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ABSTRACT. A relation between different measures of dependence for stable
time series is explained in this paper. We point out some errors in Kokoszka
and Taqqu (1994) leading to a wrong asymptotic behavior of the dependence
structure for stable ARMA processes and demonstrate this in the simplest
case of AR(1) model.

1. Introduction. Let {X,} (n = 0,%1,%2,...) be a symmetric a-stable
(SaS) stationary time series with 0 < o < 2. When a = 2, the covariance
function Cov(n) = E(X,Xo) describes the dependence structure of the
process {X,}. As for @ < 2 the covariance function is not defined, let us
consider three most popular measures of dependence which are extensions
of the covariance and are defined for stable time series.

Definition 1.1. Measures of dependence.
e Covariation CV(n) of X, on Xg, defined for 1 < a < 2 (cf. [2])

(1.1) CV(n):CV(Xn,Xo)z/ 1552 1>1(ds),

S

where T is the spectral measure of Xo and X,, z<P> = |2|P~ 13,
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o Codifference CD(n) (cf. [9])
CD(n) = CD(Xn, Xo) = In Eexp{i(X, — Xo)}
£ —In Eexp(iX») — In E exp(—iXa),
e Dynamical functional DF(n) (cf. [3])
(1.3) DF(n) = DF(Xn,Xo) = Eexp{i(X, — Xo)}.
Remark 1.1. Interpretation of the dynamical functional.

Let us consider two stationary symmetric a-stable sequences {X,} and
{Xnr} with scaling parameters equal to 1 and suppose that for some n

(1.4) DFx(n) < DFgz(n).
Formula (1.4) is, by (1.3), equivalent to
Eexp{i(Xs — Xo)} < Eexp{i(%n - Xo)}.
It follows from the form of the characteristic function for Sa$ variables that
exp(—o%) < exp(—0%),

o) a_}laf <1 (ox and oz are scale parameters of X, — X, and )?n -
Xo, respectively). Since o' (X, — Xo) and a}l(Xn — Xo) have the same
distribution, we get for any a > 0

P(IXn = Xo| > a) = P(0x'|Xn — Xo| > 0x'a)
= P(U;h?n = Xo| > ox'a) = P(|/?n ~aXohe> ox'oza)
> P(|1X, - Xol > a).

The above inequality means that /?n and /\70 are less likely to differ than
X, and Xy, and so are "more dependent”.

Remark 1.2. One can easily define the following more general measures
of dependence for any #;,6, € R:

(1.5) DF(n;6,,6,) = exp{i(61 X + 62X0)},
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(16) C'D(n;01,92)= —In(01,93)

= In Eexp{i(6; X, + 602X0)} — In Eexp(i6, X,,) — In Eexp(i6, Xo).

Remark 1.3. For a = 2 the following identities hold
1
CV(n) = 3 Cov(n),
CD(n) = Cov(n),
DF(n) = exp{Cov(n) — Var X} .

For 0 < a < 2 the following relation between DF(n) and C D(n) holds for
every n

(1.7) DF(n) = exp{CD(n)—- CD(0)}.

2. ARMA processes with stable innovations. Let ARMA(p, ¢) pro-
cess be defined by the equations

(21) X'n - bl,x"_.l - ... bp-’Yn—p =€tpn+a1Ep-1 +...+ Ag€n—_gq,

where the innovations {¢,} are independent, symmetric a-stable with the
scale parameter 1, i.e. with the characteristic function given by

(2.2) Eexp(ife,) = exp(—|6]°), 0<a<2.

The polynomials B(z) = 1 —bjz—...—by2P and A(2) = 1+a1z+...+a,2¢
are assumed to have no common roots and B(z) is assumed to have no roots
in the closed unit disk {z : |z| < 1}. By Proposition 2.1 in [4], the system
(2.1) has a unique solution of the form

o0
(2.3) Xn= chen_,- a.s.
j=0

with real ¢;s satisfying |c;| < Q7 eventually, for some Q > 1. ("a; < b;
eventually” means that there is a jo such that a; < b; for all j > jo.) The
¢;s are the coefficients in the series expansion of A(2)/B(z),|z| < 1.

Remark 2.1. Note that the coefficients a;,... ,aq and by, ... ,b, are time-
invariant and if 1 < a < 2, then the innovations {¢,} are independent,
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symmetric a-stable with finite first order moments. Therefore, for index
of stability 1 < a < 2, Proposition 2. 1 in [4] can be considered as a
special case of a more general result obtained in [7]. Indeed, the L'-ARMA
models with time-dependent coefficients and nonstationary noise processes
are described in [7] and regularity conditions under which there exists a
unique, purely nondeterministic solution of such an ARMA equation are
given.

Proposition 2.1. For ARMA models defined in this section

o
(2.4) CV(n) = cimncf® >, a>1,
j=0
(o o]
(25) CD(n) = Y _(Ie51* + lejenl® = lejan — ¢51),

/ n—1 o
(2.6) DF(n) = exp k_ S =S lejin - ¢l
j=0 7=0

Proof. Using (1.3), we have

DF(n) = Eexp <: i c;jE v

CjE—;
=0 j=0

.

fn—l

k CiEn-j + Z(C_H.n cj)e—;
=0

4

= Fexp 1

_— —

/ n-1 00
=exp [ = lesl® = D lejun—&l°
3=0 1=0

For (2.4) and (2.5) see [5]. 0O

Kokoszka and Taqqu (cf. [4]) investigate the function I, (given by (1.6))
for ARMA processes in two cases. When the "smallest” root of B(z) (i.e.
the root with the smallest modulus) is real and positive, they determine the
asymptotic behavior of I,,. In the case when the "smallest” root is complex,
they give an exact formula for the function by which |I,| is asymptotically
bounded from above. Unfortunately, there are some errors in theorems
describing the asymptotic behavior of I, for @ < 1 and @ = 1. Namely, in
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Theorem 3.1 in [4] there should be the sign ™" in front of the expression
of the limit, formula (3.11), page 212, and in Theorem 3.3 there should be
"-" between two terms of sum instead of "+”, formula (3.23), page 215.
These incorrect formulas are consequences of a misprint in formula (3.13)
(page 212) where the sign "-" in front of the last term is missing. Moreover,
errors in theorems in [4] cause incorrect results in the analysis of their AR(2)
example.

The analysis carried out in [4] is extended in [8]. Three classes of roots,
i.e. real positive, real negative and complex, are considered there and the
correct asymptotic behavior of the covariation and the codifference in these
cases is determined. In AR(1) example in the next section we do not use,
however, general results, since we are able to give explicit proofs in this
simple case.

3. AR(1) model. Let us consider the autoregressive process of order 1
defined by

(31) Xn—b,Xn_l =€q

as an example of ARMA(p, ¢) process defined in Section 2.

The covariance and the codifference are given by (2.4) and (2.5), re-
spectively, in terms of the coefficients c;. Therefore, we have to determine
them in order to study the behavior of the measures of dependence. For
AR(1) process the coefficients ¢; depend on a root z; of the polynomial
B(z) = 1 — by 2. The assumption |21| > 1 is made in order to get a unique
moving average (2.3) representation of the process {X,}. The explicit for-
mulas for ¢;s in the series expansion of 1/B(z) in two possible cases (positive
and negative) are presented in Proposition 3.1 and the asymptotic behavior
of the covariation and the codifference is stated in Theorems 3.1 and 3.2,
respectively.

Proposition 3.1. The coefficients c;.

a) If B(z) has one positive root z; = €', k; > 0, then
(3.2) cj=e "I,

b) If B(z) has one negative root z; = —e*', v; > 0, then
(3.3) ¢; = (=1)fe™,

Proof. If z; = €™, k; > 0, then b, = e~"1. Thus, the coefficients c; in the
series expansion of 1/B(z) = 1/(1 — e~"1z) are given by (3.2).
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Similarly, if 27 = —e”', v; > 0, then by = —e™. Since 1/B(2) =
1/(1+4 e™*12), it is not difficult to see that ¢; = (—1)7e~*17.

Theorem 3.1. The asymptotic behavior of CV.

Suppose 1 < a < 2.

a) If B(z) has one positive root z; = €' ,k; > 0, then

1
A4 lim e”"*CV(n)= ———.
(3-4) Jim e ()= T ma
b) If B(z) has one negative root z; = —e** vy > 0, then

|’ -1/(1 — e ) for odd ns
(35)  Jlim e "CV(n) =
n—00 l 1/(1—e™1) for even ns.

Proof. a) If B(z) has one positive root 2; = e*!, k; > 0, then, by the
formula (3.2) defining the coefficients ¢; and by (2.4), we have

o0 ) ) l
| —xy(j+n) ,—r1j(a=1) _ _—mxn
(36) CV(n) = J._S—_‘ae g e~ mite =e 7! ]—e——"la v
Thus,
1

K n
(3.7) 1mCV(n) = -
and the formula (3.4) holds.

b) If B(z) has one negative root z; = —e”',1; > 0, then, by (3.3),
sign(cj) = (—1)’. Thus
o - +n_—uvy(j+n) -1 j(a=1) 2 N\ — o—in (_l)n
(3.8) CV(n) = EO —1)itnemnlitn) gmnila=Dgign(c;) = e T
]=

and so
(39)  ennCV(n)= L ] il o s e

R o i3 l 1/(1—e="®)  for even ns,

implying (3.5). O
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If the root of B(z) is real and positive then CV(n) is proportional to
e~ "1™ If the root of B(z) is real and negative then CV(n) is oscillating and
the best idea is to investigate its behavior taking even and odd ns separately.
CV(n) is proportional to e~“1" for each of these two subsequences of ns.

Theorem 3.2. The asymptotic behavior of CD.

a) Suppose B(z) has one positive root z = "', k; > 0.

(i) If 1 < a <2, then

M mn sy Q
(3.10) nleooe CD(n) = s
(i) If « = 1, then
2
H LOR( ] T m
(3.11) ’lleooe CD(n) = T EEan
(iii) If0 < a < 1, then
1
(3-12) nlew e"‘a"CD(n) = l_e——KIQ .

b) Suppose B(z) has one negative root z = —e“*, 1 > 0.

(i) If 1 < a <2, then

|' —a/(1—e %) forodd ns
(3.13) lim e""CD(n) = -

e l a/(1-e ")  for even ns.

(ii) If @ = 1, then

I' 0 for odd ns
(3.14) lim e""CD(n) = «
n— 00 l 2/(1 - e"’l) for even ms.
(i) If 0 < a < 1, then
1
(3.15) lim e"*"CD(n) = {—ena'

Proof. a) If B(z) has one positive root z = €*',k; > 0, then CD(n) is
given by the following formula

e—n;an + [1 = {1 - e—mn)a]
(3.16) CD(n) = o ,
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Indeed, in this case the coefficients c; are positive and ¢; > ¢;4». Therefore,
using (3.2) in (2.4), we get

oo
CD(n) :Z —mija g —x:o(j+ﬂ]_(e—~1j_e—~x(i+n))a)
1=0

[o <]
e _ - ) 1+e—K10n_(l_e—K1n)O
e

If 1 < a <2, then the following facts

(3.17) lim e~m(e-Dn = ¢
n— 00
and
(3.18) lim e*"[1—(1-e ™™)°]=a

imply that (3.10) holds.
Setting a = 1 in (3.16) we obtain the simple formula describing C D(n)

2e—K1ﬂ

1—e™™

(3.19) CD(n) =

)

which, in turn, yields (3.11).
If 0 < a < 1, then, by (3.16),

-xjan (1 _ p—min\a
lim ¢¥°"CD(n) = lim e i Ul Gl

n—oco n—oo 1] —e—r1x

= lim (14 €Ml (1 e

1—e="1% n—oo

and in order to get (3.12) it is enough to notice that

(3.20) lim e*°" [1-(1-e™""™)%] = 0.
b) Suppose B(z) has one negative root z = —e“* ,»; > 0. In this case

(2.5) and (3.3) yield

e—ula'n + = [(_l)ne—uln _ l]a

== Vux

(3.21) CD(n) =



Measures of Dependence for ARMA Models ... 141

Notice that considering even ns we get the same formula for CD(n) as in
the case of one positive root. Thus, using arguments as in part a) of this
proof one can obtain (3.13), (3.14) and (3.15) for the sequence of even ns.

We now focus on the case of odd ns.

If 1 < a <2, then applying (3.17) and
(3.22) li_mm e [1-(1+ e™™)?] = —a

in

(3.23) lim e”"CD(n)= lim ennt tl-(1t+e ") ],

n—o0 n—oo 1] —en10

we get (3.13) for the sequence of odd ns.

If @ = 1, then (3.14) results immediately from the following explicit
formula for C D(n)

et +[1-(1+e ")) B
l1—en -

(3.24) €D(n)= 0.

If 0 < a < 1, then, using the simple fact that
(3.25) lim e”°"[1 - (1+e ") =0,
n—oo
we get (3.15) in the case of odd ns. Indeed,

lm ¢enCD(n) = lim enont t 1= (1+e727)7)

n—oo n—oo 1] —e~n1a

1
o lim e”°™*[1 - (14 e ") =

y ]l —e 2 n—oo 1l — e e

O

Theorem 3.3. If1 < a < 2, then for AR(1) processes the following formula
holds

(3.26) oL/ () iy

n—oo CV('n) v

Proof. If 1 < a < 2, then both the codifference and the covariation are
defined. If B(z) has one positive root, then one can get (3.26) dividing
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(3.10) by (3.4). In the case of one negative root, formula (3.26) results from
(3.13) and (3.5).
This fact can be considered as a natural extension of the behavior of
CD(n) and CV(n) for a = 2.
a

The method of computer approximation of the covariation and the cod-
ifference for AR(1) time series provides us with the visualization of the
theoretical results obtained in Theorem 3.3 and can be used as a tool to
show errors in [4].

20 207
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igure 3.1: f the —— = .. = 1.
Figure 3.1: The plot of the aCV(n) vsn =0,1,...,40 for « = 1.2 and

a = 1.5 in the case of (a) one positive root z; = 2, (b) one negative root
2] = -2.

Fig. 3.1 contains the plot of the numerical approximation of the function
CD(n)/aCV(n) for n = 0,1,...,40 and for two selected values of a, i.e.
for @ = 1.2 and for @ = 1.5. Fig. 3.1(a) presents the case of one real
positive root z; = 2 and Fig. 3.1(b) shows the case of one real negative root
z; = —2. It can be noticed that for small n values of CV(n) and C D(n)
are different, but the numerical evaluation of the fraction C D(n)/aCV(n)
gives 1 for sufficiently large ns. This observation is not surprising because, as
stated in Theorem 3.3, formula (3.26) holds for AR(1) processes. Moreover,
if B(z) has a positive root, presented function is decreasing. In case of
negative root, in turn, there are apparent oscillations. More precisely, taking
odd ns and even ns one can distinguish two sequences of values (the first
one is increasing while the second one is decreasing) that reach the same
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limit. This is the consequence of the behavior of the covariation and the
codifference - there are two different formulas for two subsequences of ns in
Theorem 3.1 b) and Theorem 3.2 b) (i).
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Figure 3.2: (a) Theoretical limit values (cf. (3.10), (3.11) and (3.12)) for
CD(n) vs a.

(b) Incorrect theoretical limit values for —I,,(1, —1) vs @ obtained in Kokoszka
and Taqqu (1994).

Suppose now that B(z) has the positive root z; = 2. Since for every n

I‘n(la _1)»

general theorems for the asymptotic behavior of I, should, in particular,
give the same results for AR(1) process as we state in this paper in Theorem
3.2. There are, however, some errors in [4], which are discussed in detail in
Section 2.

Fig. 3.2 allows us to compare theoretical limit values and incorrect results
obtained in [4]. For 0 < a < 1 Fig. 3.2(a) gives the plot of

CD(n)= -

lim e®**CD(n) = lim 2°"CD(n)
n—oo n—oo
(see RHS. of (3.12)) against the index of stability a. Fora=land 1 < a <
2, in turn, this figure presents
lim e'"CD(n) = lim 2"CD(n)

n—o0o n—oo

(see RHS. of (3.10) and (3.11), respectively). Fig. 3.2(b) illustrates the

incorrect asymptotic behavior of —I,(1,—1) as presented in [4].
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Remark 3.1. Since the relation (1.7) holds for every n, an information
about the asymptotic behavior of the codifference C D(n) gives us the as-
ymptotic behavior of the dynamical functional DF(n).
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