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ABSTRACT. The paper is devoted to the analysis of pointwise convergence of
sequences of projections in L,-spaces. Also some approximation problems
for the operators in Lo-spaces are discussed.

1. Monotone sequences of projections in Banach spaces are important ob-
Jjects in both classical and functional analysis. Pointwise convergence theo-
rems for the Fourier expansions with respect to general or special orthonor-
mal systems of functions or martingale convergence theorems are typical
classical examples concerning such sequences. One can say that all other
results on the pointwise convergence of (monotone) sequences of projections
are more or less connected with theorems just mentioned.

This paper is devoted to the analysis of the almost sure convergence of
sequences of projections in L,-spaces. The last sections of the paper are a
survey of some results obtained recently by the authors. They concern sev-
eral special problems arising in L, for sequences of orthogonal projections.

In the sequel, we shall also consider an ‘unbounded’ situation. That is
why we adopt the following general definition.
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2. Definition. Let (A,) be a sequence of bounded linear operators in /2
over a probability space, say (2, F, 1), and let A be linear (bounded or not).
We say that (A, ) converges to A almost surely (A, — Aas.)if A, f — Af
p-almost everywhere, for all f € D(A).

Let us start with some generalization of pointwise convergence theorems
for conditional expectations.

A natural and important generalization of the classical martingale con-
vergence theorem was obtained by E. Stein [17] who proved the following
result.

3. Theorem. Let (P,) be an increasing sequence of positive orthogonal
projections on Ly(£2, F,u). Then (Py,) converges almost surely to its strong
limit P.

The original proof of E. Stein was complicated. Very short and elegant
proof was found by R. Duncan [8].
We say that an operator T acting in L,(£2,F,pu) is a positive contractive
projection (p.c.p.) if
1 Tf>0ae. for f >0 a.e.,
2° |7, < 1,
e i

A sequence (T,) of p.c.p. operators is increasing (decreasing, resp.) when

T2Ton = Tanm (TnTm = Lnvm, resp.) for all n,m € N.

4. Theorem. (Martingale-type convergence theorem). Let L, =
. "y - . ! p =

Ly(R2,F,u) with p > 1. Assume that (T}) is an Increasing sequence of

p.c.p. operators in L. Then T, — T a.s. where T is the limijt of (T,) in

the strong operator topology.

Our proof of the above theorem is different for p > 1 and for p=1.

In the case p > 1 the argument is based on the famous theorem of Akcoglu
[1}. We just reduce the problem to the Akcoglu’s maximal inequality via
the result of Neveu [15] on the connection between ergodic theory and mar-
tingales. In the case p = 1 we use the structure of positive contractive
projections in L; and submartingale convergence theorem. [et us remark
that in both cases i.e. simply for p > 1 it is possible to use the charac-
terization of contractive projections in L, (2, 7, 13]. In our argument we
do not use this characterization, being rather advanced, and give a direct
simple proof. This is possible because of the positivity of projections under
consideration.

Let us fix p > 1. In this case the proof is based on the following results
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(A) (Theorem of Akcoglu (1]). If T : L, — L, is a positive contraction, p > 1,
then the Dominated Ergodic Estimate holds for T. That is

M fll, < p 4 for each f € L,
where 1
1«
(Mf)(w) = sup |~ S (T )W)
nz k=0

(B) Theorem of Neveu [15]. Let (T,) be p.c.p. operators in L,, p > 1.
Assume that the sequence (T,) is decreasing. Let (a,) be a sequence
such that

0=ay<a; <a;<...<a,<...<1l, and a,— 1.

Puti§ =728 (ase as=1)Ts.

Then, obviously, § is a positive contraction in L,. Moreover, for each
€ > 0 one can choose (a,) in such a way that for some increasing sequence
(ns) of positive integers, we have

1) Zl S

s k=0
Going back to the proof of our theorem, let us assume that (T) is an
increasing sequence of p.c.p. operatorsin L;.
Let us fix N for a moment and put T = Tn—n41, forn =1,2,..., N,
and T}, =Ty, forn > N. Then Ty > T3 > .... Let 0 < e, — 0,¢, < 1, for

N =1,2,.... By (B),for N =1,2,..., we can choose (a(,N)), (n{,N)) such

that for
Z(a(N) - a T'
we have
(™)1
(2) Z Sk, <en-

s=1

Let f€ L,, f > 0. Putting
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we can write T/ f = v, 58 + 05,~. Thus T, f < g, N + 0,4 N, Where gs,N =
|vs,n|. Consequently, for f € L,, f > 0, we have

li
sup Tsf = sup T,f< sup gy~ + sup o,n.
1<s<N 1<s<N 1<s<N 1<s<N

By Akcoglu Theorem,

sup o, nllp <
l]lSsSN s.N|lp -

Moreover, by (2) and since €, < 1,
N
pre

| sup g,,N||§=/ sup (gs,N)pS/Z(gs,N)p
N 1<s<N

1<s< =1
N . N 1/p N
= Zl/lgs.!\')p < z:l [/(gs.N)p] = Z “gs,N”p <&ty
s= . B s=1

Finally, we get

p
| sup T.fll, <elP+ —Ifll,, N=1,2,....
1<s<N p-—1

Passing with N — 0o, we obtain
lsupTuflly < =21,
521 p-1

which means that the Dominate Estimate holds for the sequence (Ts) of our
projections. This implies in a standard way, the a.e. convergence of T, f to
Tf, for every f € L, (see, for example, [9], Chapter 1}).

Indeed, for functions f of the form f = f) + f,, where f; € Whsy Te(Lyp)
and f2 € (g5, ker Tk, obviously, Tsf — Tf a.e. Clearly, the set of such
functions is dense in L.

Let us pass to the case p = 1. Our proof is mostly based on the analysis
of the structure of increasing sequences of p.c.p. operators.

The structure of p.c.p. operators in L, is known (2,7,13]. Our approach
is rather different and seems to be more elementary and better fitting to
the situation of positive projections we are just interested in. That s why
we reproduce our argument in some details.

Before starting the proof of Theorem 4 we analyse in some details in-
creasing sequences of p.c.p. operators in L,.
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Let us observe that for any positive nilpotent operator N (i.e. satisfying
N2f=0,Nf>0for f>0)and for aset 2y = (N1> 0), we have

(3) Nlgs =1g,N = N.

Roughly speaking, any positive nilpotent operator in L; ‘transfers from (2§
into 2y’. Indeed, we have, for f > 0,

: 1
(4) 1(f>0)=nan;°ﬂ(;Af).

Thus, for A C {2, we obtain

n—oo n—o00

NI N lim n(%/\Nl) < lim nN?%1 = 0.

Obviously, the set 2y in (3) is not uniquely determined by N.
[t is natural to distinguish a class of regular p.c.p. operators. We adopt
the following definition.

5. Definition. Let 2, € . We say that a p.c.p. operator T is {J5-regular
if 2o =(T1>0)and T1g; = 0. 2-regular T is said to be regular.

Obviously, T'1 = T1g, for any §2p-regular T.

Clearly, any p.c.p. §2p-regular operator can be identified with the regular
p.c.p. operator acting in L;($2y, Fo, o) where Fq (po, resp.) is restriction
of F (u, resp.) on §2g.

Let us remark that for any p.c.p. -regular operator 7"} and any
positive contractive nilpotent operator N satisfying (3) and

(5) N(Ly) € T(Ly),

the sum T = T'") + N is a p.c.p. operator.
We are in a position to formulate the following representation theorem

6. Proposition. Every p.c.p. operator in Ly is the sum
T=1" 4N,
where T'") js an 2y-regular p.c.p. operator and N is a positive contractive

nilpotent operator satisfying (3) and (5) (with 2o = (T'1 > 0)). Moreover,
the regular part T'") is of the form

(6) T f = pE? f,
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with a o-field A C Fo such that (2 is its atom and a function ¢ satisfying
(¢ >0) =2 and E*p = 1. Then ¢ = T1gq, and

A={A€F T(1ap) =140}
Proof. Let as previously 2o = (T'1 > 0). Put
Nf=Tlgf, T"f=Tig,f,
for f € L1(92,F,u). Then N is a positive contraction and, for 4 € F,
NN14<T1gT1<T1lge(10,T1) =0,

so N2 = 0. Obviously, T(’)lns =10, (T(')lno >0)=(T"1 > 0) = 2.

It remains to show that 7'") is of form (6). Clearly, it is enough to
consider the case 25 = 2.

Let us assume that T is a regular p.c.p. operator and @ = T1. Then
ple > 0) = 1.

Let us put A = {A € F:T(p-14) = ¢-14}. Alis a o-field. In fact,
let A, B € A which means that T(¢-14) = ¢-14 and T(p-15) = ¢-15.
But 9 -14np < 914,50 T(p-1anB) < T(p-14) = ¢-14. Similarly,
T(¢-1anp) < ¢ -1p. Consequently, T(¢ - 14np) < (- 14) A (p-1p) =
¢(1aA1B) = ¢-1anp. On the other hand, since T preserves the integral,
we have fT(cp -1anB) = f\p 1anB, thus T(¢ - 14qp) = @ - 14np Which
means that AN B € A. The rest is standard.

Now, we observe that for z € L, we have Tz = z if and only if z/pis an
2A-measurable function. In fact, let Tz = 2 and @ € R. Then (z/¢ > a)
= (z—ap > 0) and T(z—ap) = z—ap, so it is enough to show (z >0)e
Let us assume additionally that z > 0. Using the fact that for every function
z:.Q—»R,zZO,n(z/\%) — 1(;50), » — 00, we get

1
n(zAw/n)=¢.n(z/¢A ;)**‘P'l(r/<p>0)='¢'l(r>0), n—'90 ae. .

But
T(zAp/n) =Tz AT(p/n)=z A p/n,
o)
(n(z A p/n) =T(n(z Ap/n)) = T(¢-1z5g)), n— .
Thus T(¢ - 1(z>0)) = @ - 1(z>0) and consequently, (z>0)e9.
For an arbitrary z € Ly with Tz = z it suffices to consider the decom-

position z = + — 2~ (where z+ = z v 0) because Tz* = z*. Then T/pis
A-measurable.
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Conversely, if z/¢ is A-measurable, then z/¢ is the a.e.-limit of simple
functions of the form ), ay1,4, with Ax € 2. Thus z is the a.e.-limit of
the functions 3 ay-@-14, =T(X, ar-¢-14,),50 z = Tx.

Since T = T?, the above observation implies that Tz /¢ is A-measurable
forz € L.

Next, let us remark that
(7) T1A=‘~P'1A for A e

In fact, for suitable 0 < &\, 0, B / A, B € %, we have alpg < -14. Thus,
T1p < ;T(p-14) = 2014 ButT1p< 9,50 T1p < pA Lo 14 < -1y
for sufficiently small a. Hence T1, < ¢ -14. If the sharp inequality
T1,4 < ¢-14 were true on some set C of positive measure then, replacing
A by A°, we would have ¢ = T1 < ¢ on C, a contradiction. Thus, we get
T1,4 = ply,.

The last equality leads immediately to

/1—/T(1A /*‘,9-1,4:/(;7, for Ae?
A

which means E® ¢
Now, let us notice that, for 0 < z < ¢, we have

(8) T(z14) = (Tz)l, for Aeq.

Indeed, z-14 < -1, implies T(z-14) < T(y-14) and z-14 < z implies
T(r-14) < Tz. Consequently T(z-14) < TzAp-14=(TzAp)-14 =
(Tz)-14. This implies (8) in the same way as in the proof of formula
(7). Let us notice that the assumption z < ¢, used in the proof of (8),
is not essential because for z > 0 one can easily find a sequence (y;) with
0 <y, < ¢ and such that z = 3 y,.

Finally, for £ > 0, A € 2 we obtain by (8)

/A:c=/T(zlA)=/Tz) 1A—/— @- 1,4—/1'39l rs g 1A)

i
o TIE <14 Ea@ —E
(0 AP
Hence
/ / for f € Iy
which means that E2 f = —f for feL, ®

We conclude this section describing the inequality Ty < T, for p.c.p.
Operators.
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7. Proposition. For any two regular p.c.p. operators in Ly, say T\ =
@1 E* ) Ty = 0, E22, the following are equivalent
(i) Th < T; (that is kerT, C kerTy and Ty(L,) C T2(L,), or, equiva-
lently, T'T, = T, Ty = Tl),'
(i) Ta(Ly) € T2(Ly);
(iii) 21 C A, 2 = g

Proof. (i) = (ii) obvious.

(ii) = (iii). Clearly T11 = ¢y € Ti(L1) C To(L1), s0 ¢ = Ty =
©2E%2,. To prove the inclusion 2; C Uz, let us take A € ;. That means
that @114 = Ti(¢114) and (ii) implies 0114 € To(Ly). Thus @14 =
©2E*2¢g, for some g. Consequently,

P2 A
14 = —E%g = E<2q,
A v E%2p, y

so 14 is Az-measurable.
(iii) = (i). Under asssumption (iii)

T2 f = ¢ EM (0B f) = i EME™ (0,E™ f) = o E™ f = T4 f,

since E%2¢, = 1,

Y1
TT1 f = :E™®2 (01 E? f) = B, (E®20, )(E™ f) = T, f.
It is worth noting that if p.c.p. operators T;, T are not regular, then
the inclusion T1(L;) C T2(Ly) does not imply the inequality of projections
T,<T,. B
By Proposition 6, every p.c.p. operator T is of the form

T = E?(1g,") + N(1g;°),

so we can write shortly T = (2o, 9,2, N).

In the proof of a strong limit theorem for increasing sequence of projec-
tions we shall use the following consequence of the inequality between two
p.C.p. operators.

8. Proposition. Let T, = ({2,,¢,,%,, N,), s = 1,2 be two arbitrary p.c.p.
operators. Then we have that

(A) The inclusion Ty(Ly) C T2(Ly) implies the following conditions
1° 02y C 02y
20 2, € Yy;
3° lo,p2 =1g, Eﬁ%‘;;
40 A, C Ay N 1.
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(B) The inequality Ty < T; additionally implies
50 E* Ny1ge f > E®i(1g, N2 f).
Proof. Assume that T3(L;) C T5(Ly). Then we have
1° 2, = (Ty1 > 0) = (T2Th1 > 0) = (p2E*2(Ty1) > 0) C (2 > 0) =

2.
20 Tll - Lngle(Tll), (LPQ > O)Qg ) .Q], SO (T]l > 0) = (Emz(Tll) >
0) € ;.

3% Obviously, ToT) = T;. Thus cngm’(cplEa’lnl) = cplllilglllgl SO
10,p2E% ;) = 10, ¢1.
4% Let A € Uy, A C £24. That means that

141 = Ti(lagr) = Ta(lagr) = 92E*2(14¢01).

Consequently,
14 = fiEaz(lA%) = gl E*2(1,4¢,) is A;-measurable.
1 E® ¢

Part (A) is thus proved.

Inequality 5° concerning the nilpotents is a consequence of the additional
assumption ker Ty D kerT,. Indeed, for f > 0, (f > 0) C 25, we have
Nof =Tof and To(=Nof + f) = =Nof + T, f = 0. In consequence,

0=T(~-Nof + f) = “Th(1a, Nof + 1enn, Naf) + Th f)
= -T\"1g,Nof - NMlgsag,Naof + Nif
= —Q;Egllnlf\rgf— N1N2f+ le

Thus, as N;- = (9 E®11g,)N;-, we get 5°. B

Remark. Actually, we have proved the following characterizations (which
are interesting themselves, though they will not be used.

(A") The inclusion Ty(L1) 2 Ty(Ly) is equivalent to 1°-4°.

(B') The inequality Ty < T; is equivalent to 1°-4° and

(5%) EM N lggf = E®1g, Nof + EM NN, f.
This can be obtained by the use of Theorem 1 and the implication
1o¢nn, f € ker Ty implies 1oinn, f=0.

Now we go back to the proof of Theorem 4 in the case p = 1.
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First, let us remark that our theorem holds for the regular p.c.p. opera-
tors. Indeed, in this case, by Proposition 8 we have that

Tn.f = (anQl,.f,

with an increasing sequence (2, ) of o-fields and ¢, = E’gw'—w: It is enough
to apply the martingale convergence theorem.

Now, let T} < T < ... be p.c.p. operators. Let, according to Proposi-
tion 6, 2, = (T,1 > 0) and

T, =T + Ny,

T(r)f = ‘PnEm"f
with (@n > 0) = 2, € A, E2~¢p, = 1. Moreover,

Nn = lg. ann:.

Then, by Proposition 8, 2, C 23 C .... Let us fix arbitrary ng > 1. In the
sequel always n > ng and f denotes a fixed positive function. Obviously,
1 )cTnf <1p:Thf =0.1Itis enough to show that (Iann'f} con-

( Un >1 2,
verge$ a.e.

Step 1. ln_‘oT,(l")f converges a.e. Indeed, for n > ng, 2, €9, by Propo-
sition 8. This implies that the operators

(9) 1.(),‘0 ‘P'nEmna n 2 o,

are {2,,-regular p.c.p. Obviously, they can be treated as regular operators
acting in the space L1(£2ny, Fno, in,) being the restriction of L\(2,F,u) on
§2,,. By Proposition 7, sequence (9) is increasing in L;(£2,,) so it converges
p-almost everywhere.

Step 2. 1q, N.f converges a.e. Indeed, for a sequence of functions

fn:.Emn]_Qnoan, n > ng, fZO’
defined on {2,,, one has, by Proposition 8,

E* g1 = 1n..oEa"Nn+1f < 1n,.°Em"N,,ln_c‘ﬂf
<1q, E* Nof =&,

Consequently, (£,) converges a.e. as a supermartingale. Thus the sequence
et A, =
1, Nof = onE " 1q, Nnf = ¢n€s converges a.e.
For decreasing sequence of p.c.p. operators in L, the a.s.

i convergence
depends heavily on p. Namely, we have the following result.
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9. Theorem. If (T,) is a decreasing sequence of p.c.p. operators in L,
(p>1),then T, — T a.s. but there exists a decreasing sequence of regular
p.c.p. operators in L; which does not converge almost surely.

Proof. The case p > 1 can be considered in the same way as in the proof
of Theorem 4, even easier (because we do not need to pass from increasing
(T,) to decreasing (T) to use the result of Neveu).

Thus it remains to construct a suitable decreasing sequence (T7,) of reg-
ular p.c.p. operators which does not converge almost surely.

To this end we construct a probability space ({2, F,P), a decreasing
sequence () of sub-o-ideals of F and a sequence () of strictly positive
measurable functions on ({2, F) satisfying the conditions

Pn+1
10 g Ll
( ) ‘P Egn ‘Pn-{-l

in particular,

(11) E*p,=1, n=12,...,

(12) ¢n does not converge P-a.s.

Then, obviously, it is enough to put T, f = @, E®~ f for f € Li(R,F,P),
because by (10) and (11), (7,) is decreasing sequence of p.c.p. operators,
and by (12) T,1 = ¢, = as.

By Bla, 3] we denote the o-field of Borel subsets of the interval [a, 3].
For a € [0, 1] we set B, = B[0,a]U {[a,1]}. Let us consider a product prob-
ability space (2, F, P) = ([0,1], B[0, 1], A)*°, where X denotes the Lebesgue
measure on [0, 1].

For a sequence (ny,ns,...) of positive integers (which will be fixed later)
we define a decreasing sequence (%,) of o-fields by putting

B =
Q‘ll=“l—l®Bl®Bl®---

2n1

B
W=-""2080H5¢1

2711

(13) lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

By
an1=—®Bl®Bl®--°

2111

By.-1 ,

Un41 = Bo® 2L @B ® ...

2112

.....................................................................
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B
an1+n2=BO®_O®Bl®---

2!12
Bn;—l
L1 9B ®...
2ny

Any+ny+1 = Bo ® Bo ®

We define on (2, 7, P) a sequence of measurable functions (¢x(wy,ws,...),
k=1,2,...) by putting
(14)

1
Pr(wy,wa,...) = (1[0_:&1;—1_1) e Ol o1 e 51[%‘1])(%)

1

(1) 1
o) F A 1y + 3 1)) @)

[
_ (2) !
Uny41(wryw2,...) = (1[0_::'_‘) 4 or 1[%’%) " 51[_“1 1])(1.02)

' Tng ' ng !
3 (3) 1
11{'1ri.1+n;t+l(‘-")l1""'7'21"')_ (1[ ”0_]) +Gl 1{253"—_;_&2%)4_51[2_';33_,1])(“)3)

.........................................................................................
........................

We postulate that fn Yr dp = 1. It is equivalent to the condition

Ny — 1 (m) 1 ln,+:1-1
15 -t —t - =
o) 2 Ly Mim: 2L 127, :

The coefficients aﬂm) are determined by (15). It can be easily seen that

then we have

(16) af’"’>1’4ﬂ (i=1,2...; m=1,2,...).
The form of Uk, ¥ and the condition [, = 1 imply

(17) EMpe =1  (k=1,2,...).

Also we have

(18) Y is A1 measurable,

which can be easily checked.
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Let us put

(19) Pk = V12 ... Yk,

By (17) and (18), we have

E* @ = EM (¢1... %) = EM* B gy . ER2 4 EM gy = 1

and
Pk+1 Y1 Vi Yita

EMprer r Exegy

Thus the conditions (10)—(12) are satisfied. Since the sequence of o-fields
(k) is decreasing and the functions () satisfy (10)-(12), the operators
Ti(+) = ¢xE2*(-) form a decreasing sequence of regular p.c.p. operators.

The sequence (n,,) can be fixed in such a way that P(w : px(w) ») = 1.
More exactly, we will show that for a suitable (n,, m =1,2,...)

=Y1... %k = pk.

(20) l(.rgax |Pns+..4nm (W) = Caytotnm+ilw)] > 1
S1SNm 41

on the set Z,, = {u € 2 :wWnys € [0, 1/2]}, m=12,....
Obviously, P(Z,,) = 1/2 and the cylinders Z,, are independent.

Putting Z = lim sup Z,,, by the Borel-Cantelli Lemma we have P(Z) = 1,
and ¢, (w) does not satisfy the Cauchy condition on Z.

The sequence (n,,) will be defined by induction. Let n; = 1. Assume
that we have already fixed n;,ns,...,ns in such a way that (20) holds on
the set Z,,, for m = 1,...,m — 1. We put S(w) = ming, @n,+..4n.(w)-
Note that 8 > 0 a.e. and take n,;4, large enough to have that

(21) (B2 -1)g>1  ae

We shall prove (20) for m = 7. Indeed, let us take wm41 € [0, 1/2]. In the
1 g nm41=f n —i41

Situation when w41 € ( 2’1:1“ , "5?.:”. ), we have

|(p"'1+"'+ﬂm (W) = @yt tnm+i(W)]
= Pritotnm (W)Il & (¢n,+...+n,,,+1(w)wn,+...+n,,.+2(w) . --¢n1+...+nm+t(w)|
= Prytetng (W) 1 - 1...1 ot > Blaltt - 1) > 1

(i—1) times

by (16) and (21). Thus (20) holds for m = . The proof is completed. &
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In [11] we described all possible quasi-strong limits of monotone sequences
of projections in a Banach space. These limits are always some idempotent
operators unbounded, in general. In the case of almost sure convergence,
sequences of projections may converge to operators of a very general form.
For example the following theorem holds.

10. Theorem [11]. Let X = Ly(£2,F,pn) be a separable Hilbert space
such that 0 < p(Z,) — 0 for some (Z,) C F. Let A be an unbounded closed
and densely defined operator in X . Then there exists an increasing sequence
(S,) of finite-dimensional projections in X such that (S,) converges almost
surely to A.

Obviously, the projections in the above theorem are not selfadjoint, in
general. The situation is drastically different if we want to approximate
the operators in L, by the orthogonal projections. As an example let us
consider an unbounded positive selfadjoint operator A in X = (2, F,p).
Let A= [ Xe(d]X) be its spectral representation.

11. Theorem [10, 12|. The following conditions are equivalent

(i) there exists a sequence (P,) of orthogonal projections and positive
coefficients A,, / oo, such that A, P, — A a.s.;

(ii) for every e > 0 and m > 0, there exists a normalized vector feX
such that f € e[m,00)(X) and p(w € 2:|f(w)| > ) < e.

In condition (i) finite-dimensional projections P, can be taken.

In the last theorem the sequence ( P,) is not monotone.

The proofs of two above results concerning the a.s. approximation of
linear operators in Ly are based, among others, on the following general
theorem.

12. Theorem [4, 6, 10]. Let (A,) be a sequence of finite dimensional
operators acting in X = Li($2, F,p), satisfying condition

(*) there exists (Y,) C F with 0 < pu(Y,) — 0.

Assume that A, — A in the strong operator topology. Then there exjsts
an increasing sequence (n(s)) of indices such that Ans) = A ass.

Proof. The theorem is in fact a consequence of the existence in X of
increasing sequence of finite dimensional orthogonal projections P, tending
to 1 strongly and almost surely as n — oo. Namely, B, = 4, — A
0 strongly and B, are finite dimensional. Moreover, one can deﬁﬁe, by
induction, sequences n(s) /* 00, #(s) / oo satisfying (1) = 1 and

“Bn(s)Pt(s)” < 2_’v ”an's]!"r‘:‘,.;.”" L 27
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Then

Bp(s) [ = Bun(s)Pi(s) [ + Bn(s)(Pi(s4+1) — Pis)) f + Bn(s)Pt-(Ls-Q-l)f
= 2() 4 () 4 2

and

[ 0] oo [o e]
TP < oo Do NAPE < 00, D PP < max || Bal | f* < oo
=1 s=1 n=1

Thus Bp,) — 0 a.s. Consequently, Ap,) — A as.

The above theorem can and should be treated as an extension of the
following classical theorem of Marcinkiewicz [14].

13. Theorem [14]. Let (¢,) be an orthonormal system in L,(0,1). Put
P, =Y %_{-sk). Then there exists an increasing sequence n(k) such that
Po(ky = P a.s., P being the strong limit of P,.

The proof of Theorem 12 seems to be as short as possible. In compari-
son with the original proof of Marcinkiewicz [14] and the reasoning of the
authors 2], it is much simpler.

It should be stressed here that the assumption in Theorem 12 that the
operators A, are finite dimensional cannot be omitted. Namely, one can
construct a sequence (P,) of orthogonal projections in Ly(0,1) increasing
to the identity and such that, for any increasing sequence (n(s)) of indices,
(Pn(s)) does not converge almost surely [5].

The counterexample just mentioned has an interesting implication in the
ergodic theory. Namely, there exists a unitary operator U in Ly(0,1) such

that for every increasing sequence (n(s)) of indices, there exists a vector
f € Ly(0,1) such that

n(s)
- Z Ukf  does not converge a.s. [5].
n(e) o

The assumption on the strong convergence of operators A, in Theorem 12
cannot be replaced by the assumption that A, — A weakly. Indeed, let us
consider H = L(—1,1) and put ¢ = 1(_y,0), while {4} is the Rademacher
system in Ly(0,1). Put ¥i(z) = J5(p(z) + ¢(2)),z € (=1,1) (here ox
equals zero outside the interval (0, 1)).

Let P (P, resp.) stand for the orthogonal projection onto the space
generated by (%, resp.), k = 1,2,.... Obviously, Px — %P weakly, as
v — 00.
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On the other hand, Py = (o, ¥i)¥k = ¥&/2, thatis |(Pep)(z)| = 1/2,
z € (0,1), however, (Py)(z)/2 = 0, for = € (0,1). Clearly, for every
sequence {P,} C Proj(H), P, — A as. implies P, — A weakly. This
implies immediately P, — A weakly.

It is worth noting here that from Theorem 12 one can deduce the following
corollaries.

14. Corollary. If A, — A in the strong operator topology for some finite
dimensional operators Ay in H, then one can choose indices n(s) / oo in
such a way that Aﬁ{s) — A* as. as s — oo, forany k = 1,2,....

Proof is given by diagonal method.

15. Corollary [4]. Let 0 < A < 1. Then there exists a sequence (Py) of
finite dimensional projections such that P, — A a.s.

16. Corollary [12]. Let A be a closed densely defined linear operator in
H such that, for some finite dimensional A,, we have ||A,f — Af|| — 0 for
all f € D(A). Then A,y — A as., for some increasing sequence (n(s)).

Proof. It is enough to consider the operator B = flﬂ ooy Min(1, A~D)e(d)),

where e(-) is the spectral measure of |A|, and apply Theorem 11 to the
sequence (A, B).

17. Corollary. Let A be a normal (unbounded) operator in H. Then
there exists a sequence (An) of finite dimensional normal operators such
that A¥ — A¥ a.s. asn — oo, fork € Z.

Proof. It is enough to take A, = _7_, A,, with finite dimensional normal
operators A, converging strongly to f(’-lslz\l<a) Ae(dA) as n — oo. Then

|A%f - A¥f|| — 0 as n — oo, for any f € D(A*), k € Z, and Corollary 16
can be used.

We conclude with few remarks concerning y-mixing sequences of projec-
tions.

Let 0 < v < 1. A sequence {P,} C Proj(H) is said to be mixing almost
surely with the density v if P,@ > as. >> ylie. P,f — vf as., for all
f € H. In particular, every mixing a.s. with the density Y sequence {P,}
is also mixing with the density v in the sense that P, — 41 weakly. ’
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Let us remark that P, == y1 implies P,f — v f in L;(0,1) for f € H
(since the functions f, = P, f are uniformly integrable).

Let us remark that there are projections P, such that P, — y1 weakly
but the sequence {P,} is not mixing almost surely with the density v. For
example, let {Z,,} be a sequence of sets which is strongly mixing in the sense
of Renyi [16] and put P,f =1z f for f € H. Then P,f — v1 weakly but
{P.} is not mixing a.s. with the density y. Indeed, if the contrary, then we
would have, for f € L,

1Pnf =1 fII3 < 2 fllcoll Pnf = flli — O

which is impossible since P, f — 7 f strongly in H implies that vy = 0 or 1.

It is easy to give some examples of sequences { P,} C Proj(H ) which are
mixing with the density vy (i.e. P, — y1 weakly) and mixing a.s. with the
density 4.

REFERENCES
[1] Akcoglu, M. A., A pointwise ergodic theorem in LP-spaces, Can. J. Math. 27 (1975),
1075-1082.
(2] Ando, T., Contractive projections in L, spaces, Pac. J. Math. 17 (1966), no. 3,
391-405.

(3] Ando, T. and 1. Amemiya, Almost everywhere convergence of prediction sequence
in L, (1 <p < o00), Z. Wahrsch. und Verw. Geb. 4 (1965), 113-120.

(4] Ciach, L. J., R. Jajte, A. Paszkiewicz, On the almost sure approzimation of self-
adjoint operators in L2(0, 1), Proc. Conf. ”Ergodic theory and its connections with
harmonic analysis, May 24-28, 1993, Alexandria, Egypt (ed. K. Petersen), London
Math. Soc. Lecture Notes Series 205, Cambridge Univ. Press (1995), 247-251.

, On the almost sure approzimation and convergence of linear operators in

Lo -spaces, Probab. Math. Statist. 15 (1995), 215-225.

, On the almost sure approzimation of selfadjoint operators in L3(0,1), Math.
Proc. Camb. Philos. Soc. 119 (1996), 537-543.

[7] Douglas, R. G., Contractive projections on an £; space, Pac. J. Math. 15 (1965),
no. 3, 443-462.

[8] Duncan, R., Some pointwise convergence results in LP(p), 1 < p < oo, Can. Math.
Bull. 20 (1977), 277-284.

[9] Garsia, A., Topics in Almost Everywhere Convergence, Markham, Chicago, 1970.

(10] Jajte, R., A. Paszkiewicz, Topics in almost sure approzimation of operators in Lj-
spaces, Interaction between functional analysis, harmonic analysis, and probability,
ed. N. Kalton, E. Saab, S. Montgomery-Smith, Marcel Dekker, Inc. (1996).

, Convergence of orthogonal series of projections in Banach spaces, Ann.

Polon. Math. 66 (1997), 137-153.

, Almost sure approrimation of unbounded operators in La(X, A, p) (to ap-

(5]
(6]

(11)

(12)

pear).
(13] Elton Lacey, H., The isometric theory of classical Banach spaces, Die Grundlehren
der math. Wissenschaften 208, Springer-Verlag, Berlin-Heidelberg-New York 1974.
(14] Marcinkiewicz, J., Sur la convergence de séries orthogonales, Stud. Math. 8 (1936),
39-45.



84 E. Hensz-Chgadzyrnska, R. Jajte, A. Paszkiewicz

[15] Neveu, J., Deuz remarques sur la théorie des martingales, Z. Wahrsch. und Verv.
Gebiete 3 (1964), 122-127.

[16] Renyi, A., On mizing sequences of sets, Acta Math. 9 (1959), 1-2.

[17] Stein, E., Topics in Harmonic Analysis Related to the Littlewood-Paley Theory,
Ann. Math. Studies 83, Princeton Univ. Press.

Department of Probability and Statistics received May 22, 1997
L6dz University
S. Banacha 22
90-238 Lodz, Poland
e-mail: rjajte@math.uni.lodz.pl
ewahensz@math.uni.lodz.pl
adampasz@math.uni.lodz.pl


mailto:rjajte%40math.uni.lodz.pl
mailto:ewahensz%40math.uni.lodz.pl
mailto:adampasz%40math.uni.lodz.pl

