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ABSTRACT. This article is a survey of results on Banach spaces containing
asymptotically isometric copy of ¢! and co, and their relationship to the
fixed point property.

The concept of a Banach space containing an asymptotically isometric
copy of ¢! is a useful tool in identifying Banach spaces that fail the fixed
point property. It was introduced by Dowling and Lennard in [DL] where
it was initially used to prove that nonreflexive subspaces of L![0,1] fail
the fixed point property. Soon after, Dowling, Lennard and Turett [DLT1]
used this notion to prove that every equivalent renorming of ¢'(T), for T
uncountable, fails the fixed point property. In the same paper, the concept
of a Banach space containing an asymptotically isometric copy of co was
introduced and it is proved that Banach spaces containing an asymptotically
isometric copy of ¢o fail the fixed point property. Thus the concept of a
Banach space containing an asymptotically isometric copy of ¢p is another
tool in identifying Banach spaces failing the fixed point property.

This article is a survey of results on Banach spaces containing asymp-
totically isometric copy €' and co, and their relationship to the fixed point
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property. We have divided this paper into five sections. In section 1 we
define the concepts of a Banach space containing an asymptotically isomet-
ric copy of €! or co. We prove that such Banach spaces fail the fixed point
property. We also give alternative methods for recognizing asymptotically
isometric copies of ¢! and cp. In section 2 we give examples of classes of
Banach spaces containing asymptotically isometric copies of ¢! and ¢ as
well as examples of renormings of ¢! (respectively, co) that fail to contain
an asymptotically isometric copy of €' (respectively, co). Section 3 deals
with refinements of the James Distortion Theorems. The main result of
this section is that Banach spaces containing cy fail the asymptotic fixed
point property. Duality is the topic in section 4 and the main result is
an asymptotically isometric analogue of a classical result of Bessaga and
Pelczyrniski [BP]. Finally, in section 5 we consider the relationship between
Banach spaces containing an asymptotically isometric copy of ¢y and Ba-
nach spaces with weak normal structure. We also prove that Banach spaces
with the generalized Gossez-Lami Dozo property do not contain a copy of
Co.

This article is the text of of a series of lectures given by the first author
at the Workshop on Fized Point Theory held in Kazimierz Dolny, Poland
from June 23-28, 1997. The first author would like to thank the Workshop
organizers for the opportunity to participate in the workshop and for the
wonderful hospitality he received during his visit to Poland.

1. Asymptotically isometric copies of ¢! and co. As a way of moti-
vating the definitions of a Banach space containing asymptotically isometric
copies of ¢! and cg, we begin by recalling James’s Distortion Theorems.

Theorem 1.1. [J] If a Banach space X contains an isomorphic copy of ¢!
and if ¢ > 0, then there exists a sequence (zn)n in X so that

0o oo )
(1-¢) Z lan| < l. Eanzn < Z lan] ,
n=1 n=1 n=1

for all (a,), € £1.

Thef)rem 1.2. [J] If a Banach space X contains an isomorphic copy of co
and if € > 0, then there exists a sequence (z,), in X so that

00
(1 -¢)supan| < ll Y anza| < suplag|,
n=1 "

for all (a,), € cp.
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Definition 1.3. [DL] A Banach space X is said to contain an asymptoti-
cally isometric copy of €' if there is a null sequence (¢, ), in (0,1) and a se-
quence (Zn)n in X sothat Y07 (1-€n)|an| < | Eoey @nZal| £ Toz laal
for all (a,), € €'.

Definition 1.4. [DLT1] A Banach space X is said to contain an asymp-
totically isometric copy of cg if there is a null sequence (£,), in (0,1) and a
sequence (2 )n in X so that sup,(1—¢€,)lan| < || Eoe; anzn|| < sup, |aa],
for all (an)n € co.

The usefulness of these notions can be found in the next two results.

Theorem 1.5 [DL]. If a Banach space X contains an asymptotically iso-
metric copy of €', then X fails the fixed point property for nonexpansive
mappings on closed bounded convex subset of X .

Proof. By assumption there is a null sequence (£,), in (0, 1) and a sequence
(zn)n in X so that Y02 (1 —n)|an] < || Eozy anzn|| < Yoz laal, for all
(a,)n € €'. Let (A;). be a strictly decreasing sequence in (1,00) with
lim A, = 1. By passing to subsequences if necessary we can assume that

n— oo
Ant1 < (1 —€p)An .

Define y, = Anz,, for all n € N, and let C = ©3({yn : n € N}), the
closed convex hull of the sequence (yy,)n. Clearly, C is a closed, bounded
convex subset of X whose elements are of the form z = 23":1 t,Yn, where
tn > 0 forall n € Nand Y .2, t, = 1. Define a mapping T : C — C by
T(Eo tayn) = 0 taYns1, wheret, > 0foralln € Nand Y07 t, = 1.
It is easily seen that T has no fixed points in C. We will now show that T
is nonexpansive (in fact, we will show that T is contractive).

Let 2= 3% t,yn and w = Yo, Sn¥n be elements of C with z # w.
Then

0o oo
HTZ - Tw" = || Z(tn . sn)yn+ll| S Z |tn - 3n| ”yn+l”
n=1 n=1
0o o)
S Z |tn i 3n|’\n+l < Z |tn = snI’\n(l - 57:)
n=1 n=1

<

= Iz wll.

oo
Z(tn — 82 )AnZn
n=1

This completes the proof.
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In this same manner we obtain

Theorem 1.6. [DLT1] If a Banach space X contains an asymptotically
isometric copy of ¢y, then X fails the fixed point property for nonexpansive
mappings on closed bounded convex subsets of X .

Proof. By assumption there is a null sequence (¢,,), in (0,1) and a sequence
(zn)n in X so that sup(l — e,)|an| < H g Soe anznll! < sup|ay| , for all
n ! n

(an)n € co. Let (Ap)n be a strictly decreasing sequence in (1,00) converging

to 1. By passing to subsequences if necessary we can assume that A 4, <
(1 = €n)An.

Define y,, = Az, for all n € N and

thnyn (th)n €co, 0<t, <1 fora,]lnEN:»

C is clearly a closed bounded and convex subset of X. Define T : C — C

by
oo \ oo [eS)
T (Z tny") =1 + Z tnyn+l y fOI' 2 tnyn € C .
n=1 n=1 n=1

It is easily seen that T has no fixed points in C. To see that T is non-
expansive (in fact, contractive), let z = Y7 | t,yn and w = Yoo | SnYn be
elements of C with z # w.

Then

1Tz = Twll = || 3 (tn = sn)ynss
n=1

l = ” i(tn = 3n)An41Zn41 ’
n=1

< sup|t, — 3n|’\n+l < sup ltn = 3n|’\n(1 ' 571)
n n

oo
S ” z(tn F sn)’\nzn
n=1

This completes the proof.

=z - wl .

The last results in this section give alternative methods of recognizing
asymptotically isometric copies of ¢! and ¢.
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Theorem 1.7. A Banach space X contains an asymptotically isometric
copy of ¢! if and only if there is a sequence (z,,), in X such that

(1) there are constants 0 < m < M < oo so that for all (t,), € €',

00 [o o] 00
mZ|tn|S”Ztnrn SMZ“n',
n=1 n=1 n=1

and
(2) limyo o ||Zn] = m.

Proof. Suppose that X contains an asymptotically isometric copy of £!.
Then there is a null sequence (¢,), in (0,1) and a sequence (yn)n in X so

that
oo 00 (o)
Z(l o en)|tﬂ| S || Z tnyn S Z Itnl
n=1 n=1 n=1

for all (t,), € €'. Let 2, = (1 — £,)" 'y, for each n € N. Then for all
(tn)n € €1,

[o o] oo o0 [o o]
> ttal < | 3 taza]| € S0 )Ml < (1= )Y Mt -
n=1 n=1 n=1 n=1

Also, since 1 < ||z,|| € (1—€,)!, lim ||z,|| = 1. Thus conditions (1) and
n-—oo0
(2) hold.

Conversely, suppose that conditions (1) and (2) hold. Fix a null sequence
(€n)n in (0,1). By scaling if necessary, we can assume that m = 1. Since
lim ||zn|| = m = 1, and ||z,|| > m = 1 for all n € N, by passing to
n—00

subsequences, if necessary, we can assume that 1 < [|z,|| < 1 + &, for all
n € N. Define y, = (1 + £,) "'z, for all n € N. Then since |[[ys|| < 1 we

have
[o ]
H Z tnYn
n=1

< Z |tn| for all (t,)n € .
n=1

Also

oo
H Z tnYn
n=1

0o
[ Suasers
n=1

1) oo
2 Z(l +5n)_l|tn| 2 Z(l —€n)ltnl -
n=1 n=1

Thus X contains an asymptotically isometric coy of .

An obvious consequence of Proposition 1.7 is the following
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Corollary 1.8. A Banach space X contains an asymptotically isometric
copy of £! if and only if there is a null sequence (¢y,), in (0,1) and a sequence
(Zn)n in X so that

) 00
Y ltal < “ bt
n=k n=k

for all (t,), € €' and for all k € N.

< (1 +€k)2|tn| ’
n=k

We finish this section with analogous results for asymptotically isometric
copies of cg.

Theorem 1.9. A Banach space X contains an asymptotically isometric
copy of ¢o if and only if there exists a sequence (z,), in X and constants
0 < m < M < oo such that, for all (t,), € co,

o0
(1) msup [tal < || - taa| < M supltal,
n n=1 n
and
(2) lm ||z = M.
n—00

Proof. Suppose that X contains an asymptotically isometric copy of ¢q.
Then there is a null sequence (¢,) in (0,1) and a sequence (z,) in X such

that sup, (1 — ¢,)|t,| < “ e tn:rn“ < sup,, |t,| for all (t,), € ¢o . Let
m = inf (1 — €,). Then 0 < m < 1 and for all (tn)n € co,

msup | <u Valy
nplnl_ X,l:n L

Also, since 1 — ¢, < ||za|| < 1, we have lim ||z,|| = 1.
n—oco

Conversely, suppose that X contains a sequence (zn)n satisfying condi-
tions (1) and (2), and let (¢,)n be a null sequence in (0,1). By consid-
ering z,,/M rather than z,, we can assume that M = 1. In particular,
m < ||z,|| £ 1, for all n € N, and nh_r.nm llzn|l = 1. Hence, by passing to

| < sup |ty
n

subsequences if necessary we can assume that 1 — ¢, < llza]l < 1, for all
n € N,

By passing to subsequences again, if necessary, we can assume that ¢, <
m/4 for all n € N. Define §; = m and §,, = (4/m)e, for all n > 2.
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Consider the expression || Y )_, txzk|| for scalars ty,t2,...,ts.

sumption we have

n

ty] < t |< :
m a0 < || 3 e | < a1

=

By scaling we can assume that ,Max |tk| = 1. Thus we have
SKESn

n
m S “ Ztk-rk” S 1.
k=1

By as-

To show that X contains an asymptotically isometric copy of ¢ it suffices
to show that  max (1 = 8)lte] < | T key tezill < 1. Since we already have
n

the right-hand inequality, it remains only to show the left-hand inequality.

First, note that if |¢;| < m, then

n
(1= 851 < (1= exltsl < m < || 3 tha|
k=1

Secondly, if |t;| > m, choose ¢; with ¢;tj = |tj|. By convexity we have

1-¢; < |zl

At 5 cpetile T oned

1<k<n k#j 1<k<n,k#j

IA

1
-I:Ij 9z \Z: CjtkzkH + 3
1<ksSn k#j

Hence ||z; + Z ¢cjtezk|| > 1 — 2¢;. By convexity again we have

1<k<n k#j

1-25< ||-.z_,- + Z Cjtkl'k”
1<k<n k#j

IA

1<k<n,k#j

IA

1|« 1
5“ ;twk” + 52 = 1t:0).

%“i%‘kzk“Jf%“(2—cg~tj)zj+ > etea
k=1
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n
Thus || Ztkzk“ > |tj| — 4¢;. Therefore, since |t;| > m we have
k=1

|35 a2 11— 265 2 Il = C@/mlele; = (1 = )il
k=1

n
Putting the two pieces together we have || Zl tiz;|| > lrétjaétn(l - 6;)|t;] and
J=
so the proof is complete.

The following result follows immediately from Theorem 1.9.

Corollary 1.10. A Banach space X contains an asymptotically isometric
copy of co if and only if there is a null sequence (€,), in (0,1) and a sequence
(2n)n in X such that for all (tn)n € co and for all k € N

(1 —ex)sup tn] < ” Z tn:cnn < sup |tq|.
ngk n2k Tk

2. Spaces containing asymptotically isometric copies of ¢!. In Sec-
tion 1, we saw that any Banach space containing an asymptotically isometric
copy of €' fails the fixed point property. In this section we will identify some
Banach spaces containing asymptotically isometric copies of £!. Our first re-
sult was proved by Kadec and Pelczysiski [KP], although they stated the
result in a weaker form. The form of the Kadec-Pelczyniski result we state
here can be proved by analyzing the proof of the original result (see [Di]).

Theorem 2.1. If X is a nonreflexive subspace of (L'[0,1],]| - ||1), then

X contains an asymptotically isometric copy of €'. In particular, every

nonreflexive subspace of (L'[0,1],|| - ||1) fails the fixed point property.
Theorem 2.1, used in tandem with Maurey’s Theorem [M], yields

Corollary 2.2. Let X be a subspace of (L*[0,1],]|-||1). Then X is reflexive
if and only if X has the fixed point property.

Our next result is of an isomorphic flavor.
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Theorem 2.3. If I' is an uncountable set, then every renorming of ¢'(T')
contains an asymptotically isometric copy of £!. Consequently, if T is un-
countable, €*(T') cannot be renormed to have the fixed point property.

Proof. Let e, be the element in ¢!(T') with e,(7) = 1 and e,(a) = 0

if @ # 7. Let ||| - ||| be an equivalent norm on ¢!'(T'). Then there exists
constants 0 < m < M < oo such that

m Y lasl < ||| X aves|| € M Y lasl
v€EF Y€EF

YEF

for all finite subsets F' of T' and for all scalars a,,v € F.
Define my = inf{||| & a,e,]||: ¥ |a,| =1, F is a finite subset of A},
YEF vEF
where A is an uncountable subset of I'. Note that m < m4 < M for all un-

countable subsets of A of I and m 4 increases as A decreases. Let (A4 )a<u,
be a decreasing chain of uncountable subsets of I' with Q A, = 0, where
aw

wy is the first uncountable ordinal. Then (m4, )a<cw, is a nondecreasing
transfinite sequence of real numbers and hence eventually constant. Thus
there exists ag such that if a > ag, then my_, = my,, = me.

Consider A,,. There exists n; € N, and real numbers a} and elements
n) n)

7} € Aq, for j =1,...,n; such that _21 |a}| =1 and my < |||lea}e,y}||| <
J: =

mo + 271, Since Na<cw, Ao = 0, there exists a; > ag so that 7} ¢ Aa,, for

: . . 2
J =1,..,n;. Since my, = mo, there exists ny € N, and real numbers aj

ny
and elements 7_3 € A,, for j = 1,...,n3 such that '21 |a§| =1and mp <
J=
na . .
s a?e,yglll < mg+2~2%. Continuing in this manner we obtain a block basic
i=1 !

sequence (zy) of (e,) where z = 3571, afe,y: and mo < |||zlll € mo+27".

Then for all scalars a,,...,a, we have

n n n
mozlad < |||Eak$k||| < leakl
k=1 k=1 k=1

and lim |||zk||| = mo. Hence, by Theorem 1.7, (¢'(T), ||| - [|[) contain an
n— oo

asymptotically isometric copy of €.

We are now easily able to obtain some corollaries.
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Corollary 2.4. If X is a separable Banach containing a copy of ¢!, then
X* cannot be renormed to have the fixed point property. In particular, £*°
cannot be renormed to have the fixed point property.

Proof. By a result of Pelczyiiski [Pe], if a separable Banach space X con-
tains a copy of €1, then X* contains a copy of £'(T), for some uncountable
. An application of Theorem 2.3 completes the proof.

Corollary 2.5. If a Banach space X contains a complemented copy of ¢!,
then X* cannot be renormed to have the fixed point property.

Proof. If X contains a complemented copy of ¢!, then X* contains a
copy of £*°. By Corollary 2.4, £ cannot be renormed to have the fixed
point property, and hence X* cannot be renormed to have the fixed point
property.

There are other situations where asymptotically isometric copies of ¢!
appear. For example, if (2, %, ¢) is a finite measure space that is not purely
atomic, then the Orlicz space L*®(u), endowed with the Orlicz norm, con-
tains an asymptotically isometric copy of ¢! whenever L? (1) is nonreflexive
[DLT1). Nonreflexive subspaces of the Lorentz function space L, 1(0, o0)
also contain asymptotically isometric copies of ¢! [CDL]. Similarly, non-
reflexive subspaces of the trace class C; contain asymptotically isometric
copies of £! as do nonreflexive subspaces of the predual M, of a von Neu-
mann algebra M with a faithful, normal, finite trace  [DDDL). However,
not every Banach space containing a copy of £! contains an asymptotically
isometric copy of ¢! as the following example illustrates.

Example 2.6. Define an equivalent norm on €' by
[ o]
|l = supyn 3= 1€,
n k=n

for all z = (£,) € €', where (7,) is a fixed sequence in (0, 1) that strictly
increases to 1. We will show that (£1,]|| - |||) does not contain an asymp-
totically isometric copy of £'. Let us assume that (¢',]|| - |||) contains an
asymptotically isometric copy of ¢!. Then there is a null sequence (€n)n in
(0,1) and a ||| - ||| - normalized sequence (z,), in ¢! so that

(+) Zl~s,)itl<|||ztz,|||_ It;], forall t=(t;)el".

i=1

Without loss of generality we can assume that the sequence (z,), is dis-
jointly supported, i.e., that the support of z,, is disjoint from the support of
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z, if m # n. This is so because, since the closed unit ball of £! is weak-star
sequentially compact with respect to the predual cq, by passing to a subse-
quence, we may suppose that (z,) converges weak-star (and hence pointwise
with respect to the canonical basis (e,) of £!) to some y € ¢!. By replacing
(zn) by the ||| -|||-normalization of the sequence (¥22=322=1), we may sup-
pose that y = 0. By the proof of the Bessaga-Pelczyniski Theorem [BP,Di],
we can pass to a subsequence of (z,), which is essentially disjointly sup-
ported. Truncating this subsequence appropriately we obtain a disjointly
supported sequence, which when normalized, satisfies (*). Consequently,
we can and do assume that (z,), is disjointly supported.

By passing to subsequences if necessary, we can also assume that ¢,, < ﬁ
for all n € N.

Let (m(lc))k°°0 be a strictly increasing sequence in NU {0} with m(0) =
and (§;);Z; a sequence of scalars such that, for each k € N,

m(k)
T = Z fjej .
j=m(k=1)+1
For each N € N, we have
N +1-¢e —Ney<|llz1+ Nzpll|
r ‘,m(l) m(N) m(N) 1
= sup 17;‘( Yl + N> Iékl), N Z 16l |
1<j<m(1) \ k= k=m(N-1)+1 /

m(N-1)+1<i<m(N)

m(1) m(N) m(N)
ST (75 3{ AR A SN oY 1)
k=t 4

1<5<m(1)

m(N-1)+1<i<m(N) =7 ki )4l

m(1) m(N)

N‘Ym 1
= sup {‘7j Y l&l+ i (‘Ym(N-1)+1 ya |§k|) ,
1<j<m(1) k=s Tm(N-1)+1 j=m(N-1)+1
m(N-1)+1<i<m(N)
m(N) \
7m(1)
N <max{l4+ ———— , N}
& Z K"lj i Ym(N-1)+1

Thus N +1 —¢; — Nen Smax{l-}-ﬂﬂ’—.ﬂ} for all N € N. Since

Fm(N=1)+1

€1 < 1/2and Ney < 1/2, we have N + 1 —¢; — Ne, > N, and hence

N
N+loe —Ney<l4—10 forall NeN.
TYm(N-1)+1
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Therefore po 1 5_1__8 i} L_*_ o
N N YN ymn-nn

and letting N — oo yields 1 < Y1) This is a contradiction since v, < 1
for all n € N.

Remark. This example and similar type examples of renormings of 2
which do not contain asymptotically isometric copies of ¢! can be found in
[DJLT]. Examples of renormings of o which do not contain asymptotically
isometric copies of ¢g can also be found in [DJLT].

We will now move to Banach spaces containing asymptotically isometric
copies of ¢o. Our first result is similar to Theorem 2.3.

Theorem 2.7 [DLT2). IfT is an uncountable set, then every renorming of
co(T') contains an asymptotically isometric copy of cp. Consequently, if T is
uncountable, co(T') cannot be renormed to have the fixed point property.

Proof. Let e, be the element in ¢o(I') with e,(7) = 1 and e,(a) = 0 if

a # 7. Let ||| - ||| be an equivalent norm on co(T"). Hence there exists m,
M > 0 such that

m sup |a,| < ‘” z ayey||| £ M sup |,
vEF ~EF YEF

for all finite subsets F of I' and for all scalars a,,y € F.
Definem, = sup{||| ¥ a,e,||| : max|a,| = 1, F is a finite subset of A},
V€EF veF

where A is an uncountable subset of I'. Note that m < m, < M for all un-
countable subsets A of ' and m 4 decreases as A decreases. Let (Aq)a<w, be
a decreasing chain of uncountable subsets of I' with ﬂm:w] Ay = 0, where
wy is the first uncountable ordinal. Then (m4_)acu, is a non-increasing

transfinite sequence of real numbers and hence eventually constant. Thus
there exists ag such that if a > ag, then m4, = ma,, = mo.

j
and elements ‘y} in T for j = 1,---,n; such that max;¢;<n, |a}| =1 and

-1 n 1 .

mg — 27! < |||Zj;1aje.,,;||| < mg. Since ()

a; > ag such that 'y}- ¢ Ay, for j = 1,-++ n;. Since ma, = Mo, there

exist a natural number 7n,, and real numbers a§ and elements 712- inT forj =
2 !

1, -+ ,ny 'such 'that maxig;<n, |a}| = 1and mg —272 < |||Z;‘;l a?e,alll <

mg. Continue in this manner to obtain a block basic sequence (zx) of (e)

where z, = 301, a;‘eq; and mg — 2% < |||z||| < mo.

Consider A,,. There exist a natural number n,, and real numbers a!

a<w, Aa = 0, there exists
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Then for any (ax)x € co we have,

15 el = 5 (St ] =15

mq sup |akak| = mg sup |ag/,
)

IA

and

Ll_

| > msuplaka m sup |ag|,

[ ewesl = | vt

and lim |||z||| = mo. Hence by Theorem 1.9, (¢o(T),||| - |||) contains an
n—o00
asymptotically isometric copy of ¢y.

Remark. Even though the proof of Theorem 2.7 is quite similar to the
proof of Theorem 2.3, we decided to include it because of the applications
of Theorem 2.7 that will appear in section 5.

Another place where asymptotically isometric copies of cg appear natu-
rally is in subspaces of (co, || - ||oo)-

Theorem 2.8. IfY is a closed infinite dimensional subspace of (¢, || *||loc),
then Y contains an asymptotically isometric copy of ¢o and hence Y fails
the fixed point property.

Proof. Let (e,), denote standard unit vector basis in ¢o. Let Z, denote the
closed linear span of (€;);>n in (co, ||-||s0). Since Y is an infinite dimensional
subspace of ¢g, Y NZ,, # {0} for all n € N. Thus we can choose zy €YNZ
with ||z1]l = 1. We can write z; = Y oe, alen, where a}, € R for all
n € N. Let ng = 1. Choose n; > 1 so that sup,>,, lak| < 272. Since
Y N Z, # {0}, choose z, € Y N Z,, with ||z2]|cc = 1. We can write
zZ; = Z:ozn‘ ale,, where a® € R for all n € N. Choose nz > n; so
that sup,>,, lat] < 271 .273 for i = 1,2. Since Y N Z,, # {0}, choose
1‘3 € Y N Z,, with ||z3]l = 1. We can write z3 = 3 ._ o en, Where

3 € R for all n € N. Continuing inductively in this manner we obtain a
stnctly increasing sequence (nx)x in N and a sequence (zk)k in Y with zx =
D e e . ahen, where sup,5,. oy < (k- 1)71.2 % 1forall1 <i< k-1
with k > 2. Fix ()72, € co and consider the element z = T o ity it
Then
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. . oo
Also, since 2 € cp, we can write 2 = Z,,=1 Znen. Hence for ny_; < n <

nk—1, 20 = Lr  tiah. Let by = Y0} ake,. Note that [|by|l = 1 for
all £ € N. Thus, for each k € N, we obtain

E il ] E (S ¥ e

n=ng-1 n=ng-} N=ng - i
ng—1
=3 (zta)
n=ng—1
it g
= max ) tial,
ng—1<n<n; -1 =

k=-18n<n, -1
1<i<k~1

< (=Dl max o)

< (k= Dltle (v ) =2l

Also for ny_y; < n < n; — 1, we have

k »
Iznl = | Z tia:z
1=1

i

k-1

i

1=1

k ’

> ftellak] = (k= Do, max ol
_.—- ra

> ltallat] = (& = 1D)llt]lo ((LH*I—)

1)2k+l
= [tellag] = 275 |t]] .

Therefore, maxn,_, <ngn, -1 |2nl 2 [tk] = 27¥7!||t|| oo, and so

/
da : _ o~k-1 =1
12]loo i‘;‘l’ km_lmsfém—l Iznl) > ité;: (Itel = 275 1tlloo) > 27 |tlfso-

Thus

|'$ nen = tibel| | <275t < 272l

N=Ng-)

and therefore
Ng— 1

I3 .

n=nx_,

—|tell < 2-F
Il < 27 .
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In particular, for each k € N we have || Y™ o znen”w —te] € 27%|12||0o-

N=Ng-1
ngy —1
Choose kg € N so that || Y. znpen|loo = [|2]lo- Then ||2]|co — |tk,] <
n=n,,°_1

27%0||z|| 0. Consequently,

1 1
lzlleo < mltM < g (1—_2—"?) |t

We also have that for all k € N, [ti| - | ST zienlloo € 27%(12]l0o, and

n=n;_, =

hence |ti| < || 2:"::_l Znenlloo + 275 2llc0 < l2llco + 27%||2]lco- Therefore

SUPk>1 (Wg_—,) |tk| € ||2]|co. Putting the above inequalities together we get
that for all (#;)7=; € co

1 - 1
tel < bz < — | |Lk].
e (s 1 < 1 el < s (7

k=1

This means that (z4)x spans an asymptotically isometric copy of ¢ in Y.

Remarks.

(1) The real Banach space (co,|| - ||oo) contains an infinite dimensional sub-
space that does not contain an isometric copy of ¢y. Examples of such
subspaces were independently constructed by D. Alspach [A] and E.
Behrends [B]. Thus Theorem 2.8 can be considered as the optimal re-

" sult of this type. We will outline Alspach’s example below.

(2) We could modify the proof of Theorem 2.8 to show that every infinite
dimensional subspace of (£!,]|-||;) contains an asymptotically isomet-
ric copy of ¢!. However, since every infinite dimensional subspace of
(€4,1] - 1) is isometric to a nonreflexive subspace of (L'[0,1),]| - ||1), the
result is already known from Theorem 2.1. Again this result can be con-
sidered as the optimal result of this type because Fonf and Kadec [FK]
has constructed an infinite dimensional subspace of (¢!,]| - ||1) which is
strictly convex (and hence does not contain an isometric copy of ).

Example 2.9 [A]. The space (co, || - ||oo) contains a subspace that is iso-
metric to (3 €1).,, where £! is n-dimensional ¢'. Let (en k) %)=y be the

standard basis for (3 €}).,. Thus || ¥ anxenkll = sup Y k=1 lankl|. For
n n

each n € N, define f, =€, n+ X g',;ek'n. Then, for (a,),2; € co, we have
k>n

H ; anfu” = sup (\lanl + k; §lﬁlak|) _
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Therefore,

o0
wwplanl < | 3 0nf
n n=1

I l'\
gsup(1+3)|an| ;

Let X = span{fn}nz,. We will show that X does not cont-ain an isome.t-
ric copy of ¢o. To do this we will show that X does I}ot contain an 1-sometr1c
copy of £3°, two-dimensional £%°. Suppose, to obtain a contradiction, that
X does contain an isometric copy of £3°. Then there are elements z and y
in X with ||z]| = ||yl = llz + 9ll = llz — vl = 1.

Let z =Y. anfn and y = ) bafn. We may assume that there are indices

n

n
no and np with ng < m such that

1 B 1
Izl = lan,| + Z gn—olakl and ||yl = |ba,| + Z S_mlb"|'

k<no k<n,

Then 7/8 < |an,| <1 and 7/8 < |bs|<1.
Note that

1
any = brgl 4+ 3 goclak = bl < llz = yll =1, and
k<no

1
|an, + bnol + ‘Z_; g;‘;]“k +b|<llz+yll=1, so
0

2=2 (\an°| - Z —8170“”)

1
<2 (ma'x{‘aﬂo|7 |bﬂo|} + Z 8_710 ma‘x{lakla |bk‘}>

k<ﬂo

1
< laﬂo o bno‘ + la'no + bnol + Z ST(lak - bkl + |ak + bk')
k<nqg :
<2.

Therefore |bx| < |ak| for all k < ng. Similarly, we can show that |ax| <
|bk| for all £ < ny. In particular, we have |b, | = |a,,| > 7/8. Hence
|an, + €bn,| > 7/4 for € = 1 or € = —1. For this £, we have 1 = ||z + ey|| >
sup |a, + £by| > 7/4 and this is a contradiction. Hence X does not contain
n
an isometric copy of £5°.

Our last example is of a renorming of £*° which fails to contain an asymp-

totically isometric copy of ¢y. We will give another verification of this result
in section 5.
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Example 2.10. (¢°,]|||-|||) does not contain an asymptotically isometric
copy of ¢, where the ||| - ||| norm is defined on £ as follows:

if z=(&)52, €L then |||l = sup I€;] + 22 i)

=1
Note that ||| - ||| is an equivalent norm on £* and ||z||e < |||Z]|| < 2||Z{|co
for all z € €°°.
Proof. Suppose that (£°°,]|| - |||) does contain an asymptotically isometric

copy of ¢p. That is, there is a null sequence (£,), in (0,1) and a sequence
(zn)n in €%° such that

n

“LeDlitil < . H <

2 1= el < || o tims| < g
J=

for all scalars t;,t,,...,t, and for all n € N.
Without loss of generality, we can assume that the sequence (z,), con-

verges pointwise to 0. For each n € Nlet z, = (£}')72,. Since |||z4]|| >
1 — £, > 0, there exists j € N such that EJ #0. Let k = min{j : {} # 0}
and a = 55r|€t|. Choose Ny > k so that EJ N+l2_ < a/4. Choose
N, € N so that ¢, < a, for all n > N,. Since (z,), converges pointwise
to 0, choose N > N, such that |€7| < a/4 for j = 1,2,..., Ny and for all
n > N. Hence, for each n > N, we have the following

00
lznlleo < lllznlll = llznlleo + 22_:"6?'

i=1

= llzalloo + 22 Mg Y 2

J=Ni1+1

<|Iz,.lloo+22" + E 277 < ||znlleo +

J"N1+1

By convexity of || - ||c0, We have lznlloo < 3 (21 + Znlloo + [I21 = Znlloo)s
so cither ||z + Zlloo > l[Zallon OF 121 — Zalloo 2 lzalloo: 1F ll21 + Znlloo 2
[|Zn|loo, then we have

12 |[l21 + Zalll = |21 + Zalloo + Y 27716 + &7
i=1

a =
2 llzallo + 274161 + €21 2 Illzalll = 5 + 27516 = [€K1)

o o -
> lzalll - 5 + 2756k = 3) 2 lllzalll - @ + 274160
>l-cn—a+27FEl| > 1-a-a+275&l=1+0,
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which is clearly impossible. Similarly we arrive at a contradiction if we
assume that |21 — Zalloo > [|1Znlloo- This completes the proof.

3. Refinements of James’s Distortion Theorems. We saw in section
1 that the concepts of asymptotically isometric copies of ¢! and cq arise
naturally when one considers the James’s Distortion Theorems. In this
section we will consider some refinements of James’s Theorems.

Our first result is the isomorphic analogue of Theorem 1.7.

Theorem 3.1. A Banach space X contains an isomorphic copy of ¢! if and
only if there is a sequence (zn)n in X such that
(1) there are constants 0 < m < M < o0 s0 that for all (t,), € £*,

[o.2] oo i 00
m Y ltal < |3 taza]| < MY Ital
n=1 n=1 n=1
and
() Jim lleall = M.
The proof of Theorem 3.1 follows directly from the proof of the James’s

Distortion Theorem for €' [J]. A direct consequence is the following.

Corollary 3.2. A Banach space X contains an isomorphic copy of €' if
and only if there is a null sequence (£,), in (0,1) and a sequence (z,), in

X so that 5 x
(=) Y ltal < | 3 taza] < 31l
n=k I k " n=k

for all (t,), € €' and for all k € N.

8

n

The corresponding results for ¢y do hold, but they do not follow so eas-
ily from the James’s Distortion Theorem for ¢y. We begin with a simple

consequence of James’s Theorem for ¢p, which can easily be obtained by
modifying James’s original proof.

Proposition 3.3. A Banach space X contains an isomorphic copy of ¢q if

and only if there is a decreasing null sequence (), in (0,1) and a sequence
(zn)n in X so that

(1 - ex)sup ltal < | 502, tazall < (14 €4) sup [t
n>k i i n>k
for all (t,)n € ¢o and for all k € N.

We will improve the left-hand estimate in Proposition 3.3 using the fol-
lowing result from [CGJ].
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Lemma 3.4. Let (z,), be a basic sequence in an infinite dimensional Ba-
nach space X. Then there is a block basic sequence (y,)n of (z,) and a
sequence of functionals (y;;), in X* which form a unit biorthogonal system
of X. That is, for each n € N, ||yn|| = |lynl| = ¥5(yn) = 1 and y;(ym) =0
for all m # n.

Theorem 3.5. A Banach space X contains an isomorphic copy of cg if and
only if there is a null sequence (&), in (0,1) and a sequence (z,)n in X so
that

(o o]
sup [tal < || 37 taza| < (14 x)sup tal
n>k =y ! n>k

for all (t,)n € co and for all k € N.

Proof. Suppose that X contains an isomorphic copy of ¢g. Then by Propo-
sition 3.3, there is a decreasing null sequence (é,), in (0,1) and a sequence
(Zn)n in X so that

[oa]
(1= 6x) sup |ta] < || Y t,,:.-:,.u < (14 6,)5up |tal,
n>k =% n>k

for all (t,)n € ¢o and for all k¥ € N.

Since (z,)n is a basic sequence in X, there is a block basic sequence
(¥n)n of (zn)n and a sequence of functionals (y;), in X* which form a
unit biorthogonal system of X, by Lemma 3.4. Thus there is a strictly
increasing sequence of integers (kn), 2, with ko = 0, and scalars t7, where

kn_1 < j <k, and n € N, so that y, = Ef;k M t}

we have (1 — 6ku-1+1)k 1T1a<xj<k [t7] < 1,50 [t}] < (1 - bk, +1)"1, for

all k,-1 +1<j <k, and for all n € N.
Let (an)n € cop and € € N. Then for each m > ¢,

[ / 00
|| > anyn|| 2 Iy,'n [Zanyn)
n=¢ \n=¢

z;. Since {jya|| = 1,

= |am| .

00
Hence || 3" anynl|| > sup |anm| . Also
n=¢ m>!¢

[ o]
|2 ansn ||Zan Z gz < (14 6ucs)  sup - lant]
n=¢( n={( j=

ka-1+1<5<k
=ka-1+1 ‘nzg N

el
< (14 8ky1) (1= 8keoy41) o laa| = (1+ 6:)?21: lanl,
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-1
where ¢¢ = (1 + 6kl—1+1) (l = 'sk;-;-i-'l) -1 .

Since 6, — 0 as » — 00, &, — 0 as £ — oo, and hence the proof is
complete.

An obvious consequence of Theorem 3.5 is the following result which is
similar to Theorem 3.1.

Corollary 3.6. A Banach space X contains an isomorphic copy of ¢q if
and only if there is a sequence (zn)n in X such that

(1) there are constants 0 <m < M < oo so that for all (t,), € co,

00
msup |t,| < “ Ztnxn < M sup |t,],
n 11:1 n
and
(2) lim ||za|| = m.
n— 00

Our last result in this section returns us to fixed point theory. It is proved
in [DLT3].

Theorem 3.7. Ifa Banach space X contains an isomorphic copy of cq, then
X fails the fixed point property for asymptotically nonexpansive mappings
on closed bounded convex subsets of X. (A mapping T : C — C is said to
be asymptotically nonexpansive if ||T"z —T"y|| < k,||z—y|| forall z,y € C
and for all n € N, where (ky)n is a sequence of real numbers converging to

1.)

Proof. If X contains an isomorphic copy of cg, then, by Theorem 3.5, there
is a null sequence (£,), in (0,1) and a sequence (z,), in X so that

[o o]
sup |t Suvtx
n2k|n| gols™y

< (T+ex)sup ftal ,
n>k

for all (t,)n € co and for all n € N.

Define C = {3 o taZn : 0 < t, < 1 and (t,)n € co}. Clearly, C is a
closed bounded convex subset of X. Define T :C —» C by T(} ., taza) =
T1 + Yoy tnZnga, for all 307, tazy € C. It is easily seen that T has no

fixed points in C. Let z = Z:":l t,r, and w = E‘:’:I $nZ, be elements of
C and let kK € N. Then

[e o]
“Tkz = Tku)” = |l|1 ‘(tn - sn)zn+k!! < (1 4 €k+1)SUP|tn B 3n|
n=1 n

< (Ut )| 2o (tn = sw)zal| = (14 expa)llz = wll
n=1
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Since 1 + €44y — 1 as k — oo, this shows that T is an asymptotically
nonexpansive mapping on C. This completes the proof.

Remark. It is unknown where the corresponding result for ¢! holds; that
is, if a Banach space X contains an isomorphic copy of ¢!, does X fail the

fixed point property for asymptotically nonexpansive mappings on closed
bounded convex subsets of X?

4. Duality results. In this section we will consider the behaviour of
containment of asymptotically isometric copies of cp and €' with respect to
duality. Our first result appears in [DJLT].

Theorem 4.1. Let (X,||||) be a Banach space that contains an asymp-
totically isometric copy of co. Then X*, with the dual norm, contains an
asymptotically isometric copy of ¢'.

Proof. Since X contains an asymptotically isometric copy of cg, there is a
null sequence (¢,), in (0,1) and a sequence (z,), in X so that

12“a<x1v(l ~€n)lanl < Zanx“!} S 1EneN lanl

for all scalars aj,...,an and all N € N. Let (z}) be the Hahn-Banach
extensions to elements of X* of the linear functionals on the span of (z,)
that are biorthogonal to (z,).

Fix m € N. Then, for all vectors z of the form Ef___, anZn, With N > m,
we have

|z ()] = lam| = (1 — €m) ™" (1 = £m)|am|

<(l-em)™! lgn"a&xN(l —é€n)lan| < (1- em)” 2ll-

Therefore, ||z%,|| < (1 — €m)~". Define y = z},||z;||~" for each n € N. Fix
scalars a;,as,...,an and let b, = sign a, for all 1 < n < N. Then since
| 021 bazall < max [ba| = 1, we have

1<n<N

N N N
S lanl 2 | 3 anvi 2 (Z any,.) (Zb zn)
n=1 ;:l n .
- Z ”zr.:”ﬁllanl 2 Z(l g gﬂ)laﬂi .
n=1 n=1




88 P. N. Dowling, C. J. Lennard and B. Turett

Thus X* contains an asymptotically isometric copy of &,

Remark. The converse of Theorem 4.1 does not hold and this is easily seen
by considering X = ¢! with its canonical norm. Then X does not contain
an asymptotically isometric copy of cg, but X* = €°, with its canonical
norm, and X * contains an isometric copy of £1.

Our next result can be considered to be the asymptotically isometric
version of a result of Bessaga and Pelczyiiski [BP]. The proof of this result
can be found in [DR].

Theorem 4.2. For a Banach space X, the following conditions are equiv-
alent:
(a) X* contains an asymptotically isometric copy of co.
(b) X contains a complemented asymptotically isometric copy of ¢}.
(c) X~ contains an asymptotically isometric copy of £=°.

Before we get to the proof of Theorem 4.2, we need the following defini-
tion and some results.

Definition 4.3. A Banach space X is said to contain an asymptotically
isometric copy of £* if there is a null sequence (¢,), in (0,1) and a bounded
linear mapping T : €*° — X so that
sup(1 = £x)[tn| < {IT((tn)n)l] < sup |tal,
n n

for all (t,), € €.

Remark. The definition of a Banach space containing an asymptotically
isometric copy of £*° is completely analogous to the definition of a Banach
space containing an asymptotically isometric copy of ¢y or ¢!. However,

because £° does not have a basis, we have cloaked the definition in terms
of an operator rather than a basis.

By modifying the proof of Theorem 1.9, we obtain
Proposition 4.4. A Banach space X contains an asymptotically isometric
copy of £ if and only if there is a null sequence (¢,), in (0,1) and an
operator T : £*° — X so that
(1 —€x)sup [ta| < |[T((ta)nz)ll < sup |ty
n>k n>k
for all (t,), € €*° and for all k € N.

The following three results will also be needed in the proof of Theorem
4.2.
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Theorem 4.5. [JR] Let X be a separable infinite dimensional Banach
space. If (z}), is a weak®™ null normalized sequence in X*, then (z})n
has a subsequence (y;)n which is a weak® basic sequence.

Theorem 4.6. [Me] Let (z,), be a bounded sequence in a Banach space
X and suppose that there is a weakly unconditionally Cauchy series ¥ z,

n
in X* so that the sequence (z}(z,))n does not converge to 0. Then (z,)n
has a subsequence (y,), which is equivalent to the unit vector basis of €!
and the closed linear span of (y,)n is complemented in X.

Theorem 4.7. [HM] Let X be a Banach space and let Xy be a sep-
arable subspace of X. Then there exists a separable subspace Z of X
which contains Xg, and an isometric embedding J : Z* — X* such that
(J(2*))(2) = 2*(2) for all z € Z and z* € Z"~.

Proof of Theorem 4.2. The implication (c) implies (a) is trivial.

For (b) implies (c), let Y be a complemented subspace of X which is an
asymptotically isometric copy of £'. By the statement and proof of Corollary
1.8, there is a null sequence (¢,), in (0,1) and a basis (z5)n in Y so that

0o oo
E ta] < ” Z tnZn
n=k n=k

for all (t,,), € €' and for all k € N. Define T : Y — €' by T(} tnzn) =

< +en) Y Ital
n=k

(tn)n, for all (t,), € €. Note that T is a bounded linear mapping from Y
onto £! with ||T|| < 1. Hence T* : {*° — Y* is a bounded linear mapping
with ||T*|| < 1.

Let (a,)n, € € and let k € N. Since ||T*]| < 1, |IT*((@n)n3)ll <

sup |an|. Also
n>k

T*((an)n>k)ll = sup{|[T'((an)n2k)](x)| czeY,||z|| < 1}
{l[(an)nZk](Tx)l czeY, ||z|| € 1}
: sup{lﬂan)nzdmz SADWELEWED

= sup{| 3 anl s 3 Bi; € ¥, uZﬂ 7l < 1
n=k

j=1
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= sup{| z anfBn] : Zﬁjlj € Y,I|Zﬂ,-zj|| < 1}
= = =

>sup{|zanﬂn : |ﬂ1|_1+€ }=1+16k3uP|an|-

n>k
Hence by Proposition 4.4, Y‘ contains an asymptotically isometric copy of

¢°. Since Y is complemented in X,Y " is isometric to a subspace of X* and
thus X * contains an asymptotically isometric copy of £*.

For the proof of (a) implies (b) we will first assume that X is separable.
We now assume that X is a separable Banach space and X* contains an
asymptotically isometric copy of co. Then there is a null sequence (¢, ), in
(0,1) and a sequence (z}) in X* so that

s1'11p(1 — &q)|tn| £ “Z:tnz:.._ <

for all () € co.

Since (z})n is a basic sequence in X*, there is a block basic sequence
(y2)n of (z;)n and a sequence of functionals (y;*) in X** which form a
unit biorthogonal system of X, by Lemma 3.4. Hence there is a strictly
increasing sequence of integers, (k,).%, with kg = 0, and scalars, a{").
where k,_1 +1 < j <k, and n € N, so that

kn

n= 3 ol

I=kn—1+1

n',

Since ||yr]| = 1, we get

(1—¢; )|a( )| <1< max  ja'™
kn—:+‘$i$knl -

In particular, |a2")| < -g)t <1 -

1
| - 1+l<3ﬂk I

min _ ¢;]7! for all
ku~l+l£JSkn ‘
kn—1+1 < j <k, andforall n € N. Define §,, = 1— min €5, and let

kn-1+1<j <k,
zy = b,y for each n € N. Then, for each (a,), € co, we have

” E,l: GnZp H Z Andy ( Z gn)z;)

kn-1+1<5<k,

=T ¥ el

n ko1 +1<5<ka

< sup lan5na§")| < sup |a,) .
kn_1+1<5<k, | neN
neN
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k
Now, for scalars /3, 33,... , Bk, we will consider the expression || 3 Baynt|l-
n=1

k k
Note that since ||y3"|| = 1 forall n € N, || 3 Bays”|| € ¥ |Bal. Define
n=1 n=1

k
z* = 5 (sgnBn)z;. From our calculations above, we see that ||z*| < 1.

n=1
Also, since the pair of sequences (y;), (yn*)» form a unit biorthogonal
system of X*, we have

k k
H 3 a2 |(2=j1 Buvi” )"

= | (i ﬁny;.) (zk:(sgnﬂn]ény;)
n=1

) =
= EE:5n|ﬂn|-
n=1

Thus mel 6n1Bn| < ” Zﬁ:l ﬂny;‘” < ¥ |Bnl , and therefore we have
Y balBnl < || X, Ba9n”l| < 1Bl , for all (Ba)n € €.

Since (z})n is a sequence in X* which is equivalent to the unit vector
basis of cp, and since (y}), is a block basis of (£}, )., (¥} ) is equivalent to
the unit vector basis of co. In particular, (y}), is a weak® null sequence
in X*. Thus since X is separable and (y;). is a weak® null normalized
sequence in X*, (y5), has a subsequence (which we will again denote by
(y2)n) which is weak® basic, by Theorem 4.5. By the construction of this
sequence (see the proof of Theorem 4.5 [LT; pages 11-12}), there is a bounded
linear operator T : X — (3pan{ys},=,)", defined by (Tz)(y") = y*(z), for
all y* € span{y:},2, and for all z € X. Moreover, this operator has the

property that for each ¢ > 0 and for each y** € span{y;"};2, of norm
1, there exists an z € X with ||z|| = 1 and ||Tz — y**|| < €. Hence we
have that for each n € N, there exists z, € X with ||z,]| = 1 so that

ITzn — ya™ll < 27"

k k
For scalars By, B2, ..., Bk, we have || 3 Bnzn|| € X |Bal, since [|z4]| = 1
n=1 T

k
for each n € N. If we define z* = Y (sgnBn)zs, then [|z*]| < 1 so by an
n=1

earlier computation we have

5" bl = |(i Buvi”) (@)
n=1 n=1
<|(3 A e

\

+| (ij B (v - Tm) (")

#
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k
=|z" (Z ,an,,)
n=1
k
2| + 3 18al 3" = Tzallll2”]|
n=1

k
+ ) 1Bal27"
n=1

(ya" — Tzn) (")

n=1
k
<| ;ﬂnzn

Hence || E ﬂnzn” > Z (6, —27")|Bal. Thus we have shown that
E (6 n)|ﬁn| < “2 :ann“ < E |ﬁnl for all (:Bn)n, e , and since

6, —2™™ — 1 as n — oo, we have shown that (z,), is an asymptotically
isometric copy of .

Note that for each n € N,
(Tzn — ¥3")(Wn) = ¥n(@n) — yn (¥2) = yn(za) - L.
Thus, |y (2n)| > 1 = |(Tza — y2")(¥7)] for all n € N, and since
(Tzn = y27) )l S 1 Tzn = yn"l lynll = 1Tz — 9% < 277,

(yz(z))n does not converge to 0. Also, since (yn)n is equivalent to the unit
vector basis of ¢ , E yn is a weakly unconditionally Cauchy sequence in X*.

Hence, by Theorem 4.6, (zn)n has a subsequence (y,), which is equivalent
to the unit vector basis of £! and the closed linear span of (yy), is comple-
mented in X. However, since (z,), is an asymptotically isometric copy of
€', (yn)n is also an asymptotically isometric copy of £'. This completes the
proof for the case when X is a separable Banach space.

For the general case, let X be a Banach space such that X* contains an

asymptotically isometric copy of cp. Then there is a null sequence (£,), in
(0,1) and a sequence (z},), in X* so that

'nl*

sup(1 = en)ltal < || 3 ta’

for all (t,)n € co.

Let Z = span{z,},2,. Then Z is a separable subspace of X*. Let
{z:},2, be a countable dense subset of the unit ball of Z. For each n € N
choose a sequence (T, k)« in the unit ball of X so that ||z,]| = lim z,(Zn k)

Now we define Y = span{z, i}, 5% ,. Then Y is a separable_.solibspa.ce of
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X. By Theorem 4.7, there is a separable subspace Y; of X which contains
Y and there is an operator J : Y;" — X* satisfying (Jy*)(y) = y*(y) for
each y* € Y)" and y € Y;. In particular, if R : X* — Y{°, is the natural
restriction mapping, then RJ = idy;. Therefore, for each n € N

llznll > || Rzn|l = sup{|(Rza)(¥)| : y € Y1, |l3l| < 1}
= sup{|za(y)| : y € Y1, |l¥|| < 1}
> SUP{lzn(zn.k)l ke N} = ”zn"

Thus ||Rzy|| = ||za|| for each n € N, so the restriction of R to Z is an
isometry. Thus Y;" contains an asymptotically isometric copy of cg. Since Y;
is separable, the first part of the proof says that Y; contains a complemented
asymptotically isometric copy of £!. A close analysis of the proof reveals
that this complemented asymptotically isometric copy of £! in Y; is in fact
a complemented asymptotically isometric copy of ¢! in X. This concludes
the proof.

Remark. In Theorem 4.2 if we replace the phrase “asymptotically isomet-
ric” by “isomorphic”, then we have the statement of the Bessaga-Pelczyriski
Theorem [BP]. However, it is interesting to note that if we replace the phrase
“asymptotically isometric” by “isometric”, then the result is no longer true.
More precisely, the implications (a) implies (b), and (c) implies (b) do not
hold if “asymptotically isometric” is replaced by the word “isometric”. This
can be seen by considering X = ¢!(T), where I' is an uncountable set, and

equip X with a strictly convex norm |||-|||. Then (X, |||:|||) does not contain
an isometric copy of £!. On the other hand, (X,||| - |||)* is isomorphic to
€°(T). Hence, since T is uncountable, (X,]||| - [||)* contains an isometric

copy of £ (and so contains an isometric copy of ¢o) [Pa).

5. Asymptotically isometric copy of ¢y and renormings of Banach
spaces. In this section we will investigate the relationship between Banach
spaces containing an asymptotically isometric copy of ¢o and weak normal
structure. We also consider the relationship between Banach spaces con-
taining an isomorphic copy of ¢y and other well known geometric properties
of Banach spaces, such as property (P), property asymptotic (P), property
(WO) and the generalized Gossez-Lami Dozo property (GGLD). We refer
the reader to the paper of Sims [S] for more details on these properties. All
of the results in this section appear in [Do).
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Theorem 5.1. If X is a Banach space with weak normal structure, then
X does not contain an asymptotically isometric copy of cg.

Proof. Suppose that X contains an asymptotically isometric copy of ¢p.
Then there is null sequence (¢,), in (0,1) and a sequence (z,), in X such
that sup,(1 — €,)|ta] < [| 207, taZnll < supy, |ta| , for all (tn)n € co.

Since the sequence (z,), is equivalent to the unit vector basis of ¢ and
since the unit vector basis of co is weakly null, (z,), is weakly null. Hence
the set {z, : n € N} is a relatively weakly compact set in X and so by the
Krein-Smulian Theorem, K = co({z, : n € N}), the closed convex hull of
{zn : n € N}, is a weakly compact convex subset of X.

Since ||zn — zm|| < 1 for all n,m € N, diam K < 1. Since ||z, — z,,|| >
1 — e, for all n,m € N, with n > m, and since (e,), is a null sequence in
(0,1), diam K < 1. Thus diam K = 1.

Consider an element z € co({z, : n € N}). Then z = E;V:l t;z;, where
t;j>0forall1<j <N and Z?:Itjzl,

For each n > N, ||z — z,.|| = || Eil tiz; —zp)| 2 1 —¢,.

Since (€5)n is a null sequence, this implies that sup{||z — y|| : y € K} >
1. Since diam K = 1, we get that sup{||z — y|| : y € K} = 1. Hence
sup{|lz— || : y € K} = diam K for all z € K and so K fails to have normal

structure. Therefore X fails weak normal structure and this completes the
proof.

We now obtain some easy consequences of Theorem 5.1. The first corol-
lary follows immediately from Theorem 2.7, and the second corollary is
immediate from Theorem 2.8.

Corollary 5.2. If X is an infinite dimensional subspace of (¢o,||*||oo), then
X fails to have weak normal structure.

Corollary 5.3. Every equivalent renorming of co(T), for T uncountable,
fails weak normal structure.

Remark. It is well known that if a Banach space X is uniformly con-
vex in every direction (UCED), then X has weak normal structure (Z).
Day, James and Swaminathan [DJS] proved that co(I') does not admit an
equivalent UCED norm if T is uncountable. Corollary 5.2 is therefore an

improvement of this result. Corollary 5.2 was also proved by Landes [L1,
L2] using different techniques.

In [DJS] and in [Z], it is proved that every separable Banach space can be
equivalently renormed to be UCED, and thus can be renormed to have weak
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normal structure. They also show that £*° can be equivalently renormed
to be UCED, and hence to have weak normal structure. Combining these
results with Theorem 5.1 we get the following

Corollary 5.4. Every separable Banach space can be equivalently renormed
so as not to contain an asymptotically isometric copy of ¢5. Also, {*° can
be equivalently renormed so as not to contain an asymptotically isometric
copy of cp.

Remark. Separability is necessary in Corollary 5.2, because every equiva-
lent renorming of ¢o(I') contains an asymptotically isometric copy of cq, if
[' is uncountable, by Theorem 2.7.

Two Banach space properties that imply weak normal structure are prop-
erty (P) of Tan and Xu [TX] and (WO) of Tingley [T]. Sims and Smyth
[SS] proved that these properties are equivalent. By Theorem 5.1, every
Banach space with property (P) (or equivalently, (WO)) will not contain
an asymptotically isometric copy of ¢o. Two related properties are the gen-
eralized Gossez-Lami Dozo property (GGLD) of Jiménéz-Melado [JM], and
asymptotic (P) of Sims and Smyth [SS] given below.

Definition 5.5. Let X be a Banach space.
(a) X is said to have the generalized Gossez-Lami Dozo property (GGLD)
if whenever (z,), is a weakly null sequence in X which is not norm null
then

liminf ||z,|| < limsuplimsup ||z, — Zm||.
L n m

(b) X is said to have property asymptotic (P) if whenever (z,), is a weakly
null sequence in X which is not norm null then

lim inf ||z, || < diam,{z,},
n

where diam,{z,} = lim, diam{z, : kK > n} is the asymptotic diameter
of the sequence (z,)n.

Sims and Smyth [SS] have also proved that GGLD and property asymp-
totic (P) are equivalent. While GGLD implies (WO), Jiménéz-Melado [JM]
has shown that they are not equivalent by constructing an equivalent norm,
Il -1ll, on co, so that (cq, ||| - |I|) has (WO), but (co, ||| - ||) fails GGLD. Our
next result shows the relationship between GGLD and co.
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Theorem 5.6. If X is a Banach space with GGLD, then X does not contain
an isomorphic copy of co.

Proof. Suppose that X contains an isomorphic copy of ¢g. By Theorem

3.5, there is a null sequence (€n)n in (0,1) and a sequence (z,), in X so
that

[+=]
(*) sup [t < || 2 tazkll < (1 +€n)sup [t
k>n k=n k>n

for all (tx)x € co and for all » € N. By passing to subsequences if necessary
we can and do assume that the sequence (£,)n is decreasing. Since (zy)y is
equivalent to the unit vector basis of cg, (Z5)n is weakly null. Clearly from
(*), lim, [|za|| = 1. Also, if k > n then 1 < ||zn — z4|| < 1+ ¢,. Hence
1 < diam{zx:k>n} <l+e,forallne N. Therefore diam,{z,} = 1, so
X fails to have property asymptotic (P), and thus fails to have the GGLD.
This completes the proof.
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