain

NRIgkyn
m, = (1 - a)s” +az T A%, r > 1,

and w5
[(1 —a)s(") 4 @ MO >

Tn’(r) = N(r)v N™
l‘ L ) s<T.

4. Moments of IMFSD. Now we give the moment formulas for the class
of Inflated Modified Factorial Distributions.

Theorem 4.1. The rth ordinary moment m, and rth factorial moment
m(,) of IMFSD are given by the formulas

< [9(0) DAk F(8 ~ k)
- £(8)

42) my=(l-0a)s +a S(k,7),r > 1,

and

r g(8 N
43) s g 2 Tl G e S AR Tl i,
B | oL AT f(0 - 1), s<r,

respectively.

Proof. We can observe that

> z"[g(9)]F AZ £(0)
my = (1-a)s" +a)_ = f)(O)z!

=0
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207 [9(8))*) A £(0)
(1 - a)s” +aZ(Z( )A ) y f(()):rsi‘

[9(0)) P A7 f(0)A*0"

)s” +
PO

) (y+k)Ay+k 0
|- ) 40332 it 1(0)

S(r,k)
k=1y=0
i [9(6) - k™ AY £(0)

y=0 !

a)s +nZqu(0 S(r, kA"

N Z [9(O)) P AFf(g(8) - k)

=(1-a)s" 0) S(r, k).
Using Lemma 3.2. we get (4.3).
Corollary 4.2. The mean m, of IMFSD satisfies
(4.4) my = (1- [f(g(e)) f(g(6) - 1)]

Remark 4.3. Observe that for g(8) = 6 we obtain the formulas for the
moments of IFSD.

Now we consider a few types of generalized hypergeometric distributions
which are mixtures of degenerate distributions and distributions classified
in [8] and [12).

Example 4.4. Let a r.v. X have the following p.f.

[1-ata(" )TN/, ==,
|, a0 )=, 2% 5.

where £ = maz(0,1—m — n),...,min(n —nf, —m) is the number of failures.
For a = 1 this is a p.f. of type IIIA from [8]. In this case we have

¢(0) = n —nb, a(z)= (__"‘1)1

m-—z)z!’

SO, oy b2 (T,

P[X =z] =
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From (4.2) and (4.3) we obtain the following

(7)) s

(1= a)s”) + a(n - ) () /(7MY s>,
"o a(n — n8)D () /('"f'l) , s<r.

m, =(1-a)s”" + aZ(n — ng)tk)
k=1

and

Example 4.5. Suppose that a r.v. X has the following p.f.

| == né-n n—1 né—1 i e
p{X:x]—-J a+n( )(—m r)/(_m) Ti=IIs

B R e R e NP

where z = maz(0,1 —m —n), ..., min(nf —n, —m) is the number of failures.
In this case we have

90 =no-n, ae)= ("7 )20

_m—

né _[9(0)+n-1
TS i B (e

For o = 1 this is a p.f. of type IV from [8]. Using (4.2) and (4.3) we get

m, = (1-a)s" + akz;:](nﬂ — n)k) [(‘:’) /("0; 1)] S(rk), > 1,

and

[(1=a)s? +a(ms - () /(1) s2m,
a(nd — n)D (") /("sr_l) : s<r.

Pn) =

Example 4.6. Let a r.v. X have the p.f. given by the formula

'l 1-a + a(_:a)("':‘t“r_l) /(—9_'::'"_1) » T =8,

| e EPRCETY, - k4.,

P[X =z]=



134 M. Murat and D. Szynal

where z = 0,1,...,n and n < y + 1.
For a =1 this is a p.f. of type A2 from [12].We have

o(8) = -0, a(z) = ("’ ¥ 1)i
n—2a

z!’
. o
£(0) = ( ‘7: n I).

From(4.2) and (4.3) we get in this case

) /() sz

[(1-a)st? +a(=0)0(2) /() , s>,
m(y) = l u(_g)(r}(:)/(—ﬂ—'v:ﬂ‘*l) ! s<r

my=(1-a)s" + aZ( ~8)%)
k=1

and

Example 4.7. Let ar.v. X have a p.f.

[ 1Ljak a(n;ﬁ)((—6+n—l)/(—9+C—§+2n—l) L z=s,

n—&—xz n-4
| eSS DY, sk

where z =0, 1, ....
If @ =1 then this p.f. is a p.f. of type B1 from [12]. Here

PIX =x]= 3

(=80+n-1\1
n-6-z Jz!
n—-0+(-6+n-1

n—§6 )

g(0)=n-9, a(z) = (
=

If we use (4.2) and (4.3) we will get

m, =(1-a)s”

+ad(n—p)® [(";5) /(‘“C‘:”"‘ 1)] S(r,k), 7> 1,
k=1

and

b l (1= a)st") + a(n - )7 ("-9) /(‘”*“f“"“)  are
(r) l a(n - 0)(1-)(11:6) /(—0+(—6+2n—1) , G

r
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5. Moments of IMPSD. Now we consider the mixtures of MPSD intro-
duced in [5] and the inflated probability distribution. Using (3.3), (3.4) and
a formula given in [7] we have the following

Theorem 5.1. The ordinary moments m, and the factorial moments m;,
of IMPSD are given by the formulas

[lel" '(0) Akgr
(5.1) m, +az 0D A%, r > 1,
and
r g(8 ("‘)
(5.2) m(r) = [ (- s()+a% ), sz,
1 «He),  e<n

respectively, where f_,{,')(G) is the rth derivative of f(8) with respect to g(8),
given in the form

o0

(5.3) £(0) = Z

=0

a(k + 7)[g(0)}*.

Now we consider some examples.

Example 5.2. Inflated generalized Poisson distribution.
Suppose X is a discrete r.v. whose p.f. is given by

1- a+af™(1+az)™ le 0+ gl 3=,
(5.4) P{‘Y. = 2!] = { ﬂor(l + am)x—le—8(1+ax)/x!, ap # S,

forz =0,1,2,...;0 > 0,| fa |< 1.
In this case we have

(14 az)*!
4

a(z) = L £(8) = ¢°, g(6) = 0.

From (5.1) and (5.2) we get

r
gk o .
m, = (1 T Q)Sr + OZF€_0(1+ k)fék)(e)AkO s T .>_ 1,
k=1
and
' {1 - (r)‘i(r) ¥ C! —ﬂ(l-}mr}f{fl )’ s>,
m, r —J - -
X l ak! -O(H'a )f.gr)( 9), s<T.
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Example 5.3. Inflated generalized negative binomial distribution.
Let a r.v. X have the following p.{.

‘ L(n+bz)[6(1-6)" """ L
(5.5) P[X =z] = J l-a+t a:c,!lr‘((r?+b;—[xil)(l)-0)-" s T =8,
’ San l nl(n+bz)[8(1-6)""")*
. a.r!r(n+b:r—x+l)(1_g)-n ) xr # 8,

forz =0,1,2,..;0< 60 < 1,|6b|< 1.
Here

e nl(n + bz)
V= T(n+bz -z +1)

f(8) = (1-6)7", g(6) = 6(1 - 6)*"".

From (5.1) and (5.2) we get

r Ok [
m, = (1= a)s"+ ay_ (1= )FC-D+ fBg)aker, r > 1,
— k!

and

S {(1 — a)s(M + a7 (1 — 9)b-0+m (D gy 5> 4
biss ad(1 — §)(r6=1+n) g(r) gy s<r.

We have some special cases:
(a) If b =0 then X has inflated binomial distribution with the p.f.

I l—a+ fr(';]ﬂ"(l -r=*, z2=3s

PX=el=1" «(me1-0r-s, s#a

In this case

0

wo)= (1), SO =0-07" 00 = T

Using (5.1) and (5.2) we get

, ¥ N
my=(1-a)s" + QZG“ (: )AkOT,r >1,
k=1 2

N

and
(1-a)s” +af™n(M, s>,

(
Tn[l" - ‘l aorn(r), s<T.
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(b) If 5 =1 then X has an inflated negative binomial distribution with

au)=("+j'1)hﬂm=(1-m-mgw)=a

In this cases we obtain

(8 \* k=
m,:(l—a)sr+02(m> (n+k 1>Ak0r,7‘2 1,
k=1

and
(1-a)s +a(z)(n+r -1, s>,
Mipy = .
(r) a(%)’(n-}-r— 1)), s<r

Example 5.4. Inflated generalized logarithmic series distribution.
Suppose X has the p.f.

nl(bz)[6(1-6)°1]%

1-a+a s % = 8
I A 1
O @D (bz—z+1)[-In(1-0)]° T Fs.

One can see that

I'(bz)

=—In(1 - - —)-1.
xﬁwz-x+1YfW)- In(1 - 6), g(8) = 6(1 - 6)

olw)= zT(

From (5.1) and (5.2) we get

. r - [0(1 _B)b_l]k Ak . r>1
m, = (1 - a)s +a;—_——ln(l—8] f;(8) S o o

and

[(1- @) + 8505 £7(0), s>,
mey) = o »
(r) l (tl—ﬂ—_ot(i( i)] );s(,r)(b’). s<r,

= [((k —g)=1k
where fs(lr)(o) = 2 C((k+r)b)[8(1=6)"""] -
k=0

T((k+r)bF1)A
If 5 = 1 then X has an inflated Fisher’s logarithmic series distribution.
Thus we obtain

r ﬂk k
= 4 r AOra >1’
me = (1= a)s" + o) g g e VT 2
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and

r=1)16" r)
. { (1-a)si”) + n——w‘l &i“ s),fg, (), s>r,
m(r) =
s<T.

(r—1)16" ()
O T=N=F 5}rfg (f,

Example 5.5. Inflated lost games distribution.
Suppose X has the p.f.
l, L—at 02: . (2::;0\ [0(1;0)]: w7 e,

a  (2zr—a\[{6(1-6)]"
l, aor= a( T 6e ’ L4 # 3

(5.7 PX=2z]=-

forz =a,a+1,...; a>1, 0<0<%
Then

2z —a z

a(z) = >~ (“'“),f(e)=0“,yw}=1—-a.

In this case we get the following formulas

k r
=(1-a)s +az[81_8] a* U f‘“(ﬂ)

and )
(1= a)st”) 4 oBO_OL Dy 5> p,
M) = (9(1 a;] f{r)(g) 3%

( < k+r)la? 2k+ [a-6)*
where f{"(8) = Eom;hf—r)_%m( s

Now we consider the relations between p, and p! for IMPSD. Using

results obtained in [5] and Lemma 3.1. we obtain

Theorem 5.6. If X is a r.v. with the p.f. (2.4) then

dm1

fir J(o) Z()[ﬁ( -s)"” ’[dﬂ +r-1— ;m]

(5.8)
+af(s —m) (@™ +(-5)")
for r=2,3,....

Example 5.7. Inflated generalized Poisson distribution.
Suppose X has the p.f. given by (5.4). From [5] we have m} =

0 " dm; a
1—ab do (1-ab)?

m; =f0s+ a

[
1—ad" Hence
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From (5.8) we have

8 r
T4l B r=1 a1
Ity = @ _H(s I—uﬂ) (a + (=03) )
al < {(r 0 ]
+ a0 ( ) [ ﬂ(s+ a0)_

Example 5.8. Inflated generalized negative binomial distribution.
Let X has the p.f. (5.5). In this case we have

r-j [du:._ a(r-1) ,
| T T A=)t 2]

né and dm; an

Y A9~ (1-b8)?

m1=[3.sx+oz1

From (5.8) we have

s 2 B (s ®h iQM) (@ + =)

<1520 [

dpioy, | (r=1D)n
"5)] [ 18 +(1-be)2"'2

L

Example 5.9. Inflated generalized logarithmic series distribution.
Suppose X has the p.f. given by (5.6). In this case we have

My = B8 — af e dm; _ o[f(b8 — 1) — (1 - 8)In(1 - 6)]
Gl (1—b0)n(1—0) '“ "do ~ (86— 1)}(1—O)in2(1—6)

From (5.8) we have

b ' r=1 _ 3\t
s_(be—nm(l-a)] (a +(=A) )

001(1_ b0 ( ) ["ﬂ(s (b6 - 1)fn(1 ) ]] )

dyl 5 a(r— 1)[6(b8 — 1) = (1 — 8)in(1 - 6) ] ’
* [ do (b6 — 1)2(1 — 8)In2(1 — 6) A
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Example 5.10. Inflated lost games distribution.
Supose X has the p.f. (5.7). Then we have

a(l1-9) ¥ dm, __oa

1—20 o~ (1-26)°

my = s+ a

From (5.8) we have

1-6)\" .
po =18 (5= L) (a1 )

af(1 — ) (1 a(1-60) " [di'_y  (r—1)aa ,
T 120 Z(j) [_ﬁ(s" 1= 26 ’J [ @t (1= 2602 2|

1=2

6. The recurrence relations for the central and factorial moments
of IMPSD. In this section we give recurrence relations for the central and
factorial moments of some inflated probability distributions. They contain
as particular cases those from [6] and furnish recurrence relations for the
factorial moments of MPSD as given in [7]. Moreover, we give relations
between cumulants and ordinary moments of IMPSD.

Theorem 6.1. The (r + 1)th ordinary moment m.4,, (r + 1)th central
moment pi(,41) and the (7 + 1)th factorial moment m(,4y) of IMPSD are
given by

g9(8) dm, mm, p

L =gl r—1 —
(6.1). Mgy = 4(0) e Os[m,+s (my - 8)],

9(0) [dpr  dmy

l‘l'r+1 g g’(o) h do do ltr—l-

3 3 e
(6.2) —=(s = mur + (s = m)",

g(0) dmyy
g'(6) db

1
(6.3) m(ry1) = —[r- ;ml]m(,) + g[s(")(s - my) + smqy),
where 3 = 1 — a, respecrively.

Proof. Observe that f'(8) = Y za(z)[g(8)]*"'¢'(d) and

(6.4) my = fa + o 3O LO)

g'(6) f(0)°
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Moreover,

m, = (1 -a)s” + aera(m)[gw)]‘”f(G)"l.

Differentiating this formula with respect to 6, we obtain

d;’;* = a3 " a()a(g(8))""¢'(9) £(8) "

~a z"a(2)[9(0))"f'(8)/(6)
Hence we get

9O dm. _ fO O (16 g8)
7@ @ - " fe @™ T ")s( )

Using (6.4) we obtain

g(0) dm, Ty 1-

a . r—1 1
=Tppy — m, + 8 my —
g'(8) dé i i [ (m1 = )]

which implies (6.1).
To prove (6.2) we observe that

GG

By = ﬁ(3 -m )"+ a;(z = f(8)

Differentiating the last formula with respect to 8, we get

du, dm, dm _1a(z)[9(0))*

c.iﬂ = r—-i—grﬁ(s—m]} —rﬂ—laZ(z f(—ﬂ)
-za(z)a(6)]""g'(6) f(f)) -a(z)[g(8)]"
Fae - m) = @2 (= —m) gy

Hence we have

of -

90) 5 = —rg(0) T ey + g/ O = ¢(B)B(s = )
B (] a 3 f 9 .
+ [50ms - Z05(0)| o + [g0m: - ZHa(0)| (s = may
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In view of (6.4) we get

' ‘(6 B T
'@y — 0(0) = 2 (s = mu) 1 (0).
Hence we have
6) du, 0) d f . 5} .
gg_’((ﬂ)) (Z) = — 5((0)) n;lur 1+ Br4r — ’;(s —my) oy, - E(S m) i

This gives the formula (6.2). To prove (6.3) we note that

_ 3l r a(2)[g(0)]*
(6.5) mery = ,BS( ) + Og:ﬁ( )To)

Differentiating with respect to # the formula (6.5) we obtain

dm(r) (r+1) o(2)[g(8)]" "' ¢'(9)
E f(6)

0 L a(@)g®)F !
+(’" fw)"’””) D U

which can be written as follows

]:rl

dmy, y (@
o0) 1(;;’=9(9)m(r+1)+( @ - L8910} m
-6 (s - g’ + 0 - Lato)]

Now observe that (6.4) implies

0 1y s ,
iﬂ(—ggﬂ )= —9(0)m - %g ().

In view of the last formula we get
i« 1
fl(f?) { L= ¢(0)m(ra) + 9'(O)( - e VLT
¢
— g'(0)= [s(s = my) + smgp) |

Hence (6.3) follows.
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Example 6.2. Inflated generalized Poisson distribution.
Suppose X has the p.f. given by (5.4). From (6.1) we get

dm,

0
—_—_ ¥ ) = f2at r+l
mr+l - 1 _ (Lo ( da + my HS ) + BS .

From (6.2) we have

8 (dp.. ra ) ( 0 )
rev= T g\ ae T -atpt ) TP T 1)

8 r+1
3.r+1 P
+ fa (5 1—(19) .

From (6.3) we obtain

6 dm, B 0 g id
m.(,H):l_ao 20 +m(r)(2sa—r+l_a0 + —s(M {25 +

Example 6.3. Inflated generalized negative binomial distribution.

Let X has the p.f. (5.5). From (6.1)-(6.3) we get

Mypy =

0 dm, 2 ., r+1

6(1 - 6) [du, ™ J ( nf "\
- YRR ¥ .
il ol — bR [(zo T At afwri

3 né r+1
- ] >
Ly

6(1 — 0) dmy,, P n#
Mo S agg s T\ Y T

(r) anfl
J‘i ( + 1 — b8

Example 6.4. Inflated generalized logarithmic series distribution.

Suppose X has a p.f. given by (5.6). Using (6.1)-(6.3) we get

) r+1
Yo nma-9| TP

dm, m, — Bs"
Mryy = (t

1)0

1-af

-

).
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_6(1-6)[dp, ra
Brel = "hg (1= b8)in(1 - 6)

( 6 1 |
“\T=omi-6 1-1;0) o
9 \1‘+l

0 r
+ﬂ(s+(1—bo)zn(1-0))“’+ﬂ“ (s+(1—0)ln(1—0)} *

8(1 — ) dmyy 8 8
Mpp1) = 100 db + myy) 23 (1_1,0)11;(1—0),

_ 3" 0 )
p (” 1=68)n(1-0) )"

Example 6.5. Inflated lost games distribution.

Let X has a p.f. (5.7). In this case using (6.1)-(6.3) we obtain the following
recurrence relations

dm,.

_ B )] + BsT,

Meyy = 1) |

_ 8(1-0) |dp, ara 5 _a(1-96)
Hrev =756 |2 t (1-20)2""‘)] ﬂ(s (1_20))

7 ﬂ(l—g) r+1
Lo (1—29 _3) ‘

8(1 — @) dmy,,) e 3 a(l - @)
Mre) = 1 "og g T\ Tt 1o

_pen ,_a1=6)
Fs (s =29 |

The following theorem establishes a relation between cumulants x, and
ordinary moments m.,.

Theorem 6.6. The (r + 1)th cumulant k. of IMPSD is given by

g0 (-1 de; = /r—1) B
“ = g2l -1) ™1 2 j—2)Mrir=is

=1 j=2

(6.6) 3 e ;
+ ésr(ml - 3) lz (; : i) ki—11,

§=1

where 3 = 1 —a, 0 < a < 1 and m, denotes rth ordinary moment of
IMPSD.
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Proof. Using the following results obtained in [5]:

r—1
= Z i-1) My jKj,

dm, ~[r=1\ [dm,_; ds;
@ = 2lj-1 | dBin aste i uidha

and (6.1) we get

1—1 C : 1)mr+l— sy :((?)z(;: :) _‘1";;-:' ol ’da";]
1 ~(r-1 B8
+;(m1 - ﬁS); (j N 1) Me_jKj — ;s'(ml - s).
This gives

_ﬂ)_‘—rx(r—l) dk;
2.\ r= 3T

r r—1 q 8) dmr— l . ﬂ 5
+;(] Ll 1) l-g((g) dé ==k + f.l‘(ml - ﬂjs)m-r-—j - ;3 [??1[ —s) Kj

B, fr-1 a r
+Es (my — ) Z i-1 Kj—1 —j; i-1 Myip1-K;.

i=1

Making use of (6.1) again we obtain (6.6) after some obvious simplifications.
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