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A Modulus for the Nearly Uniform Convexity

ABSTRACT. In this paper we define an “outside” modulus for the nearly
uniform convexity and study its properties useful in fixed point theory for
nonexpansive mappings. Moreover, we calculate this modulus in separable
Hilbert spaces.

0. Introduction. In the geometric theory of Banach spaces the notion of
modulus of convexity plays a very significant role. It allows us to classify
Banach spaces from the point of view of their geometrical structure. In this
context, the classical Clarkson modulus of convexity defined by Day [D]
while considering the definition of uniform convexity due to Clarkson [C], is
a useful tool in the fixed point theory. A lot of facts concerning this notion
and its applications may be found in [GK], [ADL] and [O], for example.
Recently, K. Goebel, T. Sekowski, J. Bana$ et al. [GS], [B], [DL] pro-
posed several generalizations of the notion of modulus of convexity using
some measures of noncompactness. With these moduli (so called moduli of
noncompact convexity), they proved several interesting facts concerning the
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geometric theory of Banach spaces. Moreover, these moduli are suitable for
the nearly uniformly convex spaces introduced in [H] in the same sense as
the classical modulus of convexity of Clarkson is suitable for the uniformly
convex spaces. In [Ku] a characterization of the nearly uniform convexity
is proved considering sets which lie outside of the unit ball, instead of sets
in the ball as in the original definition. The aim of this paper is to in-
troduce an “outside”modulus of nearly uniform convexity and to prove its
usefulness to the geometric theory of Banach spaces and to the theory of
nonexpansive mappings. In the first section we shall show the relationship
between this mapping and the moduli of noncompact convexity, deriving a
fixed point result. In section 2 we compute the new modulus in separable
Hilbert spaces.

1. Notations, definitions and first results. Let X be an infinite
dimensional Banach space with closed unit ball Bx and unit sphere Sx.
Let B(z,r) denote the closed ball centered at z and of radius r and for
any A C X, A and co(A) will denote the closure and the convex hull
of A, respectively. Let B be the family of bounded subsets of X. A
map g : B — [0,4+00) is called a measure of noncompactness defined on
X if p(A) = 0 if and only if A is a precompact set. The first measure
of noncompactness (set-measure, denoted by a(A)) was defined by Ku-
ratowski in [K] as inf{e > 0 : A can be covered by finitely many sets
with diameter < €}. Another measure of noncompactness (ball-measure,
denoted by x(A)) was introduced by several authors (see [GGM] or [S])
as inf{e > 0 : A can be covered by finitely many balls with diameter
< ¢}. In [WW, page 91] another measure of noncompactness is defined by
B(A) = sup{e > 0 : there exists a sequence {z,} in A with sep({z,}) > €},
where sep({z,}) = inf{||z, — zm|| , » # m}. It is easy to prove that
x(A) < B(A) < a(A) < 2x(A) for every bounded subset A of X. Through-
out this paper we denote by p any of these measures of noncompactness.
The main properties of these measures can be found in [AKPRS] or [ADL)].
We will use in this paper the following:

(1) n(A) = p(A),

(2) u(AU B) = max{u(A), u(B)},

(3) u(A) < u(B)if AC B,

(4) pu(tA) = [tlu(A),

(5) m(co(A)) = u(A).

Associated with these measures of noncompactness, the following modu-
lus of noncompact convexity for a Banach space X was considered in [GS]
(with g = a), [B] (with g = x) and [DL] (with p = 3):

A){.u : [01 #(BX)] - [091];



A Modulus for the Nearly Uniform Convexity 19

Ax u(€) =1 —sup{inf{|jz]|: 2 € A} : A= co(A) C Bx, p(A) > ¢}.

Let us remember that a(Bx) = 2 and x(Bx) = 1 on every Banach space.
However, B( Bx ) is a real number in the interval [1,2] which depends on the
space X. For example, if 1 < p < 400 then 3(Bys) = 2'/P (see [ADL)).

This modulus measures the rotundity of the unit ball in similar way, as
the classical Clarkson modulus of convexity given by éx : [0,2] — [0, 1]:

T+y
£2 el = ol = 1l - a2 .

ox(e) = inf{l -

The coefficient of convexity of X is defined by
6o(X) = sup{e > 0:6x(e) =0}

and the space X is said to be uniformly convex if and only if éo(X) = 0.
Analogously we can define the coefficient of noncompact convexity of X as
Ao, u(X) =sup{e > 0: Ax,.(e) = 0}.

A Banach space X is said to be nearly uniformly convex if and only
if Ag,,(X) = 0. This property was originally introduced in [H] and was
intensively studied in the last years (see [P], [KL1], [KL2], [Ku], [ADL] and
references therein).

Let X be a Banach space. The drop D defined by an element z € X\ By
is the set co({z} U Bx), and we set R, = D.;\Bx. In [Ku] the following
useful characterization of the nearly uniform convexity was given:

Proposition 1.1. A Banach space X is nearly uniformly convex if and only
if for each € > 0 there exists 6 > 0 such that ifz € X with 1 < ||z|| < 1+,
then sup{u(C):C C R, C convex } < ¢.

In order to simplify the notation, if A is a bounded subset of X we write
R(A) = sup{p(C) : C c A, C convex}. Obviously ji is not in general a
measure of noncompactness. For example, if X = £ and A = {e, : n € N}
where e, = (0,0,...,1™,0,...), then |le, — en|| = 2'/7 for every n # m
and so a(A) = 2'/?. However, &(A) = 0 because A does not contain any
convex set with more than one point.

We are going to define a new modulus for the near uniform convexity
using this characterization. We shall need the following lemma.

Lemma 1.2. Let X be a Banach space and z € X\Bx. Then

p(Bx)(llzll - 1)
ll=ll

< l-"(Rx) S l"(BX)'
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Proof. Since R, C co({z}U By ), we deduce from the properties of p that
ﬁ(Rz) < /"'(BX)'

In order to prove the second inequality, we consider two arbitrary real
numbers 6 and d such that § > 0 and 0 < d < 1. For every y € Sx we
define the set M(dy,6) = B(dy,1 — d + 6)\Bx. Observe that éu(Bx) <

Indeed, consider the closed ball B(y,é) and let 2 € B(y,6). Then

lz—dyll=llz=(y - (A -l = I(1 —d)y+z -yl < 1-d +6.

Therefore B(y,6) C B(dy,1 — d + 6). Let f be a linear functional in the
dual space X* such that ||f|| = f(y) = 1. Then

F = {z € B(y,6): f(z) > 1} C M(dy,$).
Since p(F) = éu(Bx) and F is convex, we deduce that
ép(Bx) < i (M(dy,6)).

Let now t > 1 and 0 < § < (t—1)/t. Choosing d = té/(t — 1), we obtain
0<é§<d<1andt=d/(d-§). Using this and [KP, Proposition 1} we
conclude that M(dy,6) C R, and so éu(Bx) < 1(M(dy,é)) < i(Ryy).

Since & is arbitrary up to the condition 0 < é < (t — 1)/t, we ob-
tain p(Bx)(t — 1)/t < fi(Rsy), which is the required inequality for every
z € X\By. a

Corollary 1.3. For every ¢ € [0,u(Bx)) and y € Sx there exists t > 1

such that S
u(Bx )(t — )>€.

p'(Rty) 2 1

Let us define now the following function:

Definition 1.4. Let X be a Banach space. We define the following mod-
ulus associated to the measure of noncompactness u: Dx , : [0,u(Bx)) —
[0,+00) given by

Dy u(e) = inf{|jz]| - 1 : z € X\Bx, i(Rz)> ¢}.

The coefficient of noncompact convexity of X corresponding to this mod-
ulus is the number Dy ,(X) = sup{e > 0: Dx ,(¢) = 0}. From Proposition
1.1 we conclude that a Banach space X is nearly uniformly convex if and
only if Dy ,(X)=0.
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Proposition 1.5. Let X be a Banach space. The mapping Dx , has the
following properties:
(a) Dx,, is nondecreasing in [0, pu(Bx)) and Dx ,(0) = 0.
(b) For every € € [0,u(Bx)) we have 0 < Dx ,(¢) < e/(u(Bx) — ¢€)-
(c) Dx,, is continuous at zero.
(d) For every € € (0,u(Bx)/2) we have Dx ,(¢) < 2¢/u(Bx).

Proof.

(a) It is a trivial consequence of the definition.

(b) Let £ € [0,p(Bx)) and z € X\ Bx such that ||z|| > p(Bx)/(#(Bx)—¢).
Then ¢ < pu(Bx)(llzll - 1)/l|z]| < A(R<), and so

: ) 5
inf{||zl| : &(Rz) > €} = 1+ Dx,u(e) < #(“T(x)i—)—f_

Hence Dy ,(¢) < ¢/(u(Bx) - ¢€).
(c) It follows from (b).

(d) If £ € (0,u(Bx)/2) then p(Bx)—¢€ > u(Bx)/2 and the result follows
from (b). a

The following theorem shows the relationship between the new modulus
defined above and the noncompact modulus of convexity in the general class
of all Banach spaces for the measure of noncompactness £.

Theorem 1.6. Let X be a Banach space. Then Ag s(X) < 2Dg 5(X) <
440 5(X).

Proof. In order to obtain the first inequality, it suffices to prove that

B
Dx p(e) < 2(Dx g(€) + 2)Ax g(e) foralle € [0, ig—&)-) :

Since the inequality is obvious if Dx g(¢) = 0, we can suppose that
Dx g(e) = s > 0. Let r be a real number such that 0 < r < sand A a
convex subset of Bx with B(A) > 2¢. Let us consider a sequence {z,} in
A with sep({z,}) > 2¢. We are proving by contradiction that

r

co({z}) N (1 = m) Bx #0.

To reach a contradiction we take y = (1+7)z), yn = (¥+2a)/2, n € N.
Observe that 1 < ||y|]| < 1 + s and {yn} C Ry. Indeed,

gl = (1 + 7)llzall <1+,
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T r(l+s—-r71)
—_—— =14 — 251
Il > @) (1= o) =14 LD
14+r |
”yn“—” 1+ (2+ 2+rzn)

>(1+§)(1—3—172) = 1+TE::;;; > 1.

Therefore {y,} C R,. Actually co({yn}) C R,. Indeed, for any choice
Yn;» t = 1,2,... ,k and positive coeffcients v;, 1 = 1,2,... ,k, Efﬂ 1i=1,
we have

1+ -l
31 = (145) (Felor+ 7 S ).

Thus ”Zf:l YiYn, ” > landso co({yn}) C R,. Since B(R,) < ¢, we deduce

that sep( co({yn}) < € and so sep({yn}) < €.
It follows that sep ({z.}) < 2¢ and this contradicts our assumption.
Therefore, there exists z € co({z,}) such that

4
<1 - —.
el < 1- =

Hence, we have proved that if A is a convex set contained in Bx with
B(A) > 2¢, we have inf{||z|| :z € A} < 1-7/(s+2) and so

r
s+ 2

sup{inf{||z|| : z € A} : A C Bx, A convex, B(A)>2} <1-
It follows that r < (s 4 2)Ax(2¢) and since r was chosen arbitrarily

smaller than s = Dx g(¢), we can conclude the required inequality.

In order to obtain the second inequality we are proving that

Axp(e) <2 lim+ Dx'g(26') for alle € [0,ﬂ(Bx)/2].
e —e

Suppose Ax g(e) > 0. Let z € X\ By such that 1 < ||z|| < 1+Ax'p(e)/2
Let {z,} C R such that co({z,}) C R;. Thenify; > 0, i =1,2,...,k;

}:f___l v:i = 1, we have Z‘=1 YiZn, € Rz and so

k
ZTi-’Cn.

1=1

1<

<1+ —Ax’;(e).
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For every n € N we define y, = (1 - d—"‘;fﬂ) z,. Then

fonl < (1~ 252D (1 SxaD)

and so co({yn}) C Bx. Moreover,

k k
= Ax,sle) ; Ax p(e)
|3 e = (1 - 258D) [ | > 1- 222
; Axple)
= inf{||z]| : z € co({ya})} > 1- —g > 1-Axp(e)

and consequently,

Bleo({und)) 2

Aotz = 2agla < 2= Ay pe) = >

Therefore, we have proved that if {z,} C R. and co({zn}) C R with
1 < |lz|l < 1+ Axp(g)/2, then B( co({z,})) < 2¢ and so B(R;) < 2e.
This implies that

Ax ple)
E 2

and the required inequality is obtained. a

Dy p(2¢")

From [ADL, Chapters V and VI] and Theorem 1.6 we obtain the following
result which is useful in fixed point theory for nonexpansive mappings [Ki]:

Corollary 1.7. If Do s(X) < 1/2, then the space X is reflexive and has
normal structure.

2. Computation of the modulus in Hilbert spaces. Let us remember
that if H is a Hilbert space, for every z € H, z # 0, there exists a unique
f € H* with ||f|| = 1 such that f(z) = ||z||. Hence, if z € Sy then there is
a unique f € H* such that ||f|| = 1 = f(z). We shall denote this functional
by G..

The purpose of the following lemmas is to calculate the measure fi of R,
in this class of spaces.
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Lemma 2.1. Let H be a separable and infinite dimensional Hilbert space,
z € H with ||z|| =1 and § > 1. Then

A(Rsz) = p({z € Rsz : G=(2) 2 1}).

Proof. Let C be a convex set contained in Rs.. Using the Hahn-Banach
theorem we obtain a functional f € H* such that ||f|| =1 and f(2) > 1 for
every z € C. Moreover, since H is reflexive and strictly convex, there exists
a unique y € Sy such that f(y) = 1 and so, we write f = G,.

Let us see that Gy(éz) > 1. Indeed, if Gy(éz) < 1, we take z € C, z =
Au+ (1 — A)éz, with u € By and 0 < A < 1 and we have

Gy(2) = AG,(u) + (1 - N)G,(6z) < 1

which is a contradiction.
Let us consider now the following sets:

A={z€ Rsz :G;(2) 21}, B={z€ Rz : Gy(2) > 1},

Ay = {z € Rs; : G2(2) 2 1, Gy(2) £ 1},
By ={z€ Rsz : Gz(2) <1, Gy(z) > 1},
D ={z€ Rsz : G(2) 21, Gy(2) > 1}.

We have A = Ay UD and B = B, U D. In order to prove the proposition it
suffices to obtain that p(B;) < u(4,).

If z = y then A; = B; and the result is obvious. So we can suppose that
z # y. Let us consider the unique vector u = Az + py such that G (u) =1
and Gy(u) = 1. Let o be the symmetry of centre u. We shall see that
U(Bl) C A;.

Let 2 € B;. Then o(2) = 2' = 2u—z, G.(2') = 2 -G,(z) > 1 and
Gy(2') = 2-Gy(2) < 1. To obtain that z' € 4;, we only have to show that
2' € Rsz.

If z € By with Gy(2) > 1 and G(2) < 1, then it is not difficult to check
that the line passing through éz and z intersects the sets H, = {v € H :
Gz(v) = 1} and Hy = {v € H : Gy(v) = 1} at two points, say z; and
2y, in such a way that 2 is on the segment line [z, z,]. Since AU {z} is a
convex set, it is enough to prove the result for the points z € B; N H, or
z€ BN Hy.

Let 2 be a point of By N H,. We can suppose without loss of generality
that z, y and z are linearly independent vectors. Let {e;,es,e€3,....} be a
complete orthonormal system of H.
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We consider the sequence {z,y, z, €, €2, .....}. Applying the Gram-Schmidt
orthonormalization process we obtain a Schauder basis {u;, uz, us,.....} of
H such that

z =(1,0,0,0,....), ¥ =(%,%,0,0,....), z=(2,22,23,0,.... ),

Gr=(1,0,0,0,....), Gy=(y1,y2,0,0,....).

Moreover, from the conditions for y and z, we have the following equalities
and inequalities:

¥+ =1,
1

- 1,
gn<

G;(Z) =l = Esil,
Gy(z) 21 =2y +ypzn 21,

e (1, 1;2"",0,0, 0)

Furthermore, the symmetric point of z = (1, 23, 23, 0, 0,....) with respect
to u is

"o (1’ 2(1—m)

Fiad— (z;,zz,za,0,0,...)= . -2z, —23,0,0, O,...).
2

Since ¥, + y222 > 1, it is not difficult to check that

62 (z;2 + 2:;,2)2 < (6- z;)z + z.;2 + z;z < 6(6-z)

and this condition implies that the line {A2z’ + (1 — A)éz : A € R} intersects
the unit ball in one or two points for A > 1, that is, 2’ € Rs.

Similarly, if z € By N H, we obtain the same result, and so o(B;) C A;.
This implies that p(B;) < u(A;) and the proof is complete. a

Lemma 2.2. Let H be a separable and infinite dimensional Hilbert space,
{e1,€, €3, ...... } a complete orthonormal system of H and § > 1. Then:

(a) If z € H with ||z|| = § > 1, we have a(R;) = ji(Rse,)-
(b) Let S ={z € H :2= Y zie; = (a1,22,73,.), llall S 1, 21 =

1i=1
Then T&(Rs.,) = TO(S U {be1}).
(c) Let A= {r € Rs, : Ge,(z) > 1} and h the homothety with centre

641
de, and ratio 1: . Then h(AU {e1}) = co(S U {ée1}).

Sn | -
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Proof. (a) Let us consider the sequence {z,e,,e€,€3,.....}. Applying the
Gram-Schmidt orthonormalization process we can obtain a Schauder basis
{u1,us,us,......} of H such that z = §u;. The mapping f : H — H defined
by f(un) = ey, for every n € Nis an isometry such that f(z) = f(6u;) = be;.
Hence, we have f( co({z} U By) = co(f(z)U f(Bn)) = co({ée1} U By).
Therefore f(R;) = Rse, and we have just proved (a).

(b) Let C = {z € S :||z|| = 1}. We shall prove the following facts:
(i) S= co(C).
(ii) C c o(Rs.,)-
(iii) Rse, C co({be1} U S).
Indeed,

(i) It suffices to note that S — e;/é is a closed ball, centered at 0 with
radius (1 — 1/62)"’2 and C — e /6 is the corresponding sphere.

(ii) If z € C then G;(de;) = 1 and so z € €(Rse,) (see [AF, Lemma
2.1)).

(ii) Let 2 € Rse,. Then, we can write 2 = ée; + A(y — be;) with y =
(y1$y2a y3)"") =hnea +y,’ ”y” = la ) 2 1/6’ Gy(éel) >1 and 0 < A<l
(see [ADF, Lemma 2.1] and [AF, Lemma 2.1 and Example]). It is easy to
check that the line {ée; + t(y — ée;) : t € R} intersects S when t = (§ —
1/6)/(6 —v1) > 1, and so z € co({de;}US). Hence Rs., C co({be;} U S).

From (i) and (ii) we deduce that § C “(Rs.,) and so, co({6e1}US) C
“6(Rse, ). The converse follows from (iii).

(c) The equation of the homothety is the following:

h(z)=z' =

e I — €.
Let now z € A. Then z € Rge, and z; > 1. Set z =tz + (1 — t)ée; with
2€S8,z=(1/8,29,23,....) and 0 < t < 1. Then
o -6t — \
h(z): :tz+6 6; t661 =19z +10e,
where tg > 0, t; > 0and ¢, +t; = 1. So h(z) € co(SU {ée1}).
Conversely, let ' € co(SU {ée,}), z' = sz+ (1 — s)de; with 2 € S and

0 < s < 1. Then z' is the image of z = 6‘f+—‘512+ 6—%(1—3+%)6e1 = $9z+3510€;

with 0 <sp <1, 0<s <1 and sg + s; = 1. Moreover,
s6 1 4 1
= = )6 = = = >
6+16+6+l(1 s 3 gHELs =1)d —a)d 20

and so z € A. a
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Corollary 2.3. Let H be a separable and infinite dimensional Hilbert space
and z € H with ||z|| > 1. Then

oy o (2l =1
) = 2Nl L foes
oo (Ml =1)"
= (1)
; =(2(nzu—1))”2
PRI=\ e+ )

Proof. The result follows from [ADF, Theorem 2.4 and Corollary 2.5] and
the equality a(R;) = a(Rse,) = a%ﬂ(lz&ex) with é = ||z|| and g any of the
measures of noncompactness a, x or 3. O

Theorem 2.4. Let H be a separable and infinite dimensional Hilbert space.

Then
2

£

Dy ole) = gD (M3 [0,2),
2¢?
Dn,x(s) = ma £k [0)1)7
2* =
Dy ple) = 2 _ g2 e €0, V2).

Proof. We present the proof only for the measure a. The other cases are
similar. Since the mapping 6 — 2[(6—1)/(6+1)]'/2 is strictly increasing, the
infimum in the definition of Dy 4(¢) is attained for 2[(6—1)/(6+1)])!/? = ¢,
that is for 6 = (4 + £2)/(4 — €*). Hence Dy o(e) = (4+€*)/(4—-€?) -1 =
2¢% /(4 — €2). a

REFERENCES

[ADF] Ayerbe, J. M., T. Dominguez Benavides and S. Francisco Cutillas, A modulus
for the property (8) of Rolewicz, Colloq. Math. 73 (2) (1997), 183-191.

[ADL] Ayerbe, J. M., T. Dominéuez Benavides and G. Lépez Acedo, Measures of
Noncompactness in Metric Fized Point Theory, Birkhauser Verlag, Basel, to
appear.



28

J. M. Ayerbe and S. F. Cutillas

(AF]

[AKPRS)]

(B]
€
(D]

(DL)
[GGM]

(GK]
(GS]
(H]

(K]
(Ki]

[KL1)
[KL2)
(KP]
(Ku]
(0]
(P)
(s

(Ww]

Ayerbe, J. M. and S. Francisco Cutillas, A modulus for the uniform convezity,
preprint.

Akhmerov, R. R., M.I. Kamenskii, A.S. Potapov, A.E. Rodkina and B.N.
Sadovskii, Measures of Noncompactness and Condensing Operators, Birkhauser
Verlag, 1992.

Banas, J., On modulus of noncompact convezrity and its properties, Canad.
Math. Bull. 30 (2) (1987), 186-192.

Clarkson, J. A., Uniformly convez spaces, Trans. Amer. Math. Soc. 40 (1936),
396-414.

Day, M. M., Uniform convezity in factor and conjugate spaces, Ann. of Math.
45 (2) (1944), 375-385.

Dominguez Benavides, T. and G. Lépez Acedo, Lower bounds for normal
structure coefficients, Proc. Roy. Soc. Edinburgh Sect. A 121A (1992), 245-
252.

Gohberg, I. C., L.S. Goldenstein and A.S. Markus, Investigation of some prop-
erties of bounded linear operators in connection with their g-norms, Uchen.
Zap. Kishinev. Un-ta 29 (1957), 29-36 (Russian).

Goebel, K. and W.A. Kirk, Topics in Metric Fized Point Theory, Cambridge
University Press, Cambridge, 1990.

Goebel, K. and T. Sgkowski, The modulus of noncompact convezity, Ann.
Univ. Mariae Curie-Sklodowska Sect. A 38 (1984), 41-48.

Huff, R., Banach space which are nearly uniformly convez, Rocky Mountain
J. Math. 4 (1980), 743-749.

Kuratowski, K., Sur les espaces complets, Fund. Math. 15 (1930), 301-309.
Kirk, W. A., A fized point theorem for mappings which do not increase dis-
tances, Amer. Math. Monthly 72 (1965), 1004-1006.

Kutzarova, D. N. and T. Landes, Nearly uniform convezity of infinite direct
sums, Trans. Indiana Univ. Math. J. 41 (1992), 915-926.

, NUC and related properties of finite direct sums, Boll. Un.Mat.Ital.
8 (1) (1994), 45-54.

Kutzarova, D. N. and P.L. Papini, On a characterization of property (8) and
LUR, Boll. Un. Mat .Ital. (7) 6-A (1992), 209-214.

Kutzarova, D. N., k-(8) and k-nearly uniformly conver Banach spaces, J.
Math. Anal. Appl. 162 (2) (1991), 322-338.

Opial, Z., Lecture Notes on Nonezpansive and Monotone Mappings in Banach
Spaces, Center for Dynamical Systems, Brown University, 1967.

Prus, S., Nearly uniformly smooth Banach spaces, Boll. Un. Mat. tall. 7 (3B)
(1989), 507-521.

Sadovski, B. N., On a fized point principle, Funct. Anal. Appl. 4 (2) (1967),
74-76.

Wells, J. H. and L. R. Williams, Embeddings and Ertensions in Analysis,
Springer Verlag, Berlin, 1975.

Departamento de Analisis Matematico received July 24, 1997
Facultad de Matemadticas

Universidad de Sevilla, Aptdo. 1160, Sevilla 41080, Spain

email: ayerbe@cica.es


mailto:ayerbe%40cica.es

