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ABSTRACT. We study some geometrical properties of the r-th order cotan-
gent bundle, which are closely connected with liftings of (0, 2)-tensor fields
to this bundle.

1. Introduction. The »-th order cotangent bundle is defined as the space
T™M = J"(M,R)g of all r-jets of smooth functions ¢ : M — R with the
target 0 € R. Every local diffeomorphism f : M — N is extended to a
vector bundle morphism T7f : T™"M — T™N, jip ~ jj (¢ o Y,
where f~! is constructed locally, [3]. Then T7* is a functor on the category
M, of all m-dimensional manifolds and their local diffeomorphisms. Using
the general concept of the bundle of geometric objects, T"*M is a natural
bundle on Mf,,. Obviously, T™* M is a vector bundle over M and for r = 1
we obtain the classical cotangent bundle 7M. In what follows a tensor
field of the type (r,s) will mean a smooth section of the vector bundle

T M = éTM ® éT‘M and T(™* will denote the corresponding vector
bundle functor.
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In [2] we have studied the problem, how a tensor field of the type (r,s)
on M can induce a tensor field of the same type on T M. We have studied
this problem for (r,s) = (0,1), (r,s) = (0,2) and (r,s) = (1,1). Such
geometrical constructions are called liftings. Using a more general point of
view, (3], [7], the liftings from [2] are in fact natural differential operators
T3 s T(M)T*. In some particular cases it is possible to classify all
natural operators of a certain type (in other words to describe the full list
of all geometrical constructions in question), see e.g. [1], [2], [3], [4], [5] and
[6].

The aim of this paper is to classify all natural operators T(°?) ~ 7.2 =
for r > 2 and to study some related geometrical properties of higher or-
der cotangent bundles. In particular, we will study linear homomorphisms
TT™M — T°T™M. natural (0,2)-tensor fields on T™*M and natural
(0, 3)-tensor fields on 73* M. We also show that unlike the classical cotan-
gent bundle 7" M , the higher order cotangent bundle 77* M has no canonical
symplectic structure for » > 2. In particular, we prove that the only closed
2-form on T™" M is the pull-back of the canonical symplectic form from
T*M. We remark that T7* M is the classical example of a non product pre-
serving functor. On the other hand, every product preserving functor can
also be defined as the Weil functor T4 of A-velocities (cf. [3]) and Mikul-
ski has in [6] classified all natural operators T(®?) ~s T92) T4 for any Weil
functor T#. All manifolds and maps are assumed infinitely differentiable.

2. Liftings of (0, 2)-tensor fields to higher order cotangent bundles.
The aim of this section is to show how an arbitrary (0,2)-tensor field on
M can induce a (0,2)-tensor field on T"* M for 7 > 2, i.e. to classify all
natural operators 7(0:2) o 702} =,

Let gpr : T™"M — M be the vector bundle projection and let g}, :
T™"M — T°"M be the projection which is defined for r > s by jZp — j2e.
The canonical coordinates on T™*M will be denoted by (z*,u;,... ol ik
Let G7, be the group of all invertible r—jets from R™ to R™ with the source
and the target zero. Then the canonical coordinates on G7 are denoted
by (a:,-, a_‘;-k, .--5@j ), while the coordinates of the inverse element will be
denoted by a tilde. Roughly speaking, a} = %.....t:jl___jr = Eﬁ)ila?ﬁ
express the partial derivatives of the coordinate changes R™ — R™ given
by ' = Z'(2?). Using the coordinates of G, one can easily express the

m)
transformation laws of (u;, u;j, ®ijk,...,ui,..i,) by

u; = ?if'uk,

(1)

=  _ =k=J ~k
Ui = a; QpUuke + a;;Uk,
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- — =l=m->n ~{ ~m ~{ ~m ~{~m ~p
Uijk = ;45 A Uemn + ;0% Uem + Q4@ Uem + Q055 Uem + Qg5 U,
. L L PN e | SR ~k
Uipoi, = @5 <@ UG, G0+ o0 Qg Uk,

In other words, the formulae (1) express the action of GI, on the standard
fibre of (T™"R™)o.

The canonical symplectic 2-form Ay = du; A dz* on T*M is natural

with respect to the following definition. Consider a natural bundle F over
m-manifolds.

Definition. A natural (0,r)-tensor field on F is a system of (0,7)-
tensor fields wyy : FM — T FM for every m-manifold M satisfying
TONFfowy =wno Ffforall f: M — N from Mf,.

We have
Lemma. Let
(2) a=du;®dz' - u;jdr' @ dz? and [ =dzr'® du; — u,-jd:r* ® dz’.

Then a and 3 are natural (0,2)-tensor fields on T™M forr > 2.

Proof. Using (1) we easily prove that @ = a and = 3, i.e. that a and 3
are defined geometrically (independently of the coordinate changes). O

Let g = g,-_,-d:z:" ® dz’ be a (0,2)-tensor field on M. Then the relation
(9, X®Y) = (¢',Y ® X) defines another (0,2)- tensor field ¢’ = g;;dz' ®
dz? on M. Further, let A\py = u;dz’ be the classical Liouville 1-form on
T*M. We prove

Proposition 1. All natural operators T(®?) s TO2T™ transforming
(0,2)-tensor fields on M into (0,2)-tensor fields on T™M for r > 2 are
of the form

(3) g 1qr9 + 2qhg’ + ca(ght) (Anr ® Apr) + caex + €53,

where * means the pull-back and cy,...,cs are arbitrary real numbers.

Proof. By [3], it suffices to find all G},~-equivariant maps
(JTTOD)R™ & (T™)R™ — (TOHNT™)R™

between standard fibres, which correspond to the r-th order natural opera-
tors in question. The canonical coordinates on the standard fibre (T7*),R™
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are (i, Uijy ..., Ui, i, ) With the action of G}, given by (1). Further, we will
denote by (9ij, 9ijks- - -+ 9ijk,..k, ) the ca.nomcal coordinates on the standard

fibre (JTT©)R™. Finally, the coordinate expression of a (0,2)-tensor
field on T™" M

G = A;jdz* ® dz’ + Bidu; ® dz? + Cldz' ® du; + D}*dz* ® duji
+ Di¥dz' @ dujre + « -+ + DI dzt © duj,.;, + Ei¥duj, @ do?
+ E*duj @ dzt + -+ EMIrdu;,j, @ det + Fdu; ® du;
+ F*du; @ dujp + -+ FHobivdrdug g ®duj, o+
define the canonical coordinates (A;j, ..., F'1=#/1==3r /) on the standard
fibre (T(®?T™)oR™. Consider first the maps
DI* = D,ik(ﬂij, G, e g il R, v, S, & A0

Then the homotheties aj- = kﬁ; yield

pn eiaf il 1 = A
k‘D;Mr= D; kc( Gijs g 9iaks = g idikso ke T T Wigs con F“i].,.i,) '

Multiplying both sides of this equation by % and then setting % — 0 we
obtain that D.’-k = 0. Quite analogously we prove that all D's =0, E's = 0
and F's = 0. Moreover, by homotheties, each r-th order natural operator
is reduced to the zero order one (the coordinates of G do not depend on
(Gijks-«-+9ijky..k,))- Now it suffices to find the form of

Ay = Aij(Qizy iy - - - Wiy 03, )5

B; = Bj(gijs tis- - - Uiy...i, )s

C;’ = C"(g,'_,. Uiyonny Hg:_‘_,'f )

Since D's = 0, E's = 0 and F's = 0, in the transformation laws of A,;, B‘

and C{ the terms with D's, E's and F’'s may be omitted. One evaluates
easily the following transformation laws

Z,, = a Akl a sa umC‘—u a ume
BJ = ' B(,

lJ
(’I = a ale

P

Using homotheties again we find that
A:J = €1¢ij + c29ji + c3uij + cquiuj,
CJ = Cséf,
B;

1
Cséj.
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Moreover, by equivariance we prove that ¢3 = —¢s5 — ¢g, which corresponds
to the coordinate form of (3). Finally, by [3], every natural operator in
question has a finite order. O

Remark 1. Notice that the difference a — 3 is exactly the pull-back of the

canonical symplectic form Aps on T* M, so that the list (3) can be rewritten
as

(3*) g~ c1qpsg + c2aqreg’ + c3(ahy )" (Am ® Ang) + ca(gpy )" Am + csB.

Remark 2. By [2], all natural operators T(®?) ~ T2 T* transforming
(0,2)-tensor fields to the cotangent bundle are linearly generated by the
following 4-parameter family

g c1qyg + 2qp9" + cadm @ Ay + caAn,

while for r > 2 we have 5-parameter family (3*) with an extra (0,2)-tensor

field B (or a).

By (3*), the only closed 2-form on T™*M for r > 2 is (q;’ll)‘AM and we
have

Corollary 1. There is no canonical symplectic structure on T™M for
r>2,

Corollary 2. Thereis no linear canonical isomorphism TT™M — T*T™ M
over the identity of T™*M forr > 2.

On the other hand, in the case r = 1 we have the well known natural
equivalence TT*M — T*T*M which is induced by the canonical symplectic
structure of the cotangent bundle.

Corollary 3. The only natural (0,2)-tensor fields on T™ M for r > 2 are
(qh)"(Am ® Ang), (qR,',')'AM and a (or ).

3. Natural tensor fields. By [2], the only natural (0,1)-tensor field on
T*M is the classical Liouville form Aps. It is not difficult to prove, that
the pull-back (q;'ll)‘/\M is the only natural (0, 1)-tensor field on T"*M for
all » > 2. Using tensor product and the exterior differential, we have two
natural (0,2)-tensor fields Apy @ Ap and dApy = Ap on T*M. By (2],
all natural (0,2)-tensor fields on T*M form a 2-parameter family linearly
generated by Aps ® Apr and Apg. For r > 2 we have an additional (0,2)-
tensor field a (or 3) on T7" M and by Corollary 3 the family of all natural
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(0,2)-tensor fields on T7*M is linearly generated by three tensor fields for
all r > 2,

Further, natural (0,3)-tensor fields on T""M can be constructed by
means of tensor products of Aps, @ and 3. We have a question: Is there
a natural (0,3)-tensor field on T3*M, which does not arise from Ay ® a,
AMRB, a®@ Ay, BRAr and Ay ® Ay ® Ay ? This question is a particular
case of a more general problem of finding all natural (0, r)-tensor fields on
T™ M. Put

(4) = upds' ® dz* ® du; — uku,-jd:zi ® d:tk ® d:z:J,
vo = updu; ® dz* @ dz’ — ukuijda;‘ ® dz* ® dz’.
We have

Proposition 2. All natural (0,3)-tensor fields on T3*M are linearly gener-
ated by (qay )" (AM®AM @A), (437 ) A @2, (4 )" A ®B, a®(qp; )" A,
B® (qpr )" Am, 11 and 2.

Proof. The proof is quite similar to that of Proposition 1, so that we sketch
the principal steps only. The coordinate expression of a (0,3)-tensor field
on T3*M is of the form

G = Aijidz’ @ dz’ @ dz* + Bfjdz' @ do’ @ du,
+ C,kjd:z:i ® dux ® dz’ + D:‘jduk ® dz' ® dz’
+ Effdz’ ® do? @ dure + Ffi dz’ @ duy ® da’
+ G¥duge @ dz' @ dz? + ...
where all the coefficients are functions of (u;, %;j,...,u;,. i, ). By homoth-

eties, all the coefficients except A;jy, ...,Gf_f are zero. Using this fact, we
compute the transformation laws in the form

A n r n
Aijk = Aijk + appur Bl + ay ju Cii + apu, DY
r 5 np
+ (anpktr + anitep + appting) )

r r s np r r 5 np
+ (anpitr + an;trp + apiuns ) Fyy" + (an,,ur + ag;urp + ag,uns )G,

ok — npk k rs
B, = B;; t+a,,E},
=k k k prs
Cij =Cij+“rs‘{'|j'
Tk k k s
Dl'j = Dlj + arsGij’

while the remaining coordinates E!‘j‘, F,-';-’ and G:‘; have tensorial transfor-

mation laws. The rest of the proof is then an easy exercise with the homo-
theties and equivariances analogously to the proof of Proposition 1. O
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4. Canonical homomorphisms. We have proved that there is no linear
canonical isomorphism TT"*M — T*T™*M for r > 2. Each (0,2)-tensor
field g = gi;da’ ® d2? on M can be identified with a linear homomorphism
gL :TM - T"M , (2',y") = (2*,u; = gi;y’). If M is a symplectic manifold
and g is the corresponding symplectic form, then g, is an isomorphism.
Analogously, a (0,2)-tensor field G on T™* M induces a linear homomor-
phism G : TT™M — T*T"™ M over the identity of T"™* M. Denoting by
(2%, uyy ..., wiy..i,+ X Ui, ..., Ui i, ) the canonical coordinates on TT™ M
and (z',u,..., 0, i, ,0:dz" + B'du; + --- + f9rdu;, ;. ) the canonical
coordinates on T*T"* M, the (0,2)-tensor fields & and 3 induce the homo-
morphisms ap,Bp : TT™M — T*T™ M. The equations of a; are

(5) a; = —u; X7, p=X, pi=0,..,61"=0
and the equations of 3 are

(6) o = —ui i X+ U;, B =0,...,81%" =0,

At the end we prove the stronger form of Corollary 2 for r = 2.

Proposition 3. There is no canonical isomorphism TT**M — T*T**M
over the identity of T**M.

Proof. The action of G?, on the standard fibre T*T?* M is
B9 s alalp®, B = a4 alyp

while we will not need the equations of @;.

By equivariance, 8 = B"(u;,u,;, X', U;,U;;) do not depend of Uj;;.
Further, introduce new variables p;,q; € R™" and consider the function
f(uiyuij, X', Uiy piy ¢i) = BYpigj. Then fis G} -invariant. By the tensor
evaluation theorem from [3],

f= fluiXiu; X X, U X pi X', g XY).

Replace u; X?, U;X* and u;;X'X? by I, = u,X",12I= U X' - u; X' X?
and u,-jX"Xj, so that f = f(I1,I2,pi X", ¢i X" u;;X'X?). One evaluates
easily that I, I, p; X' and ¢; X' are G? -invariant expressions. Then the
equivariance yield that f does not depend of the fifth variable, so that
f = f(Ii, I,p:X",q:X"). Differentiating with respect to p; and then setting
Pi = 0 we have 3'7¢; = f(ll,lg,q,-X‘)X'. Analogously, differentiating this
With respect to ¢; and then setting ¢; = 0 we prove that 87 = ¢(I;, ;) X' X’
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where 9 is an arbitrary function of two variables. Further, using a similar
procedure as that for 3'7 we deduce that 8* = ¢([;, I;)X*. By equivariance,

e(h, B)X" + ajp(hh, L)X X* = (I, L)X

which reads 9 = 0. Up till now, we have proved 8' = pX*, 3"/ = 0, which
can not be equations of an isomorphism. O
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