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Complete Convergence Criterion

for Arrays of Banach Space Valued Random Elements

ABSTRACT. We obtain a criterion for complete convergence for arrays of
rowwise independent Banach space valued random elements. In the main
result no assumptions are made concerning the existence of expected values
or absolute moments of the random elements. Also no assumptions are made
concerning the geometry of the underlying Banach space. The corresponding
convergence rates are also established.

1. Introduction. A sequence {U,, n > 1} of random variables is said to
converge completely to the constant C if Z P{|U, — C| > €} < oo for all

€ > 0. In Hsu and Robbins (1947) it was proved there that the sequence
of arithmetic means of i.i.d. random variables converges completely to the
expected value if the variance of the summads is finite. This result has been
generalized and extended in several directions and we direct the reader to
(3] for reference.

Etemadi [2] obtained an elementary proof of the weak law of large num-
bers for separable Banach space valued random elements. The present note
is devoted to obtaining an analogous extension of Hsu-Robbins theorem
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to general triangular arrays of rowwise independent, but not necessarily
identically distributed Banach space valued random elements. Rowwise in-
dependence means that random elements within each row are independent,
but that no indenpendence is assumed between the rows.

In Section 2 we give some inequalities and lemmas which will be used in
the proofs of our main results. In Section 3 we obtain the complete conver-
gence of row sums with the corresponding rates of convergence. However,
in the main result no assumptions are made concerning the existence of
expected values or absolute moments of the random elements. Also no as-
sumptions are made concerning the geometry of underlying Banach space.

2. Definitions and preliminaries. Let ({,%, P) be a probability space
and (B, ||-]|) be a real separable Banach space with the norm ||-||. A random
element is defined as a measurable mapping from  with o-algebra ¥ into
Banach space B with Borel o-algebra. The concept of independent distri-
butions has direct extension to B. A detailed account of basic properties of
random elements in separable Banach spaces can be found in [8].

Throughout this paper we shall denote {(X,x, 1 <k <k,), n> 1} as
an array of rowwise independent, but not necessarily identically distributed,
random elements taking values in B. Here and in the sequel we denote by
S, the sum Z::":l X k. If kp = 0o we will assume that the series converges
a.s. For 6 > 0 define Y,k = X Z{|| X skl < 6} and write §¢ = Z:‘é: Yor.

Before going futher, we first of all introduce some definitions on an array
of random elements.

Definition 1. An array {(Xax, 1 <k <kn), n> 1} is said to be sym-
metric if each X, is symmetrically distributed for all 1 < k < k, and all
n > 1.

Definition 2. An array {(Xq, 1 <k < k;), n> 1} is said to be infini-
tesimal if for all € > 0: limp_co SUpy e, P{l| Xnkll > ¢} = 0.

Now we are able to formulate Etemadi result established in [2].

Degenerate convergence criteria. Let {(X,x, 1 <k < kn), n > 1} be
an array of rowwise independent random elements and p > 1. The ;rra_y is
infinitesimal and there exists a (nonrandom) sequence {A.} of vectors in B
such that S, — A, — 0 in probability as n — oo if and only if there exists
6 > 0 such that:

(i) lim 5, P{lIXall > 8) =0,
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(i) lim E[[S] — An|” =0.

A, may be taken as ES’. Furthermore, if (i) and (ii) are true for some
6 > 0, they are also true for all 6 > 0.

Now we shall present some well-known inequalities and lemmas which
will be useful in the proof of the main result.

Hoffmann—Jorgensen inequality [4]. If an array {(X.x, 1 < k < k,),
n > 1} of rowwise independent random elements is symmetric, then for all
t>0:

P{nsnu>3t}sp{ A nxnkn>t}+4P{usnu>t},
1<k<kn

Etemadi inequality [1]. If an array {(X.x, 1 < k < k), n > 1} of row-
wise independent random elements is symmetric, then for any € > 0:

a
Y P{lIXnkll > €} < P{|ISall > €/8}/ (1 = 8P{|Sall > €/8})

k=1

The following lemma is only a slight modification of the well-known result

(cf. [6]).

Lemma 1. Let an array {(Xnk, 1 < k <k,), n > 1} of rowwise indepen-
dent random elements be symmetric and suppose there exists 6 > 0 such
that || X k|| < 6 forall1 < k < k,,n > 1. If S, — 0 in probability then for
any ¢ > 0, any p > 1 any all sufficiently large n :

ks
E\ISalPPI{lISall > €} < 2(36) Y P{|IXnkll > £/3} + 26" P {||Sall > €/3}.

k=1

Proof. Fix any ¢ > 0 and 4 > 0. Since S, — 0 in probability, we can
choose N large enough such that sup,5 n P{[|Sx|l > €} < 1/378. Integrating
by parts we have:

A
E||Sa|lPI{|Sall > €} = / P{lISnll > t} dt? + €P P {||S|| > €} .
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Now by the change of variable, setting t = 3u, and by Hoffmann-Jorgensen
inequality with n > N, we have:

[ [

A A/3
/ PAISAI 2 1} a2 =3 [ PS> 3u) du?
€ €/3
A/3 A/3 \
<3 |4 [ PUSHz 0} v+ [ P{osup [ Xuell > u) du?
J J 1<k<kn
€/3 /3 /
A/3 5
1
<31 [ LS.l > u duP+3P/P sup || Xkl > P
[ sePisa2 ) {2op 1] 2 ) du
€/3 €/3
j| fi /
<3 [ PUSA 2wy dv? +3° [ P( sup 1Xael 2 )
/s s 1<k<k,

A &
1 1
<3 [PUsa 2 ar + 5 [ PS> u} aw?
£ e/3

+3P6PP{ sup || Xnk|l > €/3}.
1<k<kn

Hence, we obtain

A kn
[ PS> 1) e < 372673 PAXuel > €/3) 4 P PYIS > ¢/3),

- k=1

Finally, letting A — oo the proof can be easily completed.

We also need the following simple symmetrization inequalities in the
proof of Section 3. For a random element Y, define its symmetrization
Y* =Y - Y, where Y is an independent copy of Y.

Lemma 2. (a) If an array {(Xak, 1 <k < ky), n> 1} of rowwise inde-
pendent random elements is infinitesimal then for all t > ( sufficiently large
n and all 1 < k < k, we have:

P{I Xnkll >t} < 2P{||I X4l > t/2}.
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(b) If a sequence {Y,, n > 1} of random elements is such that Y, — 0 in
probability as n — oo, then for all t > 0 and sufficiently large n:

P{||Yall > t} < 2P{|IY;]] > t/2}.

(c) If A € B is nonrandom then for any random element Y and t > 0 we
have:

PAIY?ll >t} < PAIIY — Al > ¢/2}.

Proof. Denote by m,, the median of a random variable || X,k||. Since the
array is infinitesimal, we have sup; ¢, <), Mnx — 0 as n — co. Let N be so
large that sup, 5 N Supy <<k, Mnk < t/2. Then for n > N:

P {||Xnkll > t} < P {[[Xnkll = mni) > t/2} < P{[[| Xnk|l = mnr)| > t/2}

< 2P {[1Xnell - 1Xaill] > 1/2} < 2P {IX2ll > 1/2)

(cf. [7, p.257]). We mention that the proof can be also found in [2, p.249)].
Note that part (b) can be proved by the same arguments as the proof of
part (a) and (c) can be found in [7, p.257].

The following lemma will be also usefull in the proofs of our main result.
Before the proof of Lemma 3, we recall that §2 = Zi":, XnkI{|| Xnk|| < 6}

Lemma 3. Let {(X.x, 1 < k <k,), n> 1} be an array of rowwise inde-

pendent random elements and {A,} be a (nonrandom) sequence of vectors
in B Then for all ¢ > 0 and § > 0 we have

ke
P{||Sn — Anll > €} < P{|IS5 — Aull 2 ¢/2} + D> P {||Xnkll > 6}
k=1

and

kn
P{|IS8 = Anll > €} < P{lISn = Anll 2 €} + D P {1 Xnkll > 6}
k=1

Proof. For any 6 > 0 write

kn
Sn =Y Xukd {[|Xnkll > 6}
k=1
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We mention that the first part of Lemma can be obtained as follows

P{lISn = Axll 2 €} < P15 - Aull 2 £/2} + P{IIS,]| 2 ¢/2)

ka
< P{IIS% - Aall 2 €/2} + 3 PA{IIXnill > 6}

k=1

For the second part, we shall estimate P {||S,f - Aql > g}, (The proof
can be also found in [2, p.249)]).

(
P{ISa = Aul 2 €} 2 P{IISa - Aull 2 ¢, sup ||Xnk||56}
L 1<k<kn

> P {Ilsi - Aqfl 2 &, A | X nll < 6}

> P{ISE - Adll 26} = P sup [IXuull > 6}
(k. J

L1<k<

Hence, we have

kn
P{ISE - Aull 2 €} < P{lISn — Anll 2 €} + Y P {||Xoil| > 6}
k=1

3. The main result. In this section, we shall extend Etemadi’s criterion
on the convergence in probability (see Degenerate convergence criterion in
Section 1) to the complete convergence with the rate of convergence. With
the preliminaries accounted for, the main theorem can be now presented.

Theorem. Let {(Xnk, 1 < k < kyn), n> 1} be an array of rowwise inde-
pendent random elements and {cn,n > 1} be a sequence of positive con-
stants such that Y. ¢, = oco. Let p > 1. The array is infinitesimal
and there exists a (nonrandom) sequence {A,} of vectors in B such that

S 1eaP{||Sn — Anll > €} < oo for all € > 0 if and only if there exists
6 > 0 such that for all ¢ > 0:

() T2, cn Thmy Pl Xnell > €} < oo,
(i) Tov,cnE |85 — AP I{||SE - Anll > €} < oo,
where §5 = Y5 Xue {l| Xkl < 6}

A, may be taken as ES;‘l. Futhermore, if (ii) is true for some § >0, it is
true for all 6 > 0.

Proof. First of a.ll, in the case kn = 00, we assume that series E :" X
=]
converges a.s.

nk
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For é > 0, from our assumptions and by Chebyshev’s inequality, we have
P(ISn— Aull> €} < PAISE = Aull > e} + P{ sup 1Xuell > 0
VI<k<k, J

ka
< P{IIS5 = AnllT{1Sn = Anll > €} > e} + Y P {1 Xnill > 8)
k=1
kn
< E||Sq — AalPI{1IS3 — Anll > €}/€” + > P {|Xnell > 8}
k=1
Hence the sufficiency can be easily established.

For the necessity first of all we shall estimate the Lh.s. in (i). By Lemma
2 (a), Etemadi’s inquality and Lemma 2 (c) we have:

ky kn
ST P{IIXnell >} <2)° P{IXI > €}
k=1 k=1

2P {[1Ss — Aull > £/8)
= 1-8P{||Sn — Anll > ¢/8}
Since 377, cn P {||Sn — An|| > €} < 00 and 377, ¢, = 00, it follows that
P{||Sn — An|| > €} — 0. Let N be so large that for all n > N:
P {||Sn — An|| > €} < 1/16.

Therefore, 4%, P {[| Xnill > €} < 4P {||Sn — Axll > €/8}.

In order to estimate the Lh.s. in (ii) we mention that by Lemma 3 and
assumption (i) we have Y70, ¢, P {||S5 — Anl| > €} < 00 and §; - A4, — 0
in probability. By Lemma 2 (b), Lemma 1 and Lemma 2 (c):

E|155 - Adll” 4158 - Al > )

=/" P{||S% = Anll >t} dt? + PP {[ISE — Aall > €}

So, it is sufficient to estimate the integral [ P{||5f1 — Anl| 2t} dt?

[e o]
< 9pH! / P{|
cf2

< 2% (667 P {|IY,3ell > ¢/6) +¢7P {11557l > </6}) .
< 27+ (667 P {|| Xkl > €/6} + PP {I|S5 — Aqll > €/6}).

s||P
§8°|| 2 1y drr < 27+ E|| 58| 1q| 85

> ¢/2}
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