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ABSTRACT. We answer an open question regarding the existence of a fixed
point in a complete metric space X for a continuous self map T : X —
X which satisfies the inequality d(Tz,Ty) < max {d(z,Ty),d(y,Tz)} for
distinct £ and y in X, and whose sequence of iterates, {T" (z9)}>, for
some zgo in X, has a cluster point. This contractive condition appeared
(under number (13)) in a classification suggested by B. Rhoades in [3]. It
was an open question whether any such map necessarily has a fixed point.

We will construct an example of a pair (X, T) which lacks a fixed point.
Our example also answers open questions regarding the contractive condi-
tions (38), (88), (17), (42) and (92) of the classification in [3].

1. Introduction. B. Rhoades selected and partially ordered in [3] five
groups of contractive conditions. For many of these conditions he either
established fixed point theorems or arranged examples of maps, which do
Not possess any fixed point. Still there were questions which remained open
and later on J. Kincses and V. Totik in [2], answered some of them. They
considered continuous self maps of complete metric spaces satisfying one of
these contractive conditions and either no additional assumption or one of
the following additional assumptions, imposed either on the space or on the
map:

(A1) the sequence of iterates {T™(z¢)},=, for some zo in X has a cluster

point in X;
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(A2) the metric space X is compact.

After their contribution there still remained nine open questions regard-
ing the existence of a fixed point for different contractive definitions from
the classification of B. Rhoades. In this paper we present answers to six of
them which involve the following contractive conditions:

(13) For all distinct z,y € X,
d(Tz,Ty) < max {d(z,Ty),d(y,Tz)};
(38) There exists a natural number p, such that for all distinct z,y € X
d(T?z,T?y) < max {d (z,T"y),d(y,TPz)};

(88) For each z € X there exists a natural number p(z) such that for all
y€ X,

d (T”(’)z,T”(’)y) < max {d (\x,T”"’y) N (y,T”(’)z)} ;
(17) For all distinct z,y € X,
d(Tz,Ty) < max{d(z,Ty),d(y,Tz),d(z,y)};
(42) There exists a natural number p, such that for all distinct z,y € X
d(T?z,T?y) < max {d(z,T"y),d(y,T?z),d(z,y)};

(92) For each z € X there exists a natural number p(z) such that

A

d (Tp(r)x’TP(’v‘)y) < max {d (z,Tp(’)y) ,d (y,T”(I)I) d(z, y)}
forall y € X.

We address the question of whether for any continuous self map T : X — X
satisfying one of these conditions and the assumption (Al) there ezists
necessarily a fized point T € X : TT = Z. J. Kincses and V. Totik have
conjectured in [2] negative answer to this question.

In this paper we provide an example of a map satisfying (13) and the
assumption (A1), which does not have any fixed points. In the earlier pub-
lication [1] by the first of the authors and J. Carvalho e Silva the complete
comparison of all these contractive conditions has been made and we will
make here use of the fact that (13) implies (38), which implies (88) and
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also (13) implies (17), which implies (42), which implies (92). Therefore
the example we construct provides negative answer to the above formulated
question for any of the above mentioned contractive conditions and hence
the conjecture of J. Kincses and V. Totik is confirmed.

The authors are grateful to Jaime Carvalho e Silva for encouragement
and permanent support.

2. Main result. We are going to construct here a complete metric space X
and a continuous map T : X — X which satisfies the contractive condition
(13) and the assumption (A1) and does not possess any fixed point.

Our X is a countable set of points X = (UZ’__‘ngk) UY., UZ UW, where

Yo={yi:k22,1<i<k}, Yo={ye:i21},

W={wr:k>2}, Z={zx:k2>2}.

The set (|Jpo., Yi) U ZUW is the sequence of iterates of the point y3, while
Y. is the sequence of iterates of the point y!..
The metric relations we will define in a moment imply that

lim y‘,i =y, Vj=1,2,..
k=00

-

Therefore each of y?, (j =1,2,...) is a cluster point of the sequence
{T"y% }:11 . All other points of X are isolated.

y2.) YC@.2raz

YG.D Y3

y4)  vd.2) V43  YdAoZs

Wy

VG Y52  YBD Yo Yoz
Ws

= 5 - - 5
§(w,1) yee2) Y(e03) Yieod) Y(o,5) ¥(20,6)

Fig. 1. The set X

Remark. On the Fig. 1 y(k, i) stands for yj.
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We define the map T : X — X as follows:
T(yi) =i, ifi<k; T(wf)=2c; T(2)=wk
T(w)=yhy and T(sh) = 4id!, i=1,...

The set X and the map T : X — X are completely determined and
now we have to endow X with a structure of complete metric space. To
define the distance function d(z,y) let us denote, for any z in X \ Y, =
{T"‘ (y%) :m=0,1,... }, N (z) := n+4, where n is the order of the iterate
T™ (y3)which coincides with z.

It is easy to compute that: N (zx) = (k% + 5k —2)/2 and N (wy) =
N (zx) + 1= (k* 4 5k)/2. |

We put d(y,,5)) = 2/(p+1)*, which implies that limx_.oo y} =

v, Vi=1,2,....
Also
d(yhol) = —— + —2—, fork#p.
(k+1)° (p+1)
We define
1 J S S|
d(yk,yk)—3+ +1+J T for i # j,
and
o 1 2
1 d(y:,vl) =3+ -
M k) =3+ T+ Gy
1 2

+ - + , for k and i # j.
P #p #J

Since the distance function has to be continuous, we take in (1) the limits
as k — oo or both k — 00 and p — oo concluding

1

d (Yoor Yho) = 3 + -

1 ey
b1t Prifa
1 + 1 - 2
+1 j+1° (p+1)¥’

We call the points 2z, and wi (k=2,3,...) the knots and define the
distances between them and the y; as follows:

d(yfx,,y,’;)=3+i for i # ;.

fu) o 1 2
) ) = F e ¥ 1 e )
(3) d(yhr2p) = 4+ 1 ’

NG +1 k+1E
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Again taking the limit in (2) and (3), as k tends to infinity, we conclude
- 1
d (yhorwp) = 4+ ———,
(yoo wp) . N(wp)+ ¢
; 1
dy,,zp) =4+ ——.
Wortd) =44 Ny v
Finally we define the distances between the knots. For k < p we put

(4)

d(zx,wp) = (ka,wp) + d (ykv w,,)

Hhg ("l +§' AN
4 [N(wp)+5 (k427 4|N(wp)+%5 (k+1)
(5)
d( " ld 1 ld k
Wk, Zp) =3 (yk+1’zp) + 2 (yk’zP)
Bad it 1 2 1 1 2
= 4+ + = + 3 ]
2 |N(z)+1} (k+2)2_ 2 [N(zp)+% (k+1)"
(6)
1 1
d(wk, wp) = Ed (yllc+17wp) T §d (yt,w,)
_4+1' 1 2 |, 1 2 ]
N (wp) +} torrr| T2 | N+ k1)
(7)
3
d(zk»zp) (Uk+1,2p) + Zd (yf,z,,)

-l w

_4+1' 1 2 |,
N(z)+ % (k+2)2

For k = p we put:

(8)

1 , 2 }
N(z)+%  (k+1)7°]

d(zg,wi) =

P | 1 2

1 2
+ +
4|Nw)+i (k+2)

N (we) + £V v 1|

The proof of the validity of this example amounts to the verification of
triangle inequality for the metric d (z,y) and to verification of the contrac-
tive condition (13). The first part is an elementary computation, which is
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only nontrivial when it involves one of the distances d (y;c, y,",) yidi= 1524, .
k,p=2,3,.... What for the other part of the proof, then we only mark its
key points, since the intermediate computations are cumbersome.

To verify (13) it is sufficient to prove the following inequalities:
1) for1 <i< jand k,p=2,3,...,

d(yit',yt') = d(Ty, Ty)) < d (v, vt') = d (i, Ty) 5
9) forj = 1,2,... and k,p=2,3,...,
d (Vi1 93*") = d (Twe, Ty}) < d (wi,93*") = d (wi, T}) ;
3) fori=1,2,... and k,p=2,3,...,
d (i, 2p) = d (Tyk, Ty}) < d (vk, 2p) = 4 (vh, TW}) ;
4) for 2 < k < p,
d(zk,2p) = d (Tyg, Ty2) < d(v§,2) = d (vk, Tv})

(by virtue of (7) it is enough to prove that d (y},,,2,) < d (¥, 2p));
5) for k,p = 2,3,...,

d (yiﬂ,zp) =d (ka,Ty,’:) <d(wg,zp)=d (wk,Ty:,’)
(by virtue of (5) for k < p it is enough to prove the inequality

d (yiy1>20) < d(yf,2p), by virtue of (8) for k = p we only need to
prove that

d (Yks1r26) < d (Yhyr, wi) /4 + 3d (y5, wi) /4
and by virtue of (4) for k > p we only need to prove that
d (Yks152p) < d (9p41,wk) /4 +3d (v, wi) /4
6) for k,p=2,3,... and i = 1,2,...,
d (y;;“,wp) =d (Tyi,Tz,,) <d (yfc,w,,) =d (y;;,sz) ;
7) for k,p=12,3,...,

d (y,lcﬂ,wp) =d(Twi,T2zp) < d (y,'cH,zp) = d(Twgk, 2p);
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8) for2<k<p,
d(wg,wp) = d(T2,T2) < d(zg,wp) = d(zk,T2p)

(by virtue of (6) and (4) this is equivalent to the inequality d (yi,,, w,) <

d(yl’:vwz’));
9) for2<k<p,

d(wk, zp) = d (Tzx, TyE) < d(2k,2p) = d (2x, Ty})
(by virtue of (5) and (7) it is enough to prove that
d (Yh4152) < d (v, 2));
10) for k > p,
d(wk,2p) =d (Tzk,Ty;,’) <d (wk,y,f) =d (Tzk,y;,’)
(for k > p by virtue of (4) it suffices to prove that d (yb,;,wx) <
d (y,’,‘,wk)and if k = p, then according to (8) it is enough to prove that
d (yllc+1awk) <d (y,f, wk));
11) for1 < i<,
d (yit',yid") = d(Tyi, Tyd) < d (v, 93d") = d (i, Twd)
12) for1 <j <1,
d (v, vid") = d (T, Tvl,) < d (i) = 4 (Tyhovd) s
13) for k=2,3,... and j = 1,2,...,
d (Yhsr,¥23") = d (Twi, Tyd,) < d (wi,93") = d (i, Todo)
14) for k=2,3,... and j = 1,2,...,
d (wk,yg;H) =d (Tzk,Tygo) <d (wk, yéo) =idi{lizi yéo) ;
15) for k = 2,3,... and j = 1,2,...,
d (zk,y23") = d (Tyk, Tyl,) < d (21, 9%) = d (T, vk) ;
16) for1<i<j,

d (yi', yiY) = d (Tyl,, Tyd) < d (vier vH") < d (¥5e, Tk) -
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