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KRZYSZTOF CZARNOWSKI

Structure of Fixed Point Sets of Condensing Maps
in B, Spaces with Applications
to Differential Equations in Unbounded Domain

ABSTRACT. A class of "generalized” condensing maps is introduced. A
theorem on the structure of fixed point set of such maps is obtained. Its
applications to some boundary value problems for differential equations in
unbounded domains are studied.

The purpose of this communication is to give an Aronszajn type theorem
on the structure of solutions set of an equation in an abstract B, space
(written F) and show some of its applications to boundary value problems
for differential equations studied in unbounded domains. The basic example
is the finite dimensional Cauchy problem z’ = f(t,z), z(to) = zo, where f :
[to, +00) X R™ — R™ is continuous. Here, under some additional hypothesis,
each solution extends on the interval [to,+00) and the set of all solutions,
treated as a subset of a B, space C([to, +oo),R"), is a compact Rs. Recall,
that classical theorems of H. Knesser (1923) or N. Aronszajn ([1], 1942)
give topological characterizations of the solutions set of the Cauchy problem
treated as a subset of the Banach space C([to, to + a],R™) for some a > 0.
Numerous results on the structure of solutions sets of equations appeared
later, see for instance [20], [3], [17), [23], [24]-

In the first section a class of “generalized” set-contractions and condens-
ing maps is introduced and, in the second section, a degree theory for the
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corresponding class of vector fields is outlined. The proofs of propositions
and theorems are ommitted, since they generally follow standard lines —
compare [15], [16] and [8]. For a different treatment of condensing maps in
general topological vector spaces see [18]. The proofs of propositions in the
range (1)-(9) are similar to those in [8], (1)-(14). The only difference is
that now one also has to verify that certain sets fall into certain classes R,
but this usually follows straight from the axiomatic definition of the classes
Rq given in (3). A complete treatment of the material included below is
given in [9].

In the third section, Theorem (15) on the structure of fixed point set of a
“generalized” condensing map is given. The theorem is a generalization of a
theorem of W. V. Petryshyn [17]. We demonstrate its applications to some
boundary value problems for differential equations studied in unbounded
domains.

1. Generalized condensing maps in a B, space. We assume that
the topology of the space E is determined by a chosen countable family of
seminorms Q. For a seminorm ¢ € @, let B, = {u: ¢(u) < 1} denote
the “unit ball” with respect to g and let B, = { A C E: supg(A4) < 400}
denote the family of all ¢g-bounded subsets of E. Finally let B = anQ B,
denote the family of all bounded subsets of F.

With each seminorm ¢ we associate a function

7q:Bq—'R+ (R+E[0,+oo) ),
7a(A) = inf{ 6> 0: 3, finite sot scm) A C S+ 6B, ).

The family {7, : ¢ € Q}, denoted 7q, is a version of the Hausdorff or
“ball” measure of noncompactness. The functions v, satisfy properties well
known for the Banach space case.

(1) Proposition. For each seminorm ¢ € Q the function v, satisfies the
following properties:

(a) if A€ By i B C A, then B € By and v4(B) < 74(A);

(b) if A, B € By, then AU B € B, and 74(A U B) < max (y4(A),74(B));

(c) if A € By, then A € B, and v,(A) = 7,(A);

(d) if A€ ByiA€R,then AA € B, and v4(AA) = |Alyq(A);

(e) if A,B € By, then A+ B € By, and 74(A + B) < v4(A) + 74(B);

(f) if A € By, then co A € B, and v4(co A) = v,(A);

(8) 79(Bg) = 1.
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(2) Proposition. Let A € B. The set A is compact, iff 7,(A) = 0 for each
q€ Q.

We assume that for each seminorm ¢ € @ a family of ,,regular” sets R,
is distinguished, which satisfies the following

(3) Properties.
(a) K c R, C B,, (K — the family of all compacta),
(b) if A € R, and B C A, then B € Ry,
(c) if A,B € R,, then AU B € R,
(d) if A € Ry, then 4, coA € R,
(e) if A,B € R, and X € R, then A4, A+ B € R,.

We use the following notation: Rg = {R,:q € Q } and R =, ¢ Ry-
We give some examples of families Rq.

(4) Examples.

(a) R, = B,.
(B). Ry 5 {ACE: Veso 3(a finite set scE) AC S +eB}.
In the case when E is a Banach space with the norm || - ||, the family

Ryy={ACE:A€K}is the family of all relatively compact sets.
(<) Ry={A€B,: 3(a countable set SCE) Veso A C S +eB,}.
(d) Let X be a Banach space and let E = C(R4; X) be the B, space of
continuous maps z : Ry — X with the family of seminorms

Q={g¢g::TeN}, where g;(z)=sup{|z(t)]l:t€[0,T] }
We put

Rqr = {A € BqT . V¢>o 3es>0 VxeA Vt,t'e[o,T]
t—t] <8 = |l=(t) - =()] <€ }.

In the case of a Banach space E = C([a,b]; X) with the maximum norm, the
family R is the family of all bounded sets of equicontinuous functions.

(8) Definition. Let F :  — E, Q C E an open set, be a continuous map.

Fis (Q,Rq)-condensing iff

(@) F(Q) e R and Voeq Vacaaer, 7e(F(4) < 79(A):

Fis a (Q, Rq)-set-contraction iff
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Similarly a homotopy @ : @ x I — E, I = [0,1], is (Q, Rq)-condensing or
a (Q,Rq)-set-contraction iff it satisfies a condition which is obtained from
(a) or (b) respectively, by substituting both F(f2) and F(A) by &(© x I)
and (A x I).

(6) Proposition. If F : @ — E is (Q,Rq)-condensing, then the map
I - F:Q — E, I — the identity, is proper and closed. More generally: if
a homotopy ® : QA x I — E is (Q,Rq)-condensing, then for each compact
C C E theset (I -®)"'(C) = {z€Q: Jie1 2 — ¥(z,t) € C} is compact
and for each closed A C  the set

(I-®)(AxI)={z-&(z,t): T€ Atel}
is closed.

(7) Proposition. Let us assume that a continuous mapV : @ x E — E
such that V(Q x E) € R satisfies the following two conditions
(3) Yoeq VyeE Y achi acr, 70(V(4,9)) = 0;
(b) Yee@ Fogk,<1 Viem Vi wacE a(V(z,m) — V(z,12)) < kqa(nr — 32).
Then the map F : Q — E which is given by the formula F(z) = V(z,z),
is a (Q,Rq)-set-contraction.

2. Topological degree of a generalized condensing vector field.
In the class S(Q,Rq;ﬁ) of vector fields I — F, where the map F : Q — E
is a (Q, Rq)-set-contraction, we shall define a topological degree, which is
invariant with respect to the class of homotopies, denoted HS(Q,Rq; ),
of the form I — &, where the homotopy ® is a (Q, Rq)-set-contraction. We
follow the method of R. D. Nussbaum [15].

We associate, with a given map F : @ — E, a decreasing sequence of
closed and convex sets (or, starting from some index, empty sets) Ko = E,
Kqi#ss E’b’F(ﬁ NKy,), n=0,1,2,... and a closed and convex set (or an
empty set) Koo = Koo(F,Q) = je; Kn, which is invariant in the sense
that F(ﬁﬂ Koo)) C K. With a homotopy @ : @xI — E we also associate a
closed, convex and invariant set K °°(<I>,§) by a similar construction, where
the image F(Q2 N K,) is substituted by ®((2n K,) x I).

The set K, constructed for a (Q,Rg)-set-contraction is compact, since
for each g € Q we have K; € R, and for each n > 1,

7q(Koo) < 7q(Kn) < kg '7q(Kn—l) <...< k:;_l '7q(1{1)’

and hence 'yq(Koo) =0.
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(8) Definition. Let I — F € S(Q,'R,Q;(—f) and z — F(z) # 0 for z € 0Q.
We define

l' deg(I - rF,Q,0), if Ko #0,
deg(I — F,Q,0) = ¢
8 ) | o, if Koo =0,

where 7 : E — K, is a retraction and deg(/ — rF,,0) is the degree of the
compact vector field I — rF.

The degree deg(I — rF,2,0) does not depend on the choice of retraction
and is equal to deg(/ — F,9,0) whenever F is compact. Hence the above
definition provides an extension of the topological degree from the class of
compact vector fields onto the class S(Q, Rq; ).

(8) Proposition. We have the following properties:
(i v_J 1 if0eQ,
) deg(7,Q,0) = 1 0, if0¢Q,
(b) if f € S(Q,Rq;Q), f(z) # 0 for each z € AN and deg(f,Q,0) # 0,
then f-1(0) # 0,
() if f € 8(Q.Rg; M), 01,2 C Q, M Ny =0 and f(2) # 0
for each z € Q\(Q,UQ;), then deg( f,2,0) = deg(f, ,0)+deg(f,22,0),
(d) ifp e HS(Q,'RQ;ﬁ) and ¢(z) # 0 for each z € 09,
then deg(¢(,0),Q,0) = deg(¢(’ 1)1910)'

The proofs of the above facts follow standard methods — see for in-
stance [8]. It is also worth noticing that the linear homotopy (z,t)
(1~ t)fo(z) + tfi(z) connecting two maps fo, fi € S(Q,Rg; ) belongs to
the class HS(Q,RQ;ﬁ).

The following proposition allows the extension of the degree theory onto
the class 8'(Q,Rq; ) of (@, Rq)-condensing vector fields. The respective
class of homotopies of the form / — ®, where the homotopy @ is (Q,Rq)-
condensing, is denoted by HS'(Q, Rq; Q).

(10) Proposition. Let f € S'(Q,Rq; ) and f(z) # 0 for each z € 6Q,
and let a convex and symmetric neighbourhood of zero U in the space E be
chosen so that f(z) ¢ U for z € 3. Then the set

Us={g€eS(QRgM:(f-9)(@) cU}

is nonempty and the degree deg(g,2,0) does not depend on g € Uy.
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Moreover, if ¢ € HS'(Q,Rq; ) and ¢(z,t) # 0 for each z € N and
t € I, then the set

Us={v€HS(Q,RqM:(¢-9¥)(@xI)CU)

is nonempty and the degree deg(v(-,t),Q,0) depends neither on ¥ € Uy
nort € I, for any convex and symmetric neighbourhood of zero U such that
&(z,t) ¢ U forz € 0N and t € 1.

(11) Definition. Let f € S'(Q,Rq; ) and f(z) # 0 for each z € IN. Let
a neighbourhood of zero U be chosen as in Proposition (10). We define

deg(f,Q,0) = deg(g,Q,0),

where the map g is arbitrary such that g € Uy.

We have properties like those given in Proposition (9) — it is sufficient
to substitute “S’” instead of “S”

We also have versions of theorems of Borsuk and invariance of domain.

(12) Theorem. Let Q2 bea convex and symmetric neighbourhood of zero in
E and let amap f € §'(Q,Ro;N) be such that f(z) # 0 and f(—z) = — f(z)
for z € Q. Then deg(f,Q,0) = 1(mod 2).

(13) Theorem. Let Q be a convex and symmetric neighbourhood of zero

in E and let f € 8(Q,Bg;f) be a one-to-one map such that f(0) = 0.
Then deg( f,Q,0) = 1(mod 2).

(14) Theorem. If f € S(Q,Bq; ) is one-to-one, then the image f(Q) is
an open subset of the space E and f is a homeomorphism of Q onto f(2).

Let us note that Theorems (13) and (14) are stated in restricted generality
— for the vector fields in §(Q,Bq; ) instead of §'(Q,Rq; ) (compare
(16]).

3. Applications to structure of solutions sets of equations in B,
spaces. Let (U,) denote a decreasing sequence of convex and symmetric
neighbourhoods of zero in E such that (\._, U, = {0}.
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(15) Theorem. Let f € S'(Q,Rq; Q) be a map which satisfies conditions
f(z) # 0 for z € 3N and deg(f,Q,0) # 0. Suppose that there exists a
sequence of maps f, € §'(Q, Rq;ﬁ) such that, for each n, (f—f,,)(ﬁ) G U
and the equation f,(z) =y, for each y € U,,, has at most one solution.

Then the set of all solutions of the equation f(z) = 0 is an R;s (i.e. it
is homeomorphic to an intersection of a decreasing sequence of compact
absolute retracts).

Obviously, the condition deg(f,Q,0) # 0 is fullfilled in the case when
! = F — the linear homotopy connecting the map f and the identity is
admissible.

Now we present two examples of applications of the above theorem. Our
goal here is to demonstrate applicability of the theory of sections 1 and 2 to
certain classes of problems rather, than give truly new theorems. First of the
examples deals with an ordinary first order differential equation in a Banach
space. An existence theorem with hypothesis similar to that of Theorem
(16) (but in a bounded interval and with a general Kamké function in (16c))
can be found in [12]. A series of theorems on the structure of sets of solutions
(in bounded intervals) of differential and integral equations in Banach spaces
can be found in papers of S. Szufla, e.g. [21], [22]. Recently some papers
in which differential equations are studied in unbounded domain appeared,

Let X denote a Banach space with a norm ||-|| and let p be the Hausdorff
(or “ball”) measure of noncompactness associated with || -||. Let us assume
that the map f : Ry x X — X is continuous and consider the following
Cauchy problem

z'(t) = f(t,z(t)), t>0,
) { z(0) = 0.

The set of all solutions of the above problem is denoted by S. We consider
the B, space E = C(R,, X) of all continuous maps z : Ry — X, with the
family of seminorms

Q= {‘IT : T> 0}7 ‘h(z) = sup{ ”z(t)” 1te [OaT] }

Convergence in E is then equivalent to the uniform convergence on bounded
subsets of R..

(18) Theorem. Let b,c,k : R, — Ry be continuous functions. Let us
assume that the following conditions hold:
(2) the map f is uniformly continuous on [0,T] x {z € X : |jz|| < r} for
each T,r > 0,
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(b) |If(t,z)|| < b(t)llz|| + c(t) for each z € X and t € Ry;
(c) n(f(t,A)) < k(t)u(A) for each bounded A C X.
Then the set S C E is an R;.

We sketch the proof. From Gronwall inequality and (16b) it follows that
if z(-) is a_solution of (C), then for ¢t > 0, ||z(t)|| < o(t), where a(t) =

_]'nt c(3) ds) eJo ¥9) 45 Hence the right hand side f can be modified in such

a way that all the conditions so far imposed on f will still hold, the set
of solutions of the problem (C) will remain unchanged, but f(¢,z) = 0 for
llz|l > 1 + a(t). For example it is sufficient to replace f by

ft,z) = 9(%) J(t,z),

where § : R — R is a continuously differentiable function such that 6(u) = 1
for |[u| < 1,0 < 6(u) < 1for 1 < |u| < 2 and 6(u) = 0 for |u| > 2. Then

the condition (16b) can be replaced by a stronger condition || f(t, z)|| < a(t)
with some continuous function a(-).

To complete the proof it is now sufficient to verify that the maps h,
h,: E — E, n € N, given by formulae

huxo=do—ﬁ3@wum
and

(1), 0<t<1/n,

()= s~ f(s,u(s))ds, t>1/n,

fullfill the hypothesis of Theorem (15). The above maps belong to the class
of vector fields S(Q,'RQ; E) where

muxﬂ={z

Q={Gr: T>0}, Gr(z)=sup{e " f Vo) z()||: te(0,T)},

K > 11is arbitrarily chosen (the method of Bielecki is used here), and R, is

Eﬁﬁned as in Example (4d). The last choice is due to the fact that properties
e

.
MKMQMSAMMMM&

and 7r(A) = sup{ p(A(2)) :
functions A C E (see [12]).

Th(? second example is the Darboux problem for a hyperbolic equation.
An existence theorem for a similar problem (but in a bounded domain and

t € [0,T]} hold for equicontinuous sets of



Structure of Fixed Point Sets ... 63

with continuous right side) was proved in [11]. Theorems on the structure
of the set of solutions, in bounded domain, for various kinds of assumptions
on the right side can be found in [13], [2], [4], [10]. Theorem (17), as stated
below, was already proved in [8]. Here we wish to demonstrate that the
theory of section 2 can be applied to this case.

Let A =R, xR, and A; = [0,T]x[0,T],T > 0. Let f: A xR — R"
be a Carathéodory map, i.e. we assume that all its sections

f(x’y;'v's's'):R4u-*Ry’ (Z,y)EA
are continuous and all sections
f('\';u’ras’t):A—’Ru) (u,r,s,t)ER‘u

are Lebesgue measurable.
The Darboux problem is stated as follows:

l. Uzy 5= f(x’ yu, ux’uy,ua:y) in A,
| u(0,v) = g(v), u(z,0)=h(z) ondA,

where g,h : R, — RY are given absolutely continuous maps which sat-
isfy condition g(0) = h(0). A solution of this problem is any absolutely
continuous map u : A — RY which satisfies the differential equation almost
everywhere in A and the boundary condition for all z,y € R;. The set of
all solutions is denoted by S.

We say that a measurable function v : A — Ry is locally bounded (locally
less then a, a > 0), if

(D)

ess sup(,'y)eAT|v(:c,y)| < 400 (respectively: ... < a)

for each T > 0.

In the following theorem we study the set of all solutions of the problem
(D) as a subset of the B, space of continuous maps E = C(A,R") with the
family of seminorms

Q={e:T>0}, ar(w)=suw{lu@vl: (@) eAr}.

Besides, the space of locally integrable functions E' = L'(A,RY) with the
family of seminorms

T T
P=i{p:T>0}, p(w=[ [ luzldody.

is useful.
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(17) Theorem. Letb,c, K,M,N : A — R, be measurable locally bounded

functions and let N be locally less then 1. We assume that the following
two conditions are satisfied:

(a) for all (z,y;u,r,s,t) € A x R,
|f(z, 930,78, t)| < b(z, y)lu| + e(z,y)
(b) for all (z,y;u,m,51,t1),(2,y; u,72,52,22) € A X R,
|f(z,y5u,m1, 81, 1) = f(2, 454,72, 82, 12))
< K(z,y)lm — r2| + M(z,9)|s1 — 82| + N(z,y)|ts — 12}
Then the set of all solutions of the Darboux problem S C E is an Rs.

We sketch the proof (we shall not be repeating some of the details which
can be found in [8]). A suitable generalization of Gronwall inequality can
be used to derive estimates on solutions of the problem (D) and further

assumptions on f can be strengthened without loosing generality (as in the
proof of (16)).

In particular we can assume that for all (z,y;u,r,s,t) € A x (R*),

|£(z, 43 4,7, 8,1)| < a(z,y),
where a(-,-) is some locally integrable function.
Let Dr = {u € E': |u(z,y)| < a(z,y) almost everywhere in A, } and
let us introduce the families of sets
Rr = {A Gl ¢ Ja compact set KCE' 3u>0 ACK + uDy }
Then we consider the map
h:E' - E',

h)(x,9) = £(e,35 )+ 9(0) - 9(0) + | - j{ (e,

h'(x)+/0 u(z,n)dn, g'(y)+/0r u(€,y) dé, u(z,y)).

Using the method of Bielecki we find an equivalent family of seminorms

P = {57} such that if Rj, = Rr, then h € S(P,R,-,; E). The reason for
the families R 5 is that the map

S:E'—~E,  S(v)z,y)= /0 /0 o(€, ) dé dn,

is‘ not completely continuous, but it sends sets from MR p into compact sets
(in [8] this difficulty is dealt with in a different way).

Fo.r the remaining elements of the proof (in particular the construction
of suitable approximations, see [8]).
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