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Mappings in Banach Spaces

Abstract. Let C be a nonempty bounded closed convex subset of a Banach 
space X and T : C —> C asymptotically nonexpansive in the intermediate 
sense, i.e. T is uniformly continuous and

lim sup sup{||Tni - Tny|| - ||i - j/|| : x, y £ C} < 0. n —*oo

Then, under certain conditions on X, {«,}, {a,} and {/?«}, the sequence 
generated by ii+1 := onTn> [PiTn‘Xi + (1 — ft)®,] + (1 - a,)®i starting at 
x\ g C, converges weakly to a fixed point of T. Convergence of fixed point 
sets of multivalued nonexpansive mappings is also established under both 
Hausdorff metric and the Mosco sense in restricted Banach spaces.

1. Introduction. Let X be a real Banach space, C a subset of X (not 
necessarily convex) and T : C —> C a self-mapping of C. There appear in 
the literature two definitions of an asymptotically nonexpansive mapping. 
The weaker definition (cf. Kirk [12]) requires that

lim sup sup(||Tna; - Tny\\ - ||a: - j/||) < 0
n—>oo ygC
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for every x 6 C and that TN is continuous for some N > 1. The stronger 
definition (briefly called asymptotically nonexpansive as in [5]) requires each 
iterate Tn to be Lipschitzian with Lipschitz constants Ln —» 1 as n —> oo. 
For further generalization of an averaging iteration of Schu [21], Bruck et al.
[2] introduced a definition somewhere between these two: T is asymptotically 
nonexpansive in the intermediate sense provided T is uniformly continuous 
and

lim sup sup (||Tnx - Tny|| - ||x - j/||) < 0. 
n—>oo r.ygC

On the other hand, let C be a nonempty closed convex subset of X and 
T : C —»• C a (single-valued) nonexpansive mapping (i.e., \\Tx - Tj/H < 
||x - y|| for all x, y € C). Given u 6 C and t € (0,1), we can define a 
contraction T\ : C —> C by

(1) T|X = fTx + (1 — f)tt, x € C.

Then, by Banach’s contraction principle, Tt has a unique fixed point xt in 
C, that is, we have

(2) xt = fTx* + (1 - f)«.

The convergence of {xt} as t —> 1 to a fixed point of T has been investi
gated by several authors. In fact, the strong convergence of {xj} as t —> 1 
for T acting on a bounded C was proved in a Hilbert space independently 
by Browder [1] and Halpern [10] and in a uniformly smooth Banach space 
by Reich [20] (cf. [9]). This result was also extended to Ishikawa iteration 
scheme (cf. Ishikawa [11]) by Tan and Xu [25] and very recently by Taka
hashi and Kim [27]. For recent progress for nonexpansive nonself-mappings, 
the reader is referred to [15], [24] and [29].

Recently, López Acedo and Xu [13] studied the convergence of {xt} for 
multivalued nonexpansive mappings T in a Hilbert space as follows: Let 
C be a nonempty closed convex subset of a Hilbert space, 7<(C) the fam
ily of all nonempty compact subsets of C, T : C —► K(C) a multivalued 
nonexpansive mapping with a unique fixed point z, and Tt : C -+ K(C) a 
multivalued contraction defined by (1). Suppose in addition that Tz = {z}. 
Then tf(F(Tt), F(T)) converges to 0 as t -> 1, where H is the Hausdorff 
metric, and F(Tt) and F(T) denote the sets of all fixed points of Tt and T, 
respectively.

In this paper, we first show how to construct (in a uniformly convex 
Banach space which either satisfies the Opial property, or has a Frechet 
differentiable norm) a fixed point of a mapping which is asymptotically
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nonexpansive in the intermediate sense as the weak limit of a sequence {x,} 
defined by an iteration of the form

®t+i = aiTni[f3iTniXi + (1 - 0i)xi] + (1 - ai)xi,

where {aj} and {fa} are chosen so that a; € [a, b] and fa G [0,6] or a, G [a, 1] 
and /3, € [a, 6] for some a,b with 0 < a < b < 1, and {raj} is a sequence of 
nonnegative integers. Bruck et al. [2] have considered the above iteration 
only in the case when fa = 0 for all i > 1, which generalizes an averaging 
iteration of Schu [21]. In particular, our results reduce to those due to [26] 
for asymptotically nonexpansive mappings. Second, we shall carry over the 
above result due to López Acedo and Xu [13] in Hilbert spaces to Banach 
space settings, that is, we prove that H(F(Tt), F(T)) converges to 0 as 
! 1 in a smooth Banach space with a weakly sequentially continuous
duality mapping.

2. Preliminaries. Let X be a real Banach space with norm || • || and let 
X* be its dual. The value of x* € X* at x G X will be denoted by (x,x*). 
When {xn} is a sequence in X, then x„ —>■ x (resp. xn x, xn x) will 
denote strong (resp. weak, weak*) convergence of the sequence {xn} to x.

A Banach space X is said to be uniformly convex if 0(e) > 0 for every 
c > 0, where the modulus 0(e) of convexity of X is defined by

«(t) = inf{l - H^ll : Ml < 1, Slsrll < 1, ||i - !Z|| > e).

Let S(X) = {x 6 X : ||x|| = 1}. Then the norm of X is said to be 
Gateaux differentiable (and X is said to be smooth) if

(3) lim I'1 + ‘"Il ~
t->0 t

exists for each x, y in S(X). It is said to be Frechet differentiable if for each 
x € S(X), the limit in (3) is attained uniformly for y G S(X). We associate 
with each x G X the set

J^x) = {x* G X* : (x,x‘) = ||x||||x*|| and ||x*|| = 0(||x||)},

where 0 : [0,oo) -♦ [0,oo) is a continuous and strictly increasing function 
with 0(0) = 0 and limt_oo </>(*) = °°- Then J<t> : X -> 2A” is said to be 
the duality mapping. Suppose that is single-valued. Then J<f, is said 
to be weakly sequentially continuous if for each {xn} C X with xn x,
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For brevity, we set J := J^. In our proof we assume 
without loss of generality that J is normalized. It is well known that if X 
is smooth, then the duality mapping J is single-valued and strong-weak* 
continuous; for more details, see [3].

A Banach space X is said to satisfy the Opial property [17] if for any 
sequence {xn} in X, xn x implies

lim sup ||xn - z|| < lim sup ||xn - y\\ 
n—*oo n-*oo

for all y G X with y / x. Spaces satisfying this property include all Hilbert 
spaces and lp for 1 < p < oo. Also it is known [7] that if X admits a 
weakly sequentially continuous duality mapping, then X satisfies the Opial 
property. For more details on the Opial property, see also [6].

Finally, we say that X satisfies the uniform Opial property [19] if rx(c) > 
0 for all c > 0, where rx denotes the Opial modulus of X, i.e.,

rx(c) = inf {lim sup ||xn - x|| - 1},

where c > 0 and the infimum is taken over all x E X with ||a:|| > c such 
that xn —0 and limsupn_oo ||a;n|| > 1- It is easy to see that rx(0) < 0, 
and that rx is continuous and nondecreasing (see Lin et al. [14]).

3. Convergence theorems of nonlipschitzian mappings. Schu [21] 
considered the averaging iteration zi+1 = ajT’x; + (1 - ajxi when 
T : C —► C is asymptotically nonexpansive and {aj is a sequence in (0,1) 
which is bounded away from 0 and 1. Throughout this section we shall 
consider, instead of this a more general iteration

®«+i = &iTniyi + (1 - Qj)ij,
(5) = 0iTn‘Xi + (l- ^Xi,

where {a;} and {&} are chosen so that at e [a, 6] and fa E [0,6] or a, E [a, 1] 
and (3i E [a, 6] for some a, b with 0 < a < b < 1, and {n<} is a sequence of 
nonnegative integers (which need not be increasing). A strictly increasing 
sequence {m.j} of positive integers will be called quasi-periodic [2] if the 
sequence {mj+i — m;} is bounded (equivalently, if there exists b > 0 such 
that any block of b consecutive positive integers contains a term of the 
sequence).

We begin with the following easy observation.
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Lemma 3.1 [2]. Suppose {r*;} is a bounded sequence of real numbers and 
{flfc.m} is a doubly-indexed sequence of real numbers which satisfy

lim sup lim sup afc>m < 0, rk+m < rk + ak,m for each k,m > 1. 
k—foo m—>oo

Then {rjt} converges to an r 6 R; if ak,m ca-n be taken to be independent 
of k, ak,m = am, then r < rk for each k.

Using Lemma 3.1, we have the following result which is crucial for our 
argument.

Lemma 3.2. Suppose X is a uniformly convex Banach space, C is a 
bounded convex subset of X, and T : C -> C is asymptotically nonex
pansive in the intermediate sense. Put

cn = max(0, sup (||Tnx - Tny\\ - ||x - y||)), 
x,j/GC

so that limn-.oo cn = 0. Suppose that for any xt £ C, {xj} is generated by
(4)-(5) for i > 1 and 53°^ cni < +oo. Then for every wlfw2 £ F(T) and 
0 < t < 1, lim^oo ||txj + (1 - t)wi - w21| exists.

Proof. The proof still follows the lines of the proof in [2]. We have not 
assumed C is closed, but since T is uniformly continuous, it (and its iterates) 
can be extended to the norm closure C with the same modulus of uniform 
continuity and the same constants cn, so it does no harm to assume that C 
itself is closed. By a theorem of Kirk [12], T has at least one fixed point w 
in C.

We begin with showing that for w £ F(T), the limit lim^oo ||xj - w|| 
exists. Since \\yk - w|| < /3fcc„t + ||xfc - w||, this together with (4) and (5) 
implies

(6) H«fc+i - w|| < afc||Tn*yk - w|| + (1 - afc)||xfc - w||
= \\Tnk yk - Tn‘ w|| + (1 - afc)||xfc - w||
< «fc(||l/fc - wll + c„* ) + (1 - <*k)||xk - w||
< afc(||xjb - w|| + cnjt(l + O + (1 - - Ml
< ||xjt - w|| + cnt(l + /?fc),

and hence
k+m—1

- W|| < ||xfc - w|| + 2 Cni *
i-k

(7)
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Applying Lemma 3.1 with rk = ||xk - w|| and afc,m = 2 cn, , we see
that limj-Kjo ||xj - w|| (= r) exists for every w € F(T).

Now putting Ti := aiTni[(3iTni +(l-/?;)/] + (l-aj)/ (/ denotes the iden
tity mapping of X) for each i € N and, for k > j, S(k,j) := Tk-iTk-2 • ■ -Tj, 
it is easily seen that xk = S(k,j)xj and F(T,) 3 F(T). Since

||Tii - Tty|| < OiCnj(l + f)i) + ||x - y\\ < 2cni + ||x - j/||

for all x, y € C, we have for k > j

fc-i
(8) \\S(k, j)x - S(k, j)jz|| < 2 52 cn, + Ik - J/|| for all x,y € C.

i=j

Let w € F(T) and 0 < t < 1. We show that

(9) lim sup ||S(A:, j)[tx; + (1 — /)w] - txk - (1 — t)w|| — 0.
J-.00 fc>j

To this end, if r = 0, then using (8) repetitiously we have for k > j,

||5(fc, j)[/i} + (1 - t)w] - txk - (1 - f)w||
< l|S(fc, j)[/Xj + (1 - Cw] “ wll + - wll

fc-i

< 2 52 cn, + f||®j - w|| + t||S(fc, j)asj - w||
»=j

OO
< 4 52 c*i + 2||®j - w|| -* 0 as j —► oo,

*=3

which gives (9). Now let r > 0 and suppose (9) does not hold, i.e., there 
are some <0 > 0 and a subsequence {mj} of N with rrij > j such that

(10) sup ||S(fc,Tnj)[txm>. + (1 - /)w] - tx k - (1 - f)w|| > 2e0, 
fc>my

for each j > N. By uniform convexity of X, we can also choose d > 0 so 
small that (r + d)^l — 2/(1 — := r0 < r, where Ó is the modulus

of convexity of X. For p > 0 with p < min{d/2,r - r0}> there exists jo € N 
such that for j > j0

ro < r - p < ||ij - w|| < r + p,
OO
52 Cn, < *(1 - *)/>■
«=Jo
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Let j (> jo) be fixed. By (10), we can choose a k (> m,) such that 
||5(fc,Tnj)[*®m. + (1 -f)w] ~txk ~ (1 — *)wll > fo- Put z := txmj +(1 -t)w, 
u := (1 — t)[S{k,mj)z — w] and v := t[5(fc, - 5(fc,mj)z]. Then, it
follows that

fc-i
INI = (1 - 0||S(fc,mj)z - w|| < (1 - t) ( 52 Cn‘ + H* “ wlD

t=my
< (1 - Z)(tp + Z||®m. - w||) < Z(1 - Z)(r + 2p) < Z(1 - t)(r + d) 

and also
fc-l

IMI = f||S(fc,mj)®roi - 5(fc,rnj)z|| < /( 52 cnj + ||®m> - z||)
t=T71;

< t((l - t)p + (1 - OllXm, - w||) < t(l - Z)(r + 2p) < Z(1 - Z)(r + d). 

We also have

||u - u|| = ||5(k, mj)z - txk - (1 - Z)w|| > e0 

and tu + (1 - t)v = Z(1 - t)[S(k,mj)xm> - w]. By Lemma in [8], we have
t(l - t)||S(fc,mJ)xtny - w|| = ||Ztt + (1 - Z)v||

< <(1 - tko,

and hence ||5(A:, mj)xmj — w|| < ro- This implies that

r0 <r - p < ||xfc - w|| = ||5(fc,7nj)xmj - w|| < r0,

which gives a contradiction. This proves that (9) holds for w € F(T) and 
0 < t < 1.

Now let Wi,Wi € F(T) and 0 < t < 1. For k > j, since 

ll<a;fc + (1 - t)wi - w21| < ||/Xfc + (1 - Z)wj - 5(fc, j)[txj + (1 - t)wi]||

+ IIStMMtaj + (1 “ z)wi] - w2||
< ||5(fc, j)[/xj + (1 - t)wi] - txk - (1 - Z)wj||

fc-l

+ 2 52 cni + ll**j + (! - t)wl - w2II 
«=j

< sup ||S(fc, j)[/Xj + (1 - t)wi] - txk - (1 - t)wi||

oo

+ lit®,- + (1 - Z)w, - w2||,
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we obtain from (9) (replacing wby wj) and the condition $2^ cn. < +oo 
that

lim sup \\txk + (1 - t)wi - w2|| < liminf ||tej + (1 - t)wx - w2||, 
fc-oo

by first taking lim sup as fc —» oo and next lim inf as j —> oo. □

Lemma 3.3 [4], [22]. Let X be a uniformly convex Banach space, 0 < b < 
tn < c < 1 for all n > 1, r > 0. Suppose that {in}“=1 and {t/n}^=i are 
sequences of X such that limsupn_>oo ||xn|| < r, limsupn-,^ ||j/„|| < r, and 
lim^oo ||tnxn + (1 - <n)2Zn|| = r. Then limn^oo ||xn - yn|| = 0.

Using Lemma 3.2 and 3.3, we have the following:

Theorem 3.1. Suppose that X is a uniformly convex Banach space, C is a 
bounded convex subset of X and T : C —> C is asymptotically nonexpansive 
in the intermediate sense. Put

cn = max(0, sup (||Tnx - Tny\\ - ||z - y||)), 
x,y€.C

so that limn_oo cn = 0. Suppose that {nj} is a sequence of nonnegative 
integers such that 52°^ cni < +oo and such that O = {i : n,+i = 1 + nj) 
is quasi-periodic. Then for any £ C and {xj} generated by (4)-(5) for 
i> 1, we have lim,^,*, ||xj - Txj|| = 0.

Proof. As in the proof of Lemma 3.2, we show that for w (E F(T) the limit 
limj-,00 ||xj — w|| (= r) exists. If r = 0, we immediately obtain

||Txj - Xj|| < ||Txj - w|| + ||w - Xj|| = ||Txj - Tw\\ + ||w - xj|,

and hence, by the uniform continuity of T, lim,^^ ||x< - Tx j || = 0. 
Suppose r > 0. If 0 < a < a, < b < 1 and 0 < ft < b < 1, then

||Tni2/j - w|| < ||j/j - w|| + cnj < (1 + ft)cnj + ||xj - w||, 

and hence lim sup,^^ ||T"'j/j — w|| < r. Furthermore, we have

lim ||oj(Tn,j/j - w) + (1 - Oj)(xj - w)|| = lim ||x,+i - w|| = r.
«—»°° I—.OO

By Lemma 3.3, we have 

(U) lim ||Tn' yi - x,|| = 0.
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This is equivalent to

(12) lim ||x< - x,+1|| = 0.t—►oo
Also, since

- xj| < + \\Tn>yi - x<||
< c„. + ||x< - yiII + \\Tn'yi -x,||
= cn, +/?J|rn‘xi-xd| + ||Tn^-xi||,

we have

(1 - 6)117"^ - x<|| < (1 - ^WT^Xi - x<|| < cn< + \\Tn‘yi - xj 
by taking the lim sup on both sides as i —> oo. This yields

(13) Urn ||Tn-Xj -xf|| = 0.
*oo

On the other hand, we have, for all i > 1,

lki+1 - w|| < a,||rniiz« - w|| + (1 - a<)||«, - w||
< a«(||j/« - w|| + c„.) + (1 - aj)||xj - w||

and hence
|lx,+1 - wll - ||Xj - wll .. .. „1L2±1---- ——------- < Ill/i - w|| + cni - ||x, - w||.O,

If 0 < a < q, < 1 and 0 < a < f)i < b < 1, we have

r < lim inf ||yi — w|| < lim sup ||j/, - w|| < lim sup(/?iCni + ||x,- - w| 
l~*°° t—►oo t—*oo

< lim sup(6cni + ||x,- - w||) = lim sup ||x,- - w|| = r 
i—>oo i—*oo

and hence

r = lim ||j/i - w|| = lim ||ft(Tnix< - w) + (1 - Pi)(xi - w)||.
t—*oo t—*oo

Using Lemma 3.3 again, we obtain (13).
For the remaining part of the proof, it is now possible to imitate the steps

of the original argument in [2] and so the conclusion follows similarly. □

Remark 3.1 (a) Under the assumptions of Theorem 3.1, in particular
taking f3t = 0 for all i > 1 in (5), this result reduces to the original one due 
to Bruck et. al [2].

(b) We don’t know whether Theorem 3.1 still holds in case {aj} is a 
sequence in (0,1) which is bounded away from 0 and 1 and {Pi} is chosen
so that lim sup Pi = 1. 

t—>oo

As a direct observation of Theorem 1 in [2], we have the following:
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Theorem 3.2. Suppose a Banach space X has the uniform Opial property, 
C is a nonempty weakly compact subset of X and T : C —> C is asymptot
ically nonexpansive in the weak sense. If {x„} is a sequence in C such that 
limn-.oo ||xn — w|| exists for each fixed point w ofT, and if {i„ — Tkxn} is 
weakly convergent to 0 for each k > 1, then {xn} is weakly convergent to a 
fixed point ofT.

It is known [30] that if X is uniformly convex and has the Opial property, 
then X has the uniform Opial property. Thus, combining Theorem 3.1 and 
Theorem 3.2, we immediately have the following:

Theorem 3.3. Under the assumptions of Theorem 3.1, if X has the Opial 
property and C is closed, then the sequence {x<} generated by (4)-(5) with 
starting xi € C is weakly convergent to a fixed point ofT.

Proof. By Theorem 3.1, lim^oo H^i — Txj|| = 0- Since T is uniformly 
continuous, we have for each k € N, lim,-,^ ||xj — TkXi|| = 0, which in turn 
implies x, — Tkx, —*• 0. The conclusion now follows from Theorem 3.2. □

Theorem 3.4. Under the assumptions of Theorem 3.1, assume that X 
has a Frechet differentiable norm and C is closed. If ww(xj C F(T), then 
the sequence {xj} generated by (4)-(5) with starting x^ E C is weakly 
convergent to a fixed point ofT, where u>w(xi) denotes the weak w-lim set of 
sequence {«,-}, he., the set {w £ X : w = w-lim^oo n. for some ij } oo}.

Proof. Using Lemma 3.2, it is easy to see that the limit limi_>0O(x<, J(wi — 
W2)) exists for all wj,w2 € F(T) (for details, see [25] or [2]). In particular, 
this implies that

(14) (P ~ Awi ~ w2)) = 0 for all p, q in ww(xj).

Replacing Wj and W2 in (14) by q and p, respectively, we have

0 = (P~ p)) = -||p-q||2,
for all p,q E ww(zi). This proves the uniqueness of weak subsequential 
limits of {ij} and completes the proof that {xj} converges weakly. □

Remark 3.2. If I — T is demiclosed at 0, i.e., for any sequence {xj} in C, 
the conditions x, —*■ w and x, —Txj —> 0 imply w — Tw = 0, it easily follows 
from Theorem 3.1 that u>w(xj) C F(T).

It is well known [28] that if T : C —> C is asymptotically nonexpansive, 
then I — T is demiclosed at 0. As a direct consequence of Theorem 3.3 and 
3.4, we have the following:
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Corollary 3.1. Let X be a uniformly convex Banach space which satisfies 
the Opial property or has a Frechet differentiable norm, C is a nonempty 
bounded closed convex subset of X and T : C —* C is anasymptotically 
nonexpansive mapping. Suppose {nj} is a sequence of nonnegative integers 
such that — 1) < +oo and such that O = {i : nj+i = 1 + nj} is
quasi-periodic. Then the sequence {xj} generated by (4)-(5) with starting 
Xi e C is weakly convergent to a fixed point ofT.

Remark 3.3. If we take nj = i for all i > 1 and if {«j} and {/?j} in (4)-(5) 
are chosen so that o, € [a, h] and /3i E [0,6] for some a, b with 0 < a < b < 1, 
then Corollary 3.1 reduces to Theorem 3.2. due to [26]. Recently, it is known 
[27] that, under the assumptions of Corollary 3.1 (with F(T) 0 0 instead 
of the boundedness of C), if T : C —> C is nonexpansive, then the sequence 
{ij} generated by an iteration of the form

(15) Xj+1 = aiT[/3iTxi + (1 - /3<)x<] + (1 - a<)»i

starting xi € C is weakly convergent to a fixed point of T, where {«j} and 
{/3j} are chosen so that Oj € [a,h] and /3i 6 [0,h] or Oj 6 [a, 1] and (3i 6 [o,h] 
for some a,b with 0 < a < b < 1. Compare this with Tan and Xu’s result 
[25],

Theorem 3.5. Under the assumptions of Theorem 3.1, if T has a pre- 
compact range, then the sequence {xj} generated by (4)-(5) with starting 
xi E C is strongly convergent to a fixed point ofT.

Proof. It follows from the proof of Theorem 1.5 in [21], that there exists 
and a subsequence {xj,} of {xj} which converges strongly to w. But

T is continuous and limj-.oo ||xCj — T'xj|| = 0 by Theorem 3.1. Thus w is a 
fixed point of T. As in the proof of Lemma 3.2 again, we observe that

k.j+i - w|| < ||xj. - w|| + cn,.(l TAJ 
and for m > 1, we have

tj+m-l

Ikiy+m - W|| < |ki> - W|| + 2 52 C"‘ •
fc=«j

oo
Since lim ||xj. - w|| = 0 and cn < +oo, we see that the wh°le sequence 

’ t=l

ki} converges to w. □

Remark 3.4. We don’t know whether Theorem 3.5 still remains true under 
Ihe weak condition of X (that is, strict convexity). For a nonexpansive 
mapping T : C —> C and the sequence {xj} defined by (15), see [27].
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Recall that a mapping T : C -> C is said to satisfy Condition A [23] if 
there exists a nondecreasing function f : [0, oo) —♦ [0, oo) with /(0) = 0 and 
/(r) > 0 for all r > 0 such that ||x - Tx|| > f(d(x, F(T))) for all x G C, 
where d(x,F(T)) = infzgF(T) ||x - *||.

Theorem 3.6. Under the assumptions of Theorem 3.1, ifT satisfies Con
dition A, then the sequence {x,} generated by (4)-(5) with starting xi G C 
is strongly convergent to a fixed point ofT.

Proof. By Condition A, we have ||xj - TxJI > f(d(xi, for all i > 1.
In the proof of Lemma 3.2, since ||T,x — Tjy|| < 2cnj + ||x — y|| for all x,y G C 
and i > 1, we have

(16) ||*j+i - *|| = llTjX,- - T,*|| < 2c„. + Hz,- - *||

for all z G F(T) and so d(x,+1, F(T)) < 2cni + d(xi, F(T)) for all i > 1. 
By Lemma 3.1 (or see [25; Lemma 1]), the limit limi_oo d(xi, F(T)) exists. 
We claim that lim j _ oo d(*«, F(T)) = 0. To this end, if not, i.e., d := 
lim^oo d(xj, F(T)) > 0, then we can choose a k G N such that for all i > k, 
0 < ^ < d(xi, F(Ty). Then it follows from Condition (A) and Theorem 3.1 
that

0 < /(d/2) < /(d(xb F(T))) < Hx, - TxJI 0

as i —> oo. This is a contradiction, which shows that d = 0. We can thus 
choose a subsequence {x^.} of {x;} such that ||xi> - Zj|| < 2~j for all j > 1 
and some sequence {zj} in F(T). Replacing i and z in (16) by ij and Zj, 
respectively, we have

ll^q+i ~ *j|| S 2cnj>. T ||xq. — Zj|| < 2cn^ + 2 J,

and hence

ll^j+i *j|| < ll^j+l - ®»,-+i|| + - *j||
< 2-<'+1> + 2cnj. + 2”-’ < 2(2-J + cnj.),

which shows that {zj} is Cauchy and therefore converges strongly to a point 
* in F(T), since F(T) is closed. Now it is readily seen that {*q} converges 
strongly to z. Since the limit lim^oo ||x, — z|| exists as in the proof of 
Lemma 3.2, {xj itself converges strongly to z G F(T). □

Remark 3.5. If T : C —> C is nonexpansive, Theorem 3.6 reduces to 
Theorem 3 due to Tan-Xu [25].



Approximating Fixed Points ... 161

Finally we give a simple example of an asymptotically nonexpansive map
ping in the intermediate sense for which the averaging iteration {xj gener
ated by (4)-(5) converges strongly to a unique fixed point of T.

Example 3.1. Consider C := [0,1] C X := R and let an = 21_n for each 
n > 1. Then we construct a continuous mapping T as follows. On each 
subinterval [an+i,an], the graph of T consists of the sides of the isosceles 
triangle with base [an+i,an] and height an. Then Tan = 0, and if xn 
denotes the middle of [an+i,an], then Txn = an+i. If we further define 
TO = 0, then T : C —> C is asymptotically nonexpansive in the intermediate 
sense but it has no Lipschitz bound at 0. Obviously, c,- < 2-’ for n > 1 in 
Theorem 3.1 and £3°^ cn. < +oo. It also follows from Theorem 3.5 that for 
any xi 6 [0,1], the sequence {xj generated by (4)-(5) for i > 1 converges 
strongly to a unique fixed point 0 of T.

4. Convergence theorem for multivalued nonexpansive mappings.
For a metric space (X, d), we denote by CB(X) the family of all nonempty 
bounded closed subsets of X, by A'(X) the family of all nonempty compact 
subsets of X and by H the Hausdorff metric on CB(X) induced by the 
metric d of X, that is, for A, B £ CB(X),

H(A, B) = max{sup d(a, B), sup d(b.A)}, 
a£A b£B

where d(x, D) = inf{d(x,y): y £ D} is the distance from a point x £ X to a 
subset D C X. Now recall that a multivalued mapping T : X —* CB(X) is 
said to be nonexpansive if H(Tx,Ty) < d(x,y), x, y £ X. Recall also that 
a sequence {An} in CB(X) is said to converge to an element A £ CB(X) 
under the Mosco sense if

w- lim sup An = lim inf An = A, 
n—oo n—oo

where w-lim supn_+oo An := {x £ X: there are subsequences {nk} and {xnt} 
with in|k £ Ank such that xnk —>• x} and liminfn_oo A„ := {« € X : there 
exists xn £ An for each n such that xn —> x}. It is easy to see that if 
H Mn, A) -> 0 (An, A £ CB(X)), then An —> A under the sense of Mosco.

Let C be a nonempty bounded closed convex subset of a Banach space A 
and T : C —+ X(C) nonexpansive. For each fixed u £ C and t £ (0,1), we 
define the mapping Tt : C —> K(C) by the same formula (1) as before. Then 
T't is a multivalued contraction and hence it has a (nonunique, in general) 
fixed point xt £ C (see [16]): that is,

(17) xt £ tTxt + (!-/)«.



162 T. H. Kim and J. S. Jung

Let yt € Txt be such that

(18) xt = tyt + (1 - t)u.

Now a natural question arises whether Browder’s theorem can be extended 
to the multivalued case. A simple example of Pietramala [18] shows that 
the answer is negative even if X is Euclidean.

Example 4.1 [18] Let C = [0,1] X [0,1] be the square in the real plane and 
T : C —> A’(C) defined by T(a, b) = the triangle with vertices (0,0), (a,0), 
(0,6),(a, b) € C. Then it is easy to see that for any (ai,bj) € C, i = 1, 2,

= max{|ai - a2|, |bj - b2|} < ||(ai, bx) - (a2,b3)||,

showing that T is nonexpansive. It is also easy to see that the fixed point 
set ofT is F(T) = {(a,0) : 0 < a < l}u{(0,b): 0 < b < 1}. Let u = (1,0). 
Then the mapping Tt defined by (1) has the fixed point set

F(Tt) = {(a,0): 1 - t < a < 1}.

Let
(i,0), ift = l-I 
(1,0) otherwise.

Then {xt} satisfies (17) but does not converge.

The same example also shows that the net {F(Tt)} of fixed point sets of 
the Tt’s does not converge as t -> 1 to the fixed point set F(T) of T under 
either the Hausdorff metric or the Mosco sense. However, López Acedo and 
Xu [13] gave under some restriction on F(T) the following result which will 
be used in the proof of the main theorem.

Lemma 4.1 [13]. Let C be a nonempty closed bounded convex subset of 
a Banach space X satisfying the Opial property and T : C —> K(C) a 
nonexpansive mapping such that F(T) = {z}. Then for any u G C, the 
net (F(Tt)) of fixed point sets of the Tt’s weakly converges as t —> 1 to the 
fixed point set F(T) of T, that is,

w-lim sup F(Tt) = w-lim inf F(Tt) = F(T).

Now we establish the following strong convergence theorem for multival
ued nonexpansive mappings under assumption that the unique fixed point 
z of T is such that Tz = {z}.
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Theorem 4.1. Suppose X is a smooth Banach space with a weakly se
quentially continuous duality mapping J : X —* X*, C is a nonempty 
closed convex subset of E and T : C —> A'(C) a nonexpansive mapping 
with a unique fixed point z. Suppose in addition that Tz = {z}. Then 
fl(F(Tt), F(T)) —► 0 as t —> 1.

Proof. First we observe that {F(Tt)| is uniformly bounded. In fact, given 
any xt G F(T£), we have some yt 6 Txt such that xt = tyt + (1 — t)u. Since 

HlZt - ^|| = d(yt,Tz) < H(Txt,Tz) < ||xt - z||,

we have ||xt - z|| < t\\yt - x|| + (1 - t)||u - z|| < t||xt - z|| + (1 - t)||u - x||. 
This implies that ||x£ — z|| < ||u — z\\ and {xt} is uniformly bounded. Now 
choose xt G F(T£) such that

#(F(Tt), F(T)) = sup ||x - z|| < ||xt - 2|| + 1 - t.
®6F(T.)

We show that j|x£ — z|| —> 0 as t —> 1. Indeed, we have yt G Txt satisfying 
(18). Since ||yt - x|| = d(yt,Tz) < H(Txt,Tz) < ||xt - z||, we have

~ ~ “ Z'J(Z~X^ = ” z,J(z-xt)}

> -||z - xt||||7(xr - xt)|| = -||x - xe||2 = (xt - z,J(z - xt))

and hence ((}- l)(xt-u), J(z-xt)) > 0. So, we have (xt-u, J(z-xt)) > 0. 
This immediately implies that

(z - u,J(z - xt)) = (z - xt,J(z - xt)) + (xt - u,J(z - xt)) > ||x - xt||2.

Since xt —*• z as t —> 1 by Lemma 4.1 and J is weakly sequentially continu
ous, we have ||x£ — 2|| —> 0 as t —► 1. This completes the proof. □

Corollary 4.1. Let the assumptions of Theorem 4.1 be satisfied. Then

w-limsup F(T£) = I, • ||-lim inf F(Tt) = F(T).
<-*i ‘->1

Corollary 4.2 [13]. Let H be a real Hilbert space, C a nonempty closed 
convex subset of H, and T : C —> K(C) a nonexpansive mapping with 
unique fixed point z. Suppose in addition that Tz — {z}. Then

ff(F(Tt),F(T))^0 as t1.
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Remark 4.1. (1) Corollary 4.1 is an extension of Theorem 1 of Pietramala 
[18] (Corollary 1 of López Acedo and Xu [13]) to a Banach space setting.

(2) It is an open question whether the assumption Tz = {zj in Theorem 
1 can be omitted. We also do not know if Theorem 1 is valid in a Banach 
space with a Frechet differentiable norm.

(3) We wish to point out that the Banach space X in Theorem 4.1 is not 
reflexive.
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