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ABSTRACT. Let U be the unit disc |z] <1 and G be the class of functions
f(z) =1+ Y ne1dn2z" analytic and non-vanishing in U, and satisfying
Re {2’ ((z‘)) + -}—f—;—} > 0 in U. We examine the importance of the Koebe

function z/(1 - z)? to the class ¢ and obtain sharp inequalities involving
the coefficients d,, do and d3.

1. Introduction. Let U = {z:|z| < 1} be the unit disc and §*(a),
0 < a <1, denote the class of analytic functions f in U normalized so
that f(0) = f'(0) - 1 =0, and such that

Re z;éS) >a, z€eU.

Thus f € S*(a) maps U univalently onto a domain starlike with respect
to the origin. We shall denote the class §*(0) simply by S*. Further let §
denote the familiar class of normalized analytic univalent functions in U .
The class S*(a) has been extensively investigated during the last fifty
years. However, not much seems to be known about the class of analytic
functions that map U onto domains that are starlike with respect to a
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boundary point. Egervary [1] seems among the early researchers to have
come across such functions in his investigations on the Cesaro partial sums
of the geometric series Y ., z". However, Robertson [5] was the first to
initiate a systematic study of this class, and we follow his terminology in
this paper.

Definition. Let G denote the class of functions f(z) =1+ djz + d32% +
-++d,z" + ---, analytic and non-vanishing in U and such that

(1) R-e{2zf(3)+l+z}>0. zeU.

f(2) 1 -2
It was shown [5] that a function f belongs to G if and only if there
exists a function g € §%(1/2) such that

(2) f(z)=(1-2)

This is equivalent to the condition f € G if and only if there exists an
h € §* such that

g{z}_

h(z)(1 - z)* ~
(3) #(z) = &—} = f*(z).

Furthermore, either f is identically equal to the constant 1, or ¢ is close-
to—convex with respect to h satisfying

z¢'(z2) il =5
R.t{— hz) } >0, zeU.

Moreover, the coefficients d,, of f € G satisfy
(4) |dn| < nldy].

Inequality (4) is the general inequality for close-to-convex functions [4].
The equality is attained for any positive integer n and the function

1—-2
flz 0<f<2r, dy=cosf-1
T V1-2zcosf + 22 !

which satisfies (2) and for which

Sz -1
B _cos0—1J (1-2)? an

6—0

From (3) we notice a peculiar role of the Koebe function or its rotations.
These functions have several special properties [2]. In this paper we exam-
ine the special role of the Koebe and the generalized Koebe functions. In
addition, we obtain sharp inequalities involving the coefficients of functions

in G.
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2. Results.

Theorem 1. The functions g.(z) = z(1 — 22)72, |z| = 1 are the only
functions g € S so that for any h € S*, h # g, the function f(2) =
h(z)/g(z) is close-to-convex.

Proof. Let h(z) = 2+ 300, b,2" € S*, and g,(2) = 2+ 2z2% +---.
Then |by| < |2z| = 2 and since g, # h, we have b, # 2z. Hence, for
0<p<1, pby — 2z remains bounded away from zero.

Let 0 < p <1 and define

_ h(p2)
fol2) = pg=(z)

Then f, is analytic in U and

[ 1pzfi(2)
Rel a:—_h(pz)}>0’ zelU.

Thus f, is univalent and close-to-convex in U, so (fo(2) = 1)/(pb2 — 2z)
is a normalized close-to-convex function in U . Since this class is compact
and pb; — 2z is bounded away from zero, we can take the limit p — 1 and
conclude that f(z) = h(z)/g.(2) is close-to-convex in U .

If g(z) =2+ a22+---€ 8§ but g#g,, |z] =1, then |az| < 2. There
are many triples (A,¢,6) € (0,1) x U x QU satisfying

,\e+(1—/\)6=%,

so that we can find one such triple for which

M= e €T

is different from ¢. But

h(z)=24+2Xe +6(1 = A))22 +-- =z + a2% +---,
and a simple calculation shows that f'(0) = 0 for f(z) = h(z)/g(z) not
identical to a constant. Thus such a function f is not even locally univalent

at z = 0. Hence g does not have the property needed in the theorem

We are thankful to St. Ruscheweyh for suggesting this proof.
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We observe that g € S in some sense cannot be relaxed. Indeed, the
functions
A T 1o\ 30
v(l+22)+22° lswsl,
are univalent in U and belong to S only for » = 1. For -1 < v < 1 these
functions are meromorphic univalent in U.Hf h € §* and

9;,(2) =

(5) f(2) = h(2) (22 + v(1 + 2)) /2,

e flz) (=) 1 W(2)
Z 4 -2 74 Z
M) T R ”+{2+V(5+z)} h(z)

and it is clear that Re {z2f'(z)/h(2)} >0 for —-1<v < 1.
If h(z) = 2+ 3, ,a,2", then (5) along with (4) for f(z) gives the
following sharp inequality for coefficients of starlike functions:

|2a, + v(ant1 + an—1]| < 7|2+ va,|.

Theorem 2. Let g € S*(a), 0 < a <1, and let
(6) o(z)=(1- 2)2(1'°)g(z)/z.

Then either ¢ is the constant 1, or ¢(z), [¢(z)]”2“_°] : [¢(z)]l/(l_°] ,
and log ¢(z) are close-to-convex in U .

Proof. We first observe that, if g € $*(a) then

9(2)

2)11/(1-2)
n(z)= -2 and  gs(2) =2 .g( )J

are in S*. Further, for ¢ defined by (6),

[¢(z)]l/(1—a) _ @92(2) and [$ (2)11/2(1 a) _ ( h( ),

where g, is defined above and h € $*(1/2). From [5] we deduce that
[6(2)]'/**) and [¢(2)]'/*" ) are close-to-convex if ¢ is not a constant.

Notice that
W(z)  2p(z) 2
™ 82) - o(z) (1-2F°

g € S°
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and

() _(0C) N lt:
o) ”(gu) ) S L g

Hence

1 2¢'(z) 1-2° - z2%1 1 (zg'(z) _a) -

T l-a gi(2) =z 2 l-al\ ¢g(2)

Therefore Re {— l—l—ﬂ- zg—"i'((zi)]} > 0 and ¢ is close-to-convex. From (7) we
also conclude that log ¢(z) is close-to—convex.

The following yields some interesting coefficient bounds.

Theorem 3. If f € G with

®  fo=UT2E S, ges),
n=1
and
(9) Sn(Z) =1+ zn: dkzk s So(z) =A1y
k=1

then the functions

1 Sn—l(z)\. Sn—l(l)
10 n =—11- + y n2> 1,
0 o= (- T) + 2
are analytic in U and
(11) |én(2)] < 1.
In particular
(12) 1S.(1)] < 1,
P P

(13) 1Sa(DP + Y ldnyml2 <14+ Y 1dal?, p21,

m=1 n=1
and

(14) ldns1 = d1Sa(1)] < 1= |Sa(1).



12 A. S. Abdullah, R. M. Ali and V. Singh

Proof. For 2, € U, let
¢ 9(z)-g(¢)

¢(Z’C):g(6) B ) 965(1/2)'
Then by [6], Re@(2,() > 1/2. Hence in view of (8)

gt 1 _f(z) Gt ST
sl Th o e f(C)(C—z l-z)'

Expansion of ¢(z,() in powers of z yields

#(2,0) =1+ ) #n(()",
n=1
where ¢,(() is defined by (9) and (10). As Re(z,() > 1/2, (11) follows.
Notice that

s Sa(1) +dnt1(+ -+ dngm(™ +---
¢n(<) Tl l + Z:ozl dncﬂ N
The inequalities (12) and (13) now follow from the fact that |¢,(¢)| < 1
and ¢,(¢) is analytic for {( € U. The inequality (14) is a consequence of
the fact that, if
$n(Q)= a0+ arC+al® +---, |6a(Ql<1, (€U,
then |a;| <1 - |ao|?.
If f€G,inequality (11) for n = 1 gives
1-2 |z| |1 = 2]
IO~ 17| = 1T

which yields a distortion theorem for functions of the class G.

zeU,

Theorem 4. If f(2) = 1+Y .2, d.2" € G, then the coefficients d, satisfy
the following sharp inequalities:

(15) |2d; +1-d}| <1,

(16) |2d; = (1+ dy)(1+3d1)| < 1,

(17) |2d; — 2d,(1+ dh)| < 1- |1+ dy)?,

(18) 13d3 — 3d\dy + 1+ d}| <1,

(19) |3d3 — da(4+ 7d)) — (1+ dy)(1 + d; —3d})| < 1,
and

(20) |3d3 — da(8 + 11d1) + (1 + d1)(1 + 7dy + 9d3)| < 1.

We need the following for the proof of Theorem 4:
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Lemma 1 (3]. Let f(z) =3 ,—,axz* and g(z) = ¥ 1o, biz* be analytic
in U. Then |g(z)| < |f(2)|, 2 € U, if and only if
}

o0 o0 o0
M| DITEN [ ) N
k=0 k=0

4=0
is positive semidefinite on the family of all sequences {z)} satisfying

2

lim sup |z|Y/F < 1.

k— o0

Proof of Theorem 4. Let dy = 1 and

z2f'(z) 142z 1+37 [(2n+ 1)da + (3 — 2n)d,_,])2"
W(z) =2 + = n= =

J(z) 1-2 1+Z,‘=l(dn_dn—l)zn
=1+2(1+dy)2+2(2dy +1-d?)2® +2(3d3 —3dydy +d3 + )23 + -+ -

Then % € P. Hence

é(2) = Y(z) -1 _ (14 dy)z + 2(d22% + (3d3 — dg)2> + - -
T TR 1T 142424 (3dy - dy)2 + -

is analytic in U and satisfies lo(2)] < 1.
Applying Lemma 1 to the function ¢(z)/z with

zo=b(1—d1)+,\(d1—d2), znn=b, zo=X, 2,=0,k>3

gives

2
b(1 = d +2d;) + M {(dh = dy)(1 + dh) + (3ds — d)})|
SIAP + 16+ 20d|* = A1+ dy)]?.
The choice A\ = 0 gives (15) and the choice b = A(1 — d;) gives (18).

Further, the choice b = —A(1+ 3d;) gives (19).
If we choose

20=—-b(1+3d—-1)- A(5dy —dy), z1=b, 2=XA, 2z=0,k>3
and apply Lemma 1 again to ¢(z)/z, we obtain

|b{(2d2 = (14 dy)(1 4+ 3dy)} + A {3d5 — d — (53 — dy)(1 + dy)}|’
<A+ 16+ 20 [* — (M1 + i)
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For A = 0 this gives (16) and the choice b = —A(1 + 3d;) yields (20).
Similarly, for 2z =1, 21 =y, 2, =0, k> 2, Lemma 1 yields

(1—11+d|*) + 4Re{y(d) — d2(1 + d1))}
+ |yl* (3|d1|* — 4|ds|* — 2Red,) > 0.
Upon completing squares, we deduce that
(3|d1|* — 4|d2|* — 2Redy) (1 = |1 + d1]?) > 4]|d; — da(1 + dy)|?,

that is

(1= |1+ dy|?) (4]daf® = 4]ds[?) + 4 |do(1 + ) — da|* < (1= 1+ & |?)
Since

4|dy(1+ dy) = dy|” = 4|ds|*|1 + du|* — 4]dh|* = =8 Re {dody (1 + 1)} ,

this establishes (17).

Sharpness of the above inequalities follows from the fact that the defining
equation (1) yields

z2f'(z) 14z - v
VERTE FURR S =143 e,
and it is readily seen that (15) and (18) are respectively equivalent to
lp2l <2 and  |ps| < 2.
The inequality (17) corresponds to the well-known inequality
|p2 = p/2| < 2-Iml?/2.
If we take the relationship (3) for f and take

2

oo
h(z)=z+) an2", hest
n=2

then inequalities (15) and (16) are easily seen to be equivalent to the in-
equalities |a3 — a3/2| <1 and a3 —a3| < 1.

It appears that the inequalities involving coefficients of functions f € G
not only give the familiar well-known inequalities for coefficients of functions
with positive real part and S°, but they also give rise to some less—known
results. Thus (19) is seen equivalent to

|p3 — p1p2| <2
and (17) to
(21) las — 3a3/4| < 1 - |a|?/4.

The inequality (21) is identical with an inequality proved by Trimble [7] for
convex functions.
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