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Banach Space Properties of Opial’s Type 
and Fixed Point Theorems of Nonlinear Mappings

Abstract. Banach space properties of Opial’s type are discussed; in par
ticular, examples are given to separate the nonstrict Opial property, the 
Opial property, the locally uniform Opial property and the uniform Opial 
property from each other. It is also proved that if the Opial modulus rx(-) 
of a Banach space X has a positive value at some c g (0,1), then X has 
the weak normal structure and every asymptotically regular and asypmtot- 
ically nonexpansive semigroup of self-mappings of a weakly compact convex 
subset C of X has a common fixed point.

1. Introduction and preliminaries. Let A be a Banach space and C 
a nonempty weakly compact convex subset of X. Recall that a mapping 
T : C -* C is nonexpansive if ||7\e - Tt/|| < ||x - j/|| for all x,y 6 C. 
In order to study convergence of the Picard iterates {Tnx} of T, Z. Opial 
[9] introduced the following property of Banach spaces which is now called 
Opial’s property.
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Definition 1.1. A Banach space X is said to satisfy Opial’s property if for 
a given sequence {in} in X with xn —x, we have

lim ||in - a:|| < lim ||i„ - y|| Vy € X \ {x}.
n—►oo n—>oo

(Throughout the paper, we use *■’ to stand for weak convergence and *’ 
for strong convergence.)

If in the above definition the strict inequality *<’ is replaced by the 
nonstrict inequality ‘<’, then the space X is said to satisfy the nonstrict 
(or weak) Opial property. It is well known that all Hilbert spaces and lp 
(1 < p < oo) satisfy Opial’s property, while Lp fails unless p = 2. The 
following is Opial’s example [9] (with a correction of the values that the 
function takes).

Example 1.2. Let <p be a periodic function with period 27T such that

?(<) =
if 0 < t < |tt, 

if < t < 27T.

Let $n(t) = <p(nt), n > 1. Then $n 
However, since

—1 0 in Lp[0,27t] for all 1 < p < oo.

where
Ap(c)= Um ||*n(i) - c||”,

n—►oo

it follows that c = 0 is a minimizer of Ap(c) if and only if p = 2. So Lp[0,27r] 
does not satisfy Opial’s property for any p 2.

On the other hand, Hilbert spaces H and lp for 1 < p < oo do satisfy a 
property stronger than Opial’s property as shown in the proposition below.

Proposition 1.3 (cf. [6],[7],[9]). Let H be a Hilbert space and 1< p <oo.
(1) If xn x in H, then

Um Ikn - y||2 = Um ||i„ - i||2 + ||y - x||2 Vy € H.
n—+oo n—*oo

(2) If xn —1 x in lp, then

Um ||i„ - y||p = Um ||in - x
n—*oo n—>oo P + ll2/-<, Vy e lp.
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This leads to the notion of the uniform Opial property proposed first by 
S. Prus [12]. Here we adopt another alternative.

Definition 1.4 [10]. The Opial modulus of a Banach space X is defined as 
the function : [0,oo) —> R given by

rx(c) = inf | lim ||xn + x|| - 1 : xn — 0, lim ||xn|| > 1, ||x|| > c| , c > 0. 
In—hoo n—>oo J

If rx(c) > 0 for all c > 0, then X is said to satisfy the uniform Opial 
property. The following proposition lists some basic properties of Opial’s 
modulus.

Proposition 1.5 [10], [13]. Let X be a Banach space. Then
(i) c — 1 < r%(c) < c Vc > 0; hence rx(c) > 0 for all c > 1.

(ii) rx is continuous on [0,oo) and 1+r*(c) js nondecreasing on (0, oo).
(iii) If X is uniformly convex and satisfies the nonstrict Opial property, 

then X satisfies the uniform Opial property.

A few Banach spaces have their Opial modulus calculated.

Proposition 1.6 [8], [11]. Let 1 < p < oo and 1 < q < oo. Then
(a) r,„(c) = (1 + c”)i -1, c > 0.
(b) r/,.,(c) = min {(1 + cp)’ - 1,(1 + c’)« - l} , Vc > 0, where lPtQ 

is the usual lp space but renormed by
i*i = (ii*+n;+ii*-|i?)5,

and x~ being the positive and negative part of x, respectively, 
and || • ||p being the usual lpnorm. (More properties of lp<q may be 
found in [2]J

Sometimes the sequence under consideration is fixed. This leads to the 
notion of the locally uniform Opial property introduced in [8].

Definition 1.7. A Banach space X is said to satisfy the locally uniform 
Opial property if for each weakly null sequence [in] with limn_co ||xn|| > 1, 
we have .

inf ( lim ||xn + ®|| - 1 : ||z|| > c > > 0 Vc > 0.

A useful equivalence is given below.
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Proposition 1.8 [8]. A Banach space X satisfies the locally uniform Opial 
property if and only if given any sequences {in} and {j/m} in X, the con
dition xn — x and limTn_oo limn^oo ||zn - JZm|| < limn_>oo ||zn - x|| imply 
Vm -» X.

2. Renorming. D. van Dulst [3] proved the following result.

Theorem 2.1. Every separable Banach space (X, || • ||) can be equivalently 
renormed to satisfy Opial’s property.

We include briefly van Dulst’s proof which helps to construct several 
examples in the next section.

Sketch of Proof of Theorem 2.1. Because of separability, X is isometri- 
cally embedded into another Banach space Y with a basis {en}£Lj. We may 
assume that ||en|| = 1 for all n > 1 so that the associated conjugate basis 

is bounded. Let {Pn}£Lj be the associated sequence of projections,
i.e.,

n oo

pny = '^2(y,e*}ei, 'iy = ^(y,e*)ei eY.
•=i «=i

Let ||a:||i := ||x||2 + ||z||3, x € X, where

oo

Iklb := sup ||x - Pnx|| (Po:=0) and ||x||3 := V — |(x, e;)|.
n>0 „“ n=l

Then || • ||i is a norm equivalent to the original norm || • || of X and it 
satisfies the nonstrict Opial property. The contribution of the seminorm 
|| • ||3 is to force the nonstrict inequality ‘<’ in the nonstrict Opial property 
of the norm || • ||2 to become the strict inequality ‘<’ in Opial property of 
the norm || • ||i. Also we observe that if || • ||3 is replaced by £|| • ||3 with 
£ > 0 small enough, then the norm || • 1^ defined above still satisfies Opial’s 
property. But in the latter case, the norm || • ||i is close to the norm || • ||2 in 
the sense of the Banach-Mazur distance so that some geometric properties 
of (X, || • ||2) can be carried over to (X, || • ||i). □

3. Examples. This section is devoted to several examples of Banach spaces 
which separate various properties of Opial’s type from each other. Obvi
ously, the uniform Opial property implies the locally uniform Opial property 
which implies the Opial property which in turn implies the nonstrict Opial
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property. The examples constructed below show that none of the inverse 
implications is valid.

Example 3.1. Banach spaces that have the nonstrict Opial property but 
fail to have the Opial property. There are plenty of such spaces, for example, 
co and (I2 © R) with the norm ||(a:, r)|| = max{||x||2, |r|}.

Example 3.2. Banach spaces that have the Opial property but lack the 
locally uniform Opial property. Apply van Dulst’s norm in Theorem 3.1 to 
Co to get an equivalent norm |x| on cq which satisfies Opial’s property, given
by

oo | |

kl = Iklloo + 52x = {a„}ec0,
n=l

where || • ||oo is the usual norm of co. To see that co with this norm falls 
to satisfy the locally uniform Opial property, we take xn = en —- 0 and 
ym = em. Then it is straightforward that

lim lim |xn + j/m| = 1 = lim |x„|, but ym -f* 0.
m n n

It follows from Proposition 1.8 that (A, | • |) does not satisfy the locally 
uniform Opial property.

Example 3.3. Let X = I2 © I3 be normed by

«=i

where ||x||oo = max{||x||2, H2/H3}, with || • ||2 and || • ||3 the usual I2 and /3 
norms, repectively. As the norm H-Hoo satisfies the nonstrict Opial property, 
I • I does satisfy the Opial property. Next we show that | • | fails to satisfy the 
locally uniform Opial property. Take a sequence zn = (xn,yn) € X such 
that zn — 0 and |zn| -> 1 with ||xn||2 -> 1 and ||j/n||3 -*• b < 1. Choose 
another sequence wm = (um,vm) G X such that ||um||2 —♦ 0, ||um||3 —> c 
with b3 + c3 < 1, and v™ —* 0 as m —> 00 for each * > 1. It follows from 
Proposition 1.3 that

lim lim |xn — wm| = 
rn n

+ <
«=1
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But wm 0. So again by Proposition 1.8, (X, | • |) lacks the locally uniform 
Opial property.

Remark. Recall that the normal structure coefficient of a Banach space X 
is defined by

where the infimum is taken over all bounded convex subsets A of X with 
more than one point, diam(A) = sup{||x — y|| : x,y € A} is the diameter 
of A and rx(A) = infrex sup{||z - j/|| : y € A} is the Chebyshev radius of 
A with respect to itself. X is said to have the uniform normal structure if 
N(X) > 1. As is well-known, uniform normal structure plays an important 
role in both Banach space theory and fixed point theory. It is known that 
N((J2 ®/3)oo)) = min{X(I2), X(/3)} = minfv^, \/2} = ^2 > 1. It is 
easy to see that the Banach-Mazur distance d((X, | • |), (X, || ■ ||)) < 1 + 2e. 
From Theorem 5 of Bynum [1] where it is proved that if E and F are two 
isomorphic Banach spaces, then N(E) < d(E, F')N(F), it follows that the 
space (X, | • I) in example 3.3 has the uniform normal structure provided 
£ < (^2-l)/2.

Example 3.4. A Banach space which has the locally uniform Opial prop
erty but lacks the uniform Opial property. Let

Then X satisfies the locally uniform Opial property; see [12] for details. 
However, it lacks the uniform Opial property, because for each c > 0, 
r%(c) < r;i(c) = (1 + c’)1/’ — 1 —> 0 as i —> oo.

4. Fixed Point Theorems. Let X be a Banach space, C a nonempty 
weakly compact convex subset of X, and T : C —> C a mapping. Opial 
property plays an important role in the metric fixed point theory. The 
following result is now well-known (cf. [3]); see [5] for a comprehensive 
theory of nonexpansive mappings.

Theorem 4.1. If X satisfies Opial property and T is nonexpansive, then T 
has a fixed point. Moreover, I—T is demiclosed on C; namely, for {xn} C C, 
xn x and (I — T)xn —* y => (I — T)x = y.

The following is a more recent result [8].
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Theorem 4.2. Suppose X satisfies the uniform Opial property and T is of 
asymptotically nonexpansive type; that is, for every x G C,

Hm sup{||rni - T"jz|| - Ha: - y|| : y G C) < 0.
n—>oo

IfTN is continuous for some integer N > 1, then T has a fixed point.

Let now G be an unbounded subset of [0, oo) such that for every h,t £ G 
we have h + t 6 G and h. — t £ G \i h > t. Let S = {St : t € G} be a 
semigroup of self-mappings of C; i.e., S fulfils the conditions:

(i) £<+,(*) = StS,(x), x e C,t,s e G;
(ii) for each x € C, the mapping t —> 5f(x) is continuous from G to C 

when G is equipped with the relative topology of R.

Recall that S is said to be asymptotically regular on C if

lim ||54+3x - 5<x|| = 0 Vs > 0, x € C. teG 
t—>oo

For a Lipschitz mapping T : C —► C we use ITJ to denote its Lipschitz 
constant, i.e.,

lrl=sup{ll^-»ll":a:’!'ec’I/!'}-

For a semigroup S of Lipschitz self-mappings of C, we put

cr(5) = lim |St|.
teG 
t—►oo

Theorem 4.3. Let X be a Banach space such that rx(c) > 0 for some 
0 < c < 1. (Here rx is the Opial modulus of X.) Let C be a weakly 
compact convex subset of X and S = {-S^jteG an asymptotically regular 
semigroup of Lipschitz mappings of C such that cr(S) < 1. Then 5 has a 
common fixed point, i.e., a point z € C for which Stx = x for all t 6 G.

Proof. Select a sequence {f„} C G, f„ -> oo, such that lim„|5tn| = 
<t(5) < 1. Without loss of generality, we may assume that C is separable, so 
that by passing to a subsequence if necessary, we may further assume that 
for every x,y E C, {5(ni} is weakly convergent and lim„ ||5tnx - y|| does 
exist. Define a function q : C —> C by q(x) = w - limn Stnx, x £ C and a
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function p : C —* R by p(x) = limn - g(a:)||, x ę. C. The key point 
to the proof is the following assertion:

(4.1) p(ę(z)) < cp(z)i Vx € C.

Write y = q(x). If p(x) = 0, then Stn —> y and hence by continuity and the 
asymptotic regularity of S, we have for every m > 1,

Stmy = lim StmStnx = = y.

It follows that p(p) = 0 and (4.1) is proved. Assume now p(x) > 0. If (4.1) 
were not valid, then we would have some (r C such that p(p) > cp(x), 
where y = q(x). By definition of the Opial modulus of X, we get

(4-2)

lim lim ||5tnx - Stm J/|| = lim lim

> P(x)

(Stnx - y) + (y - Stmy)
p(x)

limm||5up- y\\

PW

1 + rx
P(x)

)]•

On the other hand, using the asymptotic regularity of S, we have 

(4-3)
Urn lim ||5tnz - = lim lim ||5tmStnx - Stmp||
rn n m n

< limlim |£<m| ||St x - j/||
m n

< lim ||St„x - p|| = p(x) as <r(S) < 1.

Also, by the weak lower semicontinuity of the norm, we obtain

(4.4) p(p) = lim ||Stmy - g(p)|| < Umlim ||Stmp - St„p||
m m n

< lim lim |Stn| ||Stm_tnj/ - p|| = lim ||Stmy - p||.
m n m

Combining (4.2) - (4.4) and noting p(p) > cp(x) we get

p(x) > p(x) 1 + rx 0m™ —Ph) > + rx(c)].

This is a contradiction as r%(c) > 0 and p(x) > 0. Hence (4.1) is proved. 
Now we can construct a sequence {xn}£L0 in C as follows.

x0 6 C arbitrary, xm = w - lim St>zTO_i, m = 1,2, ••• .
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By (4.1) we see that p(xrn) < m > 1. Since

H^rn+l ~ ^mll < lim — .5'inZm|| + lim — ^m||
n n

< X1™) + lim lim ||Slna:m - •S't*«m-i||
n k

< P(xrn) + limlim|5<n|||Sijfc_ina:f„_i -arm||n k
< p(xm) + I™ - xm||

k

— P(%m) 4" P(xm — l)
<(14- c)p(a:m_i) < (1 4- c)crn_1p(a;o),

it follows that {£m} is a Cauchy sequence. Let z = lim:rm. Since p(xrn) = 
limn_oo ||5’tn®m - xm+l || —>■ 0 as m -> oo, we see that Stnz —> z as n -> oo. 
By continuity and asymptotic regularity of S, we get for each 8 £ G that 
Ssz = limn SsStnz = limnSs+fn2 = limn£(nz = z. This completes the 
proof.

□

Remark. If, in addition, the space X satisfies the nonstrict Opial property, 
then Kuczumow [8] was able to relax the Lipschitz condition imposed upon 
S by showing that cr(5) <14- r%(c) is sufficient for the existence of a 
common fixed point of 5.

Corollary 4.4. Let X be a Banach space such that rx(c) > 0 for some 
0 < c < 1, C a weakly compact convex subset of X, and S = {S(t): t > 0} 
a semigroup of self-mappings of C which is asymptotically regular on C. 
Assume there exists a function k : [0,oo) -> [0,oo), with lim(_oo k(t) < 1, 
such that for each t > 0,

||5(t)a: - 5(t)p|| < fc(t)||a; - j/|| Vx,j/ 6 C.
Then there is z £ C for which S(t)z = z for all t > 0.

Corollary 4.5. Let X and C be as in Corollary 5.4 and T : C -> C an 
asymptotically nonexpansive mapping (i.e., there exists a sequence {h„} 
with Umn_oo kn < 1 such that HT”1! - Tny\\ < hn||a: - p|| for all 
x,y £ C and n > 1). Assume T is asymptotically regular on C (i.e., 
lim„_oo ||Tn+1 x — Tnx|| = 0 for all x £ C). Then T has a fixed point.

Recall that a Banach space X is said to have the weak fixed point prop
erty (FPP) for nonexpansive mappings if for every nonempty weakly com
pact convex subset C, every nonexpansive mapping T : C —► C has a fixed 
point; see the book [5] by Goebel and Kirk for much more.
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Corollary 4.6. If rx(c) > 0 for some 0 < c < 1, then X has the weak 
fixed point property for nonexpansive mappings.

Proof. Let C be a weakly compact convex subset of X and T : C —» 
C a nonexpansive mapping. The averaged mapping S := (/ + T)/2 is 
asymptotically regular on C (see [4]). Therefore, Theorem 5.3 assures the 
existence of a fixed point for S (and for T).

□

In fact, we can prove more than the weak FPP.

Proposition 4.7. If X is a Banach space such that rx(c) > 0 for some 
0 < c < 1, then X has the weak normal structure; i.e., for every weakly 
compact convex subset K of X consisting of more than one point, there 
exists a point z G K for which diam K > r/<(/<)•

Proof. Suppose X fails to have the weak normal structure. Then (cf. [5]) 
we have a sequence {xn} in X satisfying

xn 0, lim ||a;n|| = 1, and diam{a:n} = 1.

Let K = co{xn}. Then K is diametral; i.e., supv€A- ||x — y|| = 1 for every 
x G K. Since 0 G K and 0 < c < 1, cxm G K for all m > 1. It follows that

1 > lim ||x„ - cxm|| > 1 + rx(c||a:rn||) m-^° 1 + rx(c). n—^oo

This is a contradiction for r%(c) >0. □
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