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ABSTRACT. In this paper we introduce a new iteration procedure of Mann’s
type for approximating common fixed points for a family of nonexpansive
mappings in a Hilbert space. Then, using some ideas in the nonlinear ergodic
theory, we prove that the iterates converge weakly to a common fixed point
for a family of mappings. Further, we prove the strong convergence theorems
for a noncommutative family of nonexpansive mappings in a Hilbert space.

1. Introduction. Let C be a nonempty closed convex subset of a real
Hilbert space H. Then a mapping T : C — C is called nonexpansive, if
ITz — Ty|| < ||z — y|| for all z,y € C. We denote by F(T) the set of fixed
points of T.

Mann [11] introduced an iteration procedure for approximating fixed
points of a mapping T in a Hilbert space as follows:

(1) z3=z€C, zp41=0n2n+(1-0,)Tz, forevery n>1,
where {a,} is a sequence in [0, 1].
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Later, Reich [13] discussed this iteration procedure in a uniformly convex
Banach space whose norm is Fréchet differentiable and obtained that the
iterates {z,} converge weakly to a fixed point of T if 37~ , an(l—ay,) = 00
and F(T) # 0.

On the other hand, Baillon [1] proved the first nonlinear ergodic theorem
for nonexpansive mappings in a Hilbert space: Let C be a nonempty closed
convex subset of a Hilbert space and let T be a nonexpansive mapping of

C into itself. If the set F(T) is nonempty, then for each z € C, the Cesaro
means

n-1
Iule) = % Z Tz
k=0

converge weakly to some y € F(T). This result has been extended to non-
linear ergodic theorems for families of nonexpansive mappings by several

authors (see, e.g. [2], [6], [7], [14], [15], 17]).

2. Preliminaries. Throughout this paper we assume that H is a real
Hilbert space. In a real Hilbert space H, we have

Az + (1= Nyll* = Allzll* + (1 = Mllgll* = A1 = Dz - ylI®

for all z,y € H and A € R with 0 < XA < 1. We write z,, — z to indicate

that the sequence {z,} of vectors converges weakly to z. Similarly z,, — z

(or lim z,, = z) will symbolize strong convergence. We denote by R and
n—oo

R* the set of all real numbers and the set of all nonnegative real numbers,
respectively. For a subset A of H, co A and €6A mean the convex hull of A
and the closure of the convex hull of A, respectively.

Let S be a semigroup and let B(S) be the Banach space of all bounded
real valued functions on S with supremum norm. Then, for each s € §
and f € B(S), we can define elements r,f € B(S) and I,f € B(S) by
(rsf)(t) = f(ts) and (I,f)(t) = f(st) for all t € S, respectively. We also
denote by r; and [; the conjugate operators of 7, and l,, respectively. Let
D be a subspace of B(S) and let p be an element of D*. Then, we denote
by u(f) the value of p at f € D. Sometimes, u(f) will be also denoted by
pe(f(t)) or [ f(t)dp(t). When D contains constants, a linear functional 4
on D is called a mean on D: if ||g|| = (1) = 1. We also know that u is a
mean on D if and only if

inf f(s) < u(f) < sup f(s)
e s€S

for each f € D. For s € §, we can define a point evaluation é, by é§,(f) =
f(s) for every f € B(S). A convex combination of point evaluations is called
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a finite mean on S. A finite mean on § is also a mean on any subspace D of
B(S) containing constants. Further, let D be a subspace of B(.S) containing
constants which is r,-invariant i.e., r,D C D for each s € S. Then, a mean
pon D is called right invariant if p(r,f) = p(f) for all s € § and f € D.
Similarly, we can define a left invariant mean on a l,-invariant subspace of
B(S) containing constants. A right and left invariant mean is called an
invariant mean.

The following definition which was introduced by Takahashi [15] is crucial
in the nonlinear ergodic theory for abstract semigroups. Let u be a function
of § into H such that the weak closure of {u(t):t € S} is weakly compact
and (u(:),y) € D for every y € H. And let p be an element of D*. Then,
by the Riesz theorem, there exists a unique element u, € H such that
(wu,y) = py(u(s),y) forall y € H.If p is a mean on D, then u,, is contained
in @5{u(t) : t € S} (for example, see [8], [9], 15]). Sometimes, u, will be
denoted by [ u(t)du(t).

Let C be a subset of a Hilbert space H. Then, a mapping T of C into itself
is said to be nonexpansive on C if ||Tz — Ty|| < ||z — y|| for every z,y € C.
Let T be a mapping of C into itself. Then we denote by F (T') the set of fixed
points of T. On the other hand, a family & = {T'(s) : s € S} of mappings
of C into itself is called a nonexpansive semigroup on C if it satisfies the
following conditions:

(i) T(st) = T(s)T(t) for all s,t € S;
(ii) IT(s)z — T(s)yll < ||z — y|| for all z,y € C and s € §.

We denote by F(S) the set of common fixed points of T(t),t € S, that
is, F(8) = [ F(T(t)).

tes

We know that a Hilbert space H satisfies Opial’s condition [12], that is,
for any sequence {z,} C E with z, — z € E, the inequality

(2) liminf ||z, — z|| < liminf ||z, — yl|

holds for every y € E with y # z.

3. Weak convergence theorems for nonexpansive semigroups. Let
S be a semigroup, let C be a nonempty closed convex subset of a Hilbert
space H and let S = {T(t) : t € S} be a nonexpansive semigroup on C
such that F(S) # 0. Let D be a subspace of B(S) such that D contains
constants and for any z € C and y € H, (T(-)z,y) € D. For any mean
# on D and z € C, there exists a unique element T,z in C such that
(Tyz,2) = py(T(s)z, 2) for all z € H; see [7], [15).
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Now consider the following iteration scheme :
B) z1=2€C and zp41=anzn+(1—an)T, 2, forevery n>1,

where {a,},—, is a sequence in [0,1] and {u,} is a sequence of means on
D. Putting T,z = a,z + (1 — a,)T,, z for every z € C, the mapping T, of
C into itself is also nonexpansive. In fact, let z,y € C. Then, for any z € C,
we have

[Tz = Toosll = sup | (@612 - T 1)
izl <1

i / IT(s)z = T(s)yll |zllden(s)
lzll<1J

< [17(s)2 = T()ldun(s) < ll2 - o)
and hence
Tnz = Tayll = [{anz + (1 - @n)Tu, 2} = {any + (1 - @n) Ty, 9}
< anllz -yl + (1 = @n)|Th,z - Ty vl
Sapllz =yl + (1= an)llz - yll = ll= - yll-
Further, we have F(S) C F(T,,) C F(T,) for every n > 1 and hence

c [ F(Tn).
n=1

Using ideas of [2], [6], we can prove the following lemma.

Lemma 3.1. Let C be a nonempty bounded closed convex subset of a
Hilbert space H and let S be a semigroup. Let S = {T'(t):t € S} be a
nonexpansive semigroup on C and let D be a subspace of B(S) containing
constants and invariant under every l,,s € S. Suppose that for each z € C
and z € H, the function t — (T(t)z,z) is in D. Let {u,} be a sequence of
means on D such that nli_{r;()”u,, —pn|| = 0 for every s € S. Then,

lim sup ||T,,z —T(t)T,,z|| =0

n—oo r€C

for every t € S.
Proof. Let u € H. We have that

T nm_"”2 = (Ty,z —u, Ty z — u) = (pn)e{T( ):l:—u,T“n:r—u)
= (e ()T ()2 = 0, T8} = ).
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Since

2(T(t)z — u, T(s)z — u) = ||T(t)z — ul|?
+IT(s)z — ull* = |IT(t)z — T(s)e||?,

we have

2(#71): (I‘n)s(T(t)z T U’T(S)I 5 u)
(4) = ()t (n)s {IT )z — ull? + |1 T(s)e — ul® ~ IT(t)z — T(s)e||}
= 2(pn)elIT(t)z = wll® = (a)e (1n)slIT(8)z = T(s)z||*.

Then, putting u = T, = in (4), we have

(1)t ()T (D)2 = T(8)z® = 2pn)elIT(t)z ~ Ty, 2.
So, it follows that
(8)  NTuuz = ull® = (ka)elIT(t)z — ull® = (a)ell T(t)z = Ty, 2|2
Let s € S. Putting u = T(3)(T,, z) in (5),
I17uaz = T(8)Tu2zll* = (1n)ellT(t)z = T(8)T s, 2l|* = (pn)el|T()z — Ty, 2|2
Then, we have that

I Tunz = T(8)T,,2]I*
=(pn =)l T(O)z = T(8)Tuo 2|l ~ (pa)ell ()7 = Ty z|l®
+ (3pn)elIT(t)z = T(s)T, 21
=(pn=3pn) IT(8)z = T(8)Tu, zl* = (1)l T(t)z = Ty, 2|?
+ (a)elIT()T ()2 — T(8)T o, 2||?
< (pn—15pn)e||T(2)z - T(s)T,,“z||2 — ()l T(t)z = T, 2|?
+ (n)el|T(t)z = Ty, 2||?
=(n=pn)eIT()z = T(s)T,,21® < |lin = Lanll - M,
where M = 4sup||:¢:||2 So, we have that lim sup||T z—-T(s)T, z|]| =0

z€eC n—oor€C
for every s € S.

a
We have the following lemma for iterates {z,} defined by (3).
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Lemma 3.2. Let C be a nonempty closed convex subset of a Hilbert space
H and let S be a semigroup. Let S = {T(t) : t € S} be a nonexpansive
semigroup on C such that F(S) # (. Let D be a subspace of B(S) containing
constants and invariant under every l,,s € S. Suppose that for each z € C
and z € H, the function t — (T(t)z,z) is in D. Let {u,} be a sequence of
means on D. Suppose z; = z € C and {z,} is given by

Tn+1 = anZn + (1 — ap)T, z, forevery n> 1,
where {a,} is a sequence in [0,1]. Let w be a common fixed point of

T(t),t € S. Then, lim ||z, — w|| exists.

Proof. Let w be a common fixed point of T'(t),t € S. Then, we have
lZnt1 — wl| = |lanzn + (1 = )Ty, 20 — ||
< anllzn — w|| + (1 = an)|| Ty, zn — w||
< apllzn — w|| + (1 - an)llzn — wl|
= [|2n — ||
and hence ,.h_.néo ||zn — wll exists.
O
Using Lemma 3.1, we obtain the following lemma which is essential to

prove the weak and strong convergence theorems.

Lemma 3.3. Let C be a nonempty closed convex subset of a Hilbert space
H and let S be a semigroup. Let S = {T(t) :t € S} be a nonexpansive
semigroup on C such that F(S) # @ and let D be a subspace of B(S)
containing constants and invariant under every l;,s € S. Suppose that for
each z € C and z € H, the function t — (T(t)z,z) is in D. Let {u,} be a
sequence of means on D such that ,,li_.néo”"" —ip,|| = 0 for every s € S.

Suppose 1 = ¢ € C and {z,} is given by
Tn41 = 0nZpn + (1 —ay)T,, . forevery n2>1,
where 0 < a,, < a for some a with 0 < a < 1. Then,
li'rln||T(t)a:n —z,||=0 forevery teS.
In particular, z,,, — yo implies yo € F(S).
Proof. For z € C and f € F(S), put 7 = ||z — f|| and set
X={ueH:|u-fll<r}nC.
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Then X is a nonempty bounded closed convex subset of C' which is T'(t)-
invariant for every t € S and contains zy = z. So, without loss of generality,
we may assume that C is bounded. Then, it follows from the definition of
{zn} that 2,4y — Ty, 2n = an(zn — Ty, z5).

Let w be a common fixed point of T(¢),t € S. Then, from

| Zas1 — wl? = |lan(za = w) +(1 = @n )Ty, 2z = w)|I?
= anl|lzn - w”2 + (1= an)l|Ty,zn - w||2
= on(l = an)||Tu,zn - ""n”2
we have
an(l = a)||Ty, zn — 2ul® < @n(l = an)l|Ty, 20 - 2zall?
= anllzn — vl + (1 = @n)|Tupzn — wl* = 2041 = w|*
< anllzn = w|? + (1= an)l|za — w|* = [[2nt1 — w|?
= lzn - w1 = lens1 - wll®.
Then, from Lemma 3.2, we obtain
(6) Jlim an||Ty,zn — 24| = 0.
Since, for each t € §,
IT()2nt1 = Zagall € IT@ 21 = Tzl
+ | T(O)T Ty, zn = Tupznll + | Tup @n = Tnsa|
L 2Ty, 20 = Zarll + | T () Ty, 20 — Ty, zall
= 2an||zn = Tuazall + IT() Ty, 20 — Tyuuzall,
from (6) and Lemma 3.1, we have
™) Jim_|IT(6)2n - 24| = 0.
Assume z,, — yo and yo ¢ F(S). Then, we have yo # T($)yo for some
s € §. Since H satisfies Opial’s condition [12] from (7), we obtain,
lim inf [z, ~ yoll < lim inf [z, — T()sol
= liin_l.i’rgf |zn, = T(8)zn, + T(s)zn, — T(s)yol|
= lim inf [[T(s)an, = T(s)soll < liminf [z, — ol

This is a contradiction. Hence, we obtain that y is a common fixed point
of T(t),t € S.
a
Now we can prove a weak convergence theorem for nonexpansive semi-
groups in a Hilbert space.
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Theorem 3.4. Let C be a nonempty closed convex subset of a Hilbert
space H and let S be a semigroup. Let S = {T(t):t € S} be a nonexpansive
semigroup on C such that F(S) # 0 and let D be a subspace of B(S)
containing constants and invariant under every l,,s € S. Suppose that for
each z € C and z € H, the function t — (T(t)z,z) is in D. Let {u,} be a
sequence of means on D such that nli_‘mm"#n — lipn|| = 0 for every s € S.

Suppose z, = z € C and {z,} is given by
Tp41 = 0nZn+ (1 —ay)T, z, forevery n> 1,

where {a,} is a sequence in [0,1]. If {a,} is chosen so that a, € [0,a] for
some a with 0 < a < 1, then {z,} converges weakly to a common fixed
point yo of T(t),t € S.

Proof. Let w be a common fixed point of T(t),t € S. Then, from Lemma
3.2 lim ||z, — w|| exists. As in the proof of Lemma 3.3, we may assume
n—oo

that C is bounded. So, {z,,} must contain a subsequence which converges
weakly to a point in C. So, let {z,,,} and {z,,} be two subsequences of {z,}
such that z,;, — z; and =z,; — z;. Then, from Lemma 3.3, we have that
z) and z; are common fixed points of T'(t),t € S. Next, we show z; = 2;.
If not, then since H satisfies Opial’s condition [12], we have

lim iz - 21l = lim [|zn, — 2]
n— 00 t— 00
< lim ||z, — 23]l = lim ||z, = || = lim ||z, — 25|
1— 00 n—oo0 J—o0
< lim ||zn, — 21| = lim ||z, — 2]|.
J—00 n— 00

This is a contradiction. Hence, we obtain z, — yo € F(S).
a

As direct consequences of Theorem 3.4, we have the following corollaries.

Corollary 3.5. Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T' be a nonexpansive mapping of C into itself such
that F(T) # 0. Suppose z; = z € C and {z,} is given by

1 1 V1, 1l =~
-""ﬂ-mf"+(1*n—“);§“n-m2“"

=0

for every n > 1. Then, {z,} converges weakly to a fixed point of T.
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Proof. Let § = {0,1,2,...},8§ = {T": i € S}, D = B(S) and A, (f) =
n-—1

LSy f(2) forall n=1,2,... and f € D. Then, {A\,:n=1,2,...}isa
sequence of means. Further, we have

. 5 1 2
IAn = FAnll = sup [(An = FA)(S) = = sup [f(0) - f(n)| < — -0,
(FAIRS} s S

as n — oo and hence for k > 2,
IAn = ARl < AR = g Anll + - -+ lITAn = Anll S EllAn = HAal| — 0,

as n — 00. Therefore, we obtain Corollary 3.5 by using Theorem 3.4.
a

Let N={0,1,2,...} and let @ = {qn m }n,men be a matrix satisfying the
following conditions:

00
(a') il;p{] Z an,ml < 00;

() Gim Y gum=1;

m=0

[= o]
(C) nlimw Z;l(In,m-H = Qn,ml =0.
m=
Then, according to Lorentz [10], Q is called a strongly regular matrix. If
Q is a strongly regular matrix, then for each m € N, we have that |g, | — 0,

as n — oo (see [7]).

Corollary 3.6. Let H and C be as in Corollary 3.5. Let T be a nonex-
pansive mapping of C into itself such that F(T) # 0. Let @ = {gn,m }n,meN
be a strongly regular matrix. Suppose =, = z € C and {z,} is given by
Tngr = @nZn + (1 — an) Yoo qnmT™z, for every n > 1, where {ay} is
a sequence in [0,1]. If {a,} is chosen so that a, € [0,a] for some a with
0<a<1, then {z,} converges weakly to a fixed point of T.

Proof. Let § = {0,1,2,...},8 = {T" : n € S}, D = B(S) and A,(f) =
%E‘:ﬂ Gn.m f(m) for each n = 1,2,... and f € D. Then, {A\, : n =
1,2,...} is a sequence of means. Further, we have ||A, — lzA,]| — 0 for
every k =0,1,2,.... Indeed, we have that

©o

”’\n - l;’\nll = ||Sfl|:r<)l |(’\n - I;An)(f)l = Ssup Z Qn,m{.f(m) = f(m + 1)}

i<t | =o
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= II.Sfulp gn0f(0) + Z Gnm+1f(m+1) — Z Gn,m f(m + 1)
m=0 m=0

< Z lQn,m+l i Qn,ml + |Qn,0| - 0,

m=0

as n — 0o and hence for k > 2,
IAn = LAl < 1KAR = iy Anll + -+ 1T An = Aall
S k||An = l{ A5l — O,
as n — 0o. So, using Theorem 3.4, we obtain Corollary 3.6.
O

Corollary 3.7. Let H and C be as in Corollary 3.5. Let U and T be
nonexpansive mappings of C into itself with UT = TU and F(T)nN
F(U) # (0 Suppose zy = z € C and {z,} is given by z,41 = a,z, +
(1-an)r E‘ i=0 U ‘Tiz, for every n > 1, where {a,} is a sequence in
[0,1). If {an} is chosen so that a, € [0,a] for some a with 0 < a < 1, then
{z.} converges weakly to a common fixed point of T and U.

Proof. Let 5 = {0,1,2 .} x{0,1,2,...},S = {U'TJ' (i,j) € S}, D =
B(S) and A, (f) = 25 2"“10 f(i,3) for each n=1,2,... and f € D. Then,
{Apin=1, 2 ..} is a sequence of means. Further, we have that for each

(l,m) € S,

1An = 11, myAnll = ey [(An = 1Gi,m) An ) ()

n-—1 n-1

Z:f(u) Zf(z+la+m)

nd
l|f||<1 3 s g {5=0

IA

E{,.n+m(n_z)+z-n+m(n—l)}

%{211(1 m) = IRl

as n — o0o. Therefore, using Theorem 3.4, we obtain Corollary 3.7.
0O

Let C be a bounded closed convex subset of a Hilbert space H and let
S' = {T(t) : t € R*} be a family of nonexpansive mappings of C into
itself. Then, S’ is called a one-parameter nonexpansive semigroup on C if
it satisfies the following conditions:

T(0) = I, T(t+ s) = T(t)T(s) for all t,s € R* and T(t)z is continuous in
t € R for each z € C.
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Corollary 3.8. Let H and C be as in Corollary 3.5. Let S = {T(t) :
t € Rt} be a one-parameter nonexpansive semigroup on C such that
F(S) # 0. Suppose z; = z € C and {z,} is given by z,41 = azz, +
(1-ay) ffos" T(t)zndt for every n > 1, where s, — 00 as n — oo and
{an} is a sequence in [0,1]. If {ay} is chosen so that a, € [0,a] for some
a with 0 < a < 1, then {z,} converges weakly to a common fixed point of

T(t),te S

Proof. Let § = R*, S = {T(t) : t € R*} and let D be the Banach space
C(S) of all bounded continuous functions on S with the supremum norm.
Define \,(f) = %fos f(t)dt for every s > 0 and f € D. Then, we obtain that
for any k& with 0 < k < oo,

e = ial = sup 12 [ e dt—— / f(t+kdt'
||<1|3Jo

= - sup / f(t)dt - ./:+k f(t)dt

3||f||<1|Jo
rk s+k
= — su t)dt — t)dt
s [ swa- [
s+ k
<2 sup (/ If(t)ldt+/ If(t)ldt)
S st
2%k

=— -0,
s
as 8 — oo. Therefore, using Theorem 3.4, we obtain Corollary 3.8.
O

Corollary 3.9. Let H and C be as in Corollary 3.5. Let S = {T(t):t €
R*} be a one-parameter nonexpansive semigroup on C such that F(S) # 0.
Suppose z; = z € C and {z,} is given by

Tntl = QnZTyn + (1 = an)rn/ e~ T (t)z,dt
0

for every n > 1, where r, — 0 asn — oo and {ay,} is a sequence in [0,1].
If {a,} is chosen so that a, € [0,a] for some a with 0 < a < 1, then {z,}
converges weakly to a common fixed point of T(t),t € S.

Proof. Let § = R, § = {T(t) : t € R*} and D = C(S). Define
Ar(f) =1 [ e " f(t)dt for each r > 0 and f € D. Then, we have that for
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each s with 0 < s < oo,
£00 [o o)
[[Ar = L3A-]| = sup ‘r/ e~ f(t)dt — r/ e Tf(s+ t)dt’
i<l Jo 0

= sup
(PR’

5 o0
r/ e~ f(t)dt + 7 (1 -—e”)/ e'”f(t)dt’
0 s
<rs+|l-e€"| =0,

as 7 — 0. Therefore, using Theorem 3.4, we obtain Corollary 3.9.
O

Let Q = R* x Rt — R be a function satisfying the following conditions:

(a) sup / |Q(s,t)|dt < oo;
s>0Jo

o0

(b) lim Q(s,t)dt = 1;

8$— 00 0

(c) lim |Q(s,t+ h) — Q(s,t)|dt =0 for every h € RY.

88—+ 00 0

Then, @ is called a strongly regular kernel.

Corollary 3.10. Let H and C be as in Corollary 3.5. Let S = {T(t) :
t € Rt} be a one-parameter nonexpansive semigroup on C such that
F(S) # 0. Suppose z, = z € C and {z,} is given by z,41 = anz, +
(1= ayn) fy° Q(sn,t)T(t)z,dt for every n > 1, where where s, — 00 as n —
oo and {a,} is a sequence in [0,1]. If {a,} is chosen so that a, € [0,a]
for some a with 0 < a < 1, then {z,} converges weakly to a common fixed
point of T(t),t € S.

Proof. Let § = R, § = {T(t) : t € R*} and D = C(S). Define
As(f) = J37 Q(s,t)f(t)dt for every s > 0 and f € D. Then, we have that
for each h with 0 < h < o0,

[1As = LRAsll = sup [(As = 1EAS)(S)
IS

= sup i/’wQ(s,t)f(t)dt— /r°° Q(s,t)f(t+ h)dt
nsn<e | Jo Jo
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h 0o
= sup | [CQa 0t [ Qe+ mpte+ et

hri<iiJo

Y Ty h)dt‘
Jo

— 0,

< i/th(s,t)dti + !/Ow |Q(s,t + h) — Q(s, )| dt

as 8 — 0o. Therefore, using Theorem 3.4, we obtain Corollary 3.10.
O

4. Strong convergence theorems. In this section, we shall prove strong
convergence theorems for iterates defined by (3).

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert
space H and let S be a semigroup.

Let S = {T(t) : t € S} be a nonexpansive semigroup on C such that
UT(t)(C) C K C C for some compact subset K of C. Let D be a subspace
tes
of B(S) containing constants and invariant under every l,,s € S. Suppose
that for each z € C and z € H, the function t — (T(t)z,z) is in D. Let
{1n} be a sequence of means on D such that nli-.n;o”u" =5 pun|| = 0 for every

s € S. Suppose zy = z € C and {z,} is given by
Tnt1 = anZn + (1 —ay)T,, z, forevery n 21,

where {a,}>. , is a sequence in [0,1). If {ay} is chosen so that a;, € [0,a]
for some a with 0 < a < 1, then {z,} converges strongly to a common fixed
point yo of T(t),t € S.

Proof. From Mazur’s theorem [5], E({zl} U UT(t) (C)) is a compact
subset of C containing {z,}. Then, there exist ;Esflbsequence {zn,} of the
sequence {z,} and a point yo € C such that z,,, — yo. So, from Lemma 3.3,
we obtain T'(t)yo = yo for every t € S. Then, since "li_.n;° |lzn — yol| exists,
we have

Jim |z, — ol = lim {|za, = yol = 0.

Therefore, {z,} converges strongly to a common fixed point of T(t),t € S.
a

The following is a strong convergence theorem which is connected with
the metric projections.
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Theorem 4.2. Let C be a nonempty closed convex subset of a Hilbert
space H, let S be a semigroup and let S = {T(t) : t € S} be a nonexpansive
semigroup on C such that F(S) # 0. Let D be a subspace of B(S) containing
constants and invariant under every l,,s € S. Suppose that for each z € C
and z € H, the function t — (T(t)z,z) is in D. Let {u,} be a sequence of
means on D such that JLmoo||#n — 3pn|| = 0 for every s € S. Let P be the
metric projection of C onto F(S). Suppose that {z,} is given by z, € C
and

Tpt1 = anZn + (1 — ay)T,, z, forevery n>1,

where a, € (0,1]. Then, lim Pz, exists. Further, if zo = lin;oP:z:,,, then
n—oo n—

2g is a unique element of F(S) such that

lim ||z, — 2| = inf{ lim ||z, — w| : w € F(S)}.

Proof. Since F(S) is nonempty, as in the proof of Lemma 3.3, we may
assume that C is bounded. From Lemma 3.2, we know that g(w) =
nllmm |zn — w|| exists for all w € F(S). Let R = inf{g(w) : w € F(S)}
and K = {u € F(S) : g(u) = R}. Then, since g is convex and continuous on
F(S) and g(w) — oo as ||w|| = o0, K is a nonempty closed convex subset
of F(S). Fix 29 € K with g(z0) = R. Since P is the metric projection of H
onto F(S), we have ||z, — Pz,|| < ||zn —y| for all » > 1 and y € F(S) and
hence

limsup ||z, — Pz,|| < R.

n—oo
Suppose that limsup ||z, — Pz,|| < R. Then, we may choose § > 0 and

n— 00

ng > 1 so that ||z, — Pz,|| < R — 6 for all n > ny. From Lemma 3.2, we
have that

|Znsk = Pzp|| < ||2n — Pzo|| < R-6< R

for all n > ng and k& > 0. Therefore, we obtain that
R < lim ||zp4k — Pzy|| = lim ||zx — Pz,||< R-6< R
k—o00 k—o00

for all » > ngy. This contradicts the definition of R. So, we conclude that

limsup||z, — Pz,|| = R.
n-—oo
Now, we claim that lin Pz, = z5. If not, then there exists ¢ > 0 such

n—oo

that for any k > 1, | Pz — 20|| > € for some k' > k. Choose a > 0 so that
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a< \/R2 + 5 — R. Then, there exists k' such that ||z — Pzyp|| < R+ a
and ||zg — 20|| < R + a. Therefore, we have, for n > 1,

2

Pz
R < |lany, - P2t 20
2
Pz + 2 $
-9 :tk:—P:L‘kr 2+2 :tkr—202 P:l:kr—Z()2
- 2 2 2
R+a = (R + a)z a2
<9. 9. e,
~ ( 2 ) s ST oy
52
=(R+a)2— T < Rz.
This is a contradiction. Thus, we have lim Pz, = z;. Consequently, the

element zy € F(S) with g(z9) = inf{g(w) : w € F(S)} is unique.
O
Using Theorems 3.4 and 4.2, we have also the following theorem.

Theorem 4.3. Let C be a nonempty closed convex subset of a Hilbert
space H and let S be a semigroup. Let S = {T(t):t € S} be a nonexpansive
semigroup on C such that F(S) # 0 and let D be a subspace of B(S)
containing constants and invariant under every l,,s € S. Suppose that for
each z € C and z € H, the function t — (T(t)z,z) is in D. Let {u,} be a
sequence of means on D such that nlLflgo||#n — lypun]l = O for every s € S.

- Let P be the metric projection of C onto F(S). Suppose that {z,} is given
by z, € C and

Tn41 = @nZp + (1 — an)T,, z, forevery n>1,

where a,, € [0,a] for some a with 0 < a < 1. Then, {z,} converges weakly
to an element 2z of F(S), where z = lim Pz,.
n—oo

Proof. From Theorem 3.4, {z,} converges weakly to an element yo of
F(S). From Theorem 4.2, { Pz, } converges strongly to an element 2, of
F(S). Since P is the metric projection of H onto F(S), we also know that
(zn— Pz, Pz, —w) > 0 for all w € F(S). So, we have (yo — 20,20 —w) > 0
for all w € F(S). Putting w = yo, we obtain —||yo — Zo||> > 0 and hence
Yo = 2o.

O
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