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Some sufficient conditions
for the convergence of the derivatives
of weakly quasiregular mappings

ABSTRACT. The aim of this paper is to prove n - dimensional generalizations
of two theorems from the book of Lehto and Virtanen [8], which deal with
the convergence of the derivatives for a sequence of plane K-quasiconformal
mappings. We use the methods and results of T. Iwaniec and G. Martin

(4], [sD).

1. Introduction. Developing the ideas from the paper of S. Donaldson and
D. Sullivan [3], T. Iwaniec and G. Martin introduced in [4] a new approach
in the theory of quasiregular mappings, in the case when n is even. This
approach has a strong analogy with the two-dimensional case and relies on
the study of the Hodge theory on LP - spaces and of a new Beurling- Ahlfors
type singular operator.

The Beltrami equation plays an important role in the theory of planar
quasiconformal mappings.

The basic idea is to consider a weakly quasiregular mapping f : @ — R"
as a solution of an n - dimensional Beltrami system and then to lift this
Beltrami system to the exterior bundle A'(Q).

If nis even and [ = n/2 they consider in this way the Beltrami equation in
even dimensions, which gives the possibility to apply the Beurling- Ahlfors
operator. Using the L? - norm of the Beurling-Ahlfors operator Iwaniec
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and Martin have proved in even dimensions a regularity theorem which
generalizes a well-known theorem of Bojarski [1].

They also proved, for the first time, a Caccioppoli type L? - estimate,
with p < n, for quasiregular mappings in even dimensions.

In [5] Iwaniec has obtained similar results for all dimensions, by a different
approach based on maximal inequalities.

Let Q be a domain in R™ and let f = (f!, f%,...,f") : @ — R" be
a mapping of Sobolev class WILf(Q), 1 < p < 0o. The formal differential
of f, denoted by D f(z), is defined for almost every z € 2 and belongs to
L} (Q,GL(n)). We denote by J(z, f) the Jacobian determinant of f.

loc

Definition 1. A mapping f € WL?(Q) is said to be weakly K - quasire-
gular, 1 < K < o0, if
(i) J(z,f)>20 ae;
(i) maxaios [Df(2)h] < K minjayzs [Df(2)h] for almost every z € 9.
If p=n we say that f is K - quasiregular.

We notice that (i) and (ii) imply |Df(z)|® < K""'J(z,f) a.e. The
matrix dilatation of f is defined as G(z) = J(z, f)" /™ Df(z)'Df(z) if
D f(z) exists and J(z, f) # 0, otherwise G(z) = I. In this way, f becomes
a weak solution of the following n - dimensional Beltrami system

Df(z)'Df(z) = J(z, f)*/"G(z).

In order to state the Beltrami equation in even dimension we need some
auxiliary notation and terminology.

We denote by A*¥(Q) the space of k-differential forms w = Z,w,dz'
whose coefficients are complex valued distributions. Here I = (i;,13,... k)
runs over all ordered k-tuples of integers 1 < i; < 15 < ... < i, < n and
dz! = dz'* Adz' A...A dz*. In the sequel, to each space ® of complex
functions defined on Q there corresponds the space ®(Q, A¥) of & - differ-
ential forms with coefficients in ®. Without saying so every time, we will
sometimes assume that the distributions in question are represented by lo-
cally integrable functions. In such a case the pointwise inner product of two
differential forms A, u € A¥(Q) is a function denoted by

< Ap>= Z'\!E"
1

The Hodge star operator * : A¥(Q) — A"~¥(Q) is defined by the rule

EAsA=< A pu>dz' A...Adz".
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For n = 2! we denote by A* the eigenspaces of  : A'(Q) — A!(2), namely
AT = {w e AY(Q) : «w = +i'w}. This gives an orthogonal decomposition
A@Q)=At A,

Let wy and w_ be the projections of w € A/(R2) on At and A, respec-
tively. We make use of the exterior derivative operator d : A¥(2) — A¥+1(Q)
and of its formal adjoint, the Hodge operator § : A¥(Q) — AF-1(Q),
6 = (=1)""=8*1 x4 « . Then the Laplace-Beltrami operator takes the
form A = dé + éd : A*(Q) — A¥(Q). The Beurling-Ahlfors operator
S : LP(R™, A¥) — LP(R™, A¥), which generalizes the complex Hilbert trans-
form, has the formal expression S = (dé — éd)o A~!. It is known that S is
bounded in all the spaces LP(R",A*) with 1 < p < co and k = 0,1,2,... , .

In dimension 2! this operator permutes the spaces LP(R*,A%), and
LP(R¥, A7), thus S o d* = d*, where d*w = (dw)s.

Let f: Q — R™ be a mapping of Sobolev class W,\’”(2) and let k < p be
a positive integer. Then f induces a homomorphism f* : C®(R", A¥) —
LP’¥(Q, A¥), called the pullback, which is defined by

loc

of (Za,dz’) (z) = a,(f(z))df"" Adf'? A...df*.
N I

Another pullback is that of [ - covectors induced by a linear transforma-
tion. Let T : E — F be a linear operator between n - dimensional vector
spaces and let T' : F' — E' be its dual. The pullback of ! - covectors via
T, which will be denoted by Ty : A'F — A'E, is defined as

TG AGA...AG)=TIGATIGA ... ATy,

for ¢1,¢s,...Cn € F' and then extended linearly to A'F.

Now we may recall the definition of the Beltrami coefficient of a weakly
quasiregular mapping, the notion which generalizes the complex dilatation
of a planar quasiregular mapping. Let G be the distortion tensor of the

weakly quasiregular mapping f. ’ !y
The Beltrami coefficient of f, denoted by pu; : A'Q — A'Q2, is a bundle
map such that

us(z) = [(Gz) - D(G()+ D],

We recall that the operator norm |us(z)| satisfies for every z € Q the
inequality

T K'-1
() Is(2)] € Ty
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The Beltrami equation in even dimensions takes then the form
(2) d*(f*a) = ppd™(f*a)

where f € H’I:,f(ﬂ) is a weakly quasiregular mapping in a domain Q ¢ R*
with [ < p < o0, and a is an (I—1) - differential form with linear coefficients,
such that d¥a = 0.

We need the following regularity results ([7]).

Proposition 1 (The Caccioppoli type estimate). For each dimension n > 2
and K > 1 there exist exponents q(n, k') < n < p(n, K') such that if f €
W IL:(Q.R") is weakly K - quasiregular mapping with q¢(n, K') < r < p(n, K)

then

(3) [1eD 1], < e(n, K,r)[[ IVl 1],
for all ¢ € Cg° ().
An important consequence of the Cacciopolli type estimate is

Proposition 2 (The Regularity Theorem). Every weakly K -quasiregular
mapping of the class H]oq(ﬂ R") with ¢ = g(n,K) < n belongs to
W..P(Q,R™) where p = p(n, K) > n.

loc

In the case n = 2/ we can say more about these exponents and the con-
stant ¢(n, K, 7). Suppose that n = 2. Let f be a K - quasiregular mapping

and let po = po(f) < 2 < go(f) = qo be the critical exponents of f, defined
by

(4) st V181, = lest 11811, =

Here we have used the norms of § : LP(R* A') — LP(R*,A') for p = po
and p = go. Then |u/[||S]|, < 1 for every p € (go(f), Po(f))-

Now the Regularity Theorem can be given somewhat more precise for-
mulation: If f € Wil (Q,R?") is weakly quasiregular with s > go(f), then
f e WIL'C”I(Q,R“) for every p € (qo(f),po(f)). Consequently f is quasire-
gular in the usual sense.

The Caccioppoli type estimate holds now for every p € (go(f), po(f)) and
takes the form

8LK'||S]|
epAll < (TEpaier) N9l
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Remark 1. A more careful analysis of the proof of Lemma 2.9 in (4] actually
shows that it suffices to assume less, namely s > [(2/ — 1)/(2!)]go(f), in the
Regularity Theorem reformulated above.

In order to obtain an evaluation of the exponents ¢(2!, K') and p(2!, K)
which does not depend on the particular choice of the K - quasiregular
mapping f, we consider the exponents g5 = ¢¢(I,K) and py = py(l, K)
defined by

K'+1

K'-1-

By (4) and (5) it is clear that go(f) < go(!,K) < 2 < py(l, K) < po(f)
for each weakly K - quasiregular mapping f. Then we may take in both

the Caccioppoli type estimate and the Regularity Theorem ¢(2/, k") and
p(2l, K') to be any numbers such that

(5) IS 1ley = 1111z, =

lgo(l, K) < q(21,K) < 2l < p(2l, K) < Ipg(l, K).
Moreover, an explicit form for the constant in (3) is also available,

BLK'||S]|r /1

2L Km) = TR - DK + DISThy

2. Weak convergence of derivatives. Lehto and Virtanen have proved
in [8] that the locally uniform convergence of a sequence {wn} of planar
K -quasiregular mappings to a mapping w implies the weak convergence of
the derivatives dw, /02 and dw, /0% to dw/dz and dw/0%, respectively.

We will prove an analogous result for n - dimensional K - quasiregular
mappings, which is a generalization of the lemma mentioned above, even
for n = 2.

We recall the definitions of the weak convergence in L[ , for functions
and for differential forms, respectively, given in [9].

Definition 2. Let I/ C R"™ be an open set and let p > 1. We say that
the sequence {fn} of functions fn € L{ (U), m = 1,2,..., converges
weakly to fo in LI (U) if it is bounded in L .(U) and for every function
pe Cge(U) ’ ’
lim | Jnpdz= | fods.
T = OO U U
Let {wn} be a sequence of differential forms in Ly, (U,A*), where
1 < k < n. Then we say that this sequence of forms converges to a form wy
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weakly in LY (U, A*) if the coefficients of the forms w,, converge weakly in
L} (U) to the corresponding coefficients of wy.
Remark 2. We notice that the definition of the weak convergence of func-
tions in L{ _ may be carried over to the class of mappings f,, : U — RF, for
any k > 1.

It is useful to recall that {w,,} converges weakly in LP (U,A*) to wp if

loc
and only if the sequence of norms (|wy,|) is bounded in L? (U) and

loc
r
(6) lim/w‘m/\Gz/w/\B
m—=o Jyuy U

for every form 8 € C§°(U, A™~F).

The following two lemmas from [9] will play a key role in the proof of
Theorem 1 in this paper.
The first lemma is a test for a function to belong to the class Wlf’x(l.-').

while the second provides sufficient conditions for the weak convergence of
the pullbacks fx(dz), m =1,2,..., to f5(dz’).

Lemma 1. Let uy be a function in L), (U). Assume that there exists a
sequence u,, : U — R of functions in W.P(U), where 1 < p < oo, converging

loc

to ug in L} _(U) and bounded in WyP(U). Then uo € WLP(U).

loc loc

Remark 3. An analogous statement is true for mappings.
Lemma 2. Let U be an open set in R",1 < k < n and let
gm = (gr‘n’glrzna"' ag;)’ M="1325. 1.

be a sequence of mappings of class Wlf)’cp(U) where p > k. Assume that
gm is bounded in Wlt’cp(U) and that g,, — go in L}, (U), where go =

(96,95, ,95)- Then the sequence of forms {dg} A dg% A...Adgk} con-
verges to {dg} A dgd A ...A dgk} weakly in LP/*(U, A¥).

loc

Remark 4. For k = n the weak convergence of the Jacobian determinants
follows: J( -, gm ) — J( -, go ) weakly in LP/"(U).

loc

Here is our first main result.
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Theorem 1. Let Q be a domain in R™ and let K > 1. Suppose that
s € [g(n,K),p(n, K')] and h is an integer in the interval [1, s].
If {fm} is a sequence of weakly K - quasiregular mappings in W,L’:(Q) such
that f,, — fo in L}, () for some fy : Q@ — R", then:
(i) fo € W2 (Q);
(ii) fo is quasiregular in the usual sense if s > n.
(iii) For every (h — 1) - form a with linear coefficients the sequence of forms
{df:a} converges to dfja weakly in Lfo/ch(Q AR).
Proof. We notice that f,, are actually quasiregular and f,, € WILf(Q) for
every g € [¢(n, K),p(n, K')|. Obviously, f. — fo in L}, ().
In order to verify that {f.} is bounded in W,,*(Q) it suffices to prove
that the sequence of norms {|D f,,|} is bounded in L; (). :
Let F' be a compact subset of  and let p € C§°(Q) be such that ¢ =1

on F. We denote the support of ¢ by F'. Applying the Caccioppoli type
estimate (3), we obtain

1D fml ], 5 < 10D fml ||, < e(m, K| 1Veo frml ], o
<¢(n, K,s) s;prapl ||fm||sypl'

-]

Since {fm} converges in L*(F") and therefore is bounded therein, (7) implies
that {|Df.|} is bounded in L*(F). Now, by Lemma 1, fo € WIL’C"(Q)

We will prove (ii) under the assumption that s > n. Applying Lemma 2,
we have for every i = 1,2,...,n, df} — df weakly in L{ (Q,A'), hence
Vfi, — Vfs weakly in L ().

Let V CC Q be a ball. By the lower semicontinuity property of the
Dirichlet integral (Proposition VI. 7.10, [10]) we have

(8) / |V f3|"dz gliminf/ |V fi|"dz
\% m— 00 \%4

fori=1,2,...,n. Let ¥ € CP(N) with ¢» = 1 on V. Then, applying the
K - quasiregularity of f,, and Remark 4, we get

lim inf / V£ "de < liminf [ $/|Dfm(2)l"dz
m—oo J, m—o Jn

< K™ 'liminf / PJ(z, fm)dz

m—00 Ja

r
= K™ lim vJ(z, fm)dz

m—00 JQ

= k™! I/ DJ(z, fo)dz .
Ji2
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For every i = 1,2,...,n, it follows by (8) and (9) that
(10) / |V f3|"dz < K™! / vJ(z, fo)dz.
Jv Ja

By an elementary calculation

fn

() 1DRE)|" < (znvm) <1 S VAP,
1=1

=1

Then (10) and (11) imply
/ ||Df0(:1:)||nd:z: < (nK)*! [¢J(z,f0)dz.
Jv Ja

Using the Sobolev averaging kernel we build a sequence of test functions
Pr € C5°(N) such that 0 < ¢, < 1 and ¢x(r) — xv(z) for almost every
z € Q (see [9], p.11). Then we apply the latter inequality to ¥ = 1, for
every k > 1, and letting k¥ — oo we obtain by Lebesgue theorem

/ ||Df0(z)||nda:§(n1x")"“l/ J(z, fo)dz.
\% v

Let g(z) = ||Dfo(z)||*! = (nK)""'J(z, fo), defined for almost every
z € Q. We define also the set function v as v(E) = [, g(z)dz for every
Borel set E C V. The latter inequality shows that v(B) < 0 for every ball
B C V. Then the derivative of v with respect to the Lebesgue measure,
which equals g a.e. in V, is non-positive. This proves the inequality

(12) 1D fo(2)||"dz < (nK)" " J(z, fo)

a.e. in V, for every ball V compactly contained in Q. Since we may find
a sequence of balls compactly contained in €, which almost cover Q, (12 )
holds a.e. in Q. We conclude that fo is (nK)"~! - quasiregular.

Let a be a (h—1) - form with linear coefficients. Then df,, a = f; (da) for
every m > 0. It suffices to prove that condition (iii) is fulfilled if da = dz' A
dz? A ... A dz". Taking into account that (f) is bounded in W\:’(Q) and
that f,, — fo in L} (Q), the same is true for g, = (f1,f%,...,fh), m=
0,1,....

Now by Lemma 2 we get
fi(da) =df} AdfE AL AR S dfR NAFEN . NAfE = f5(da)

weakly in L/"(0, AR).

loc
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Next we check that Theorem 1 implies Lemma IV.5.1 from (8].
If wy, — wo weakly in Lfoc(U, A") then *w,, — *wy weakly in Lf’oc(b’, :\"_k).

Let n = 2I. Applying Theorem 1 for h =l and s € [¢(2!, K), p(2l, K)],s > [,
we have, for every (h — 1) - form with linear coefficients

(13) d*fra — dtfra weakly in L'(Q,A)).

loc

Assume now that n = s = 2 and let @ = z +iy. Thus d* f a = (8f,./0%Z)d?
and d™ f; a = (0 fm/0z)dz. Then by (6) and (13) we get

: Afm S f ,
s [ (%6) 1= [ (3) o

m (’ =t
’r}ilnm/() (aéfz d;) A (@d?) = /;2 (%dz) A (pdZ)

for every ¢ € C§°(92).

Let R CC Q be a horizontal rectangle. Using a standard approximation
of xgp by functions in C§°(2) we get the conclusion of Lemma 5.1 ([8]),
namely

m— 0o

T [ o
—Zdz ANdy = ——dz A d;
lim L 57 z Ady Ja 0z z Y

and

df. dfo
i i = [ ——dz Ady.
lim /R P dz A dy /R 35 OF ]

m — 00

3. L? - convergence of derivatives. In the proof of our main result we
need the following estimates.

Lemma 3. Let Q be a domain in R?. Consider the exponents p,q €
(1,00) and an integer k € {1,2,...,2l}. Let f,g : Q@ — R?' be map-
pings in W,L’f'(Q). For each ordered k - tuple I = (iy,12,...,1x) write
dfl = df's Adf*2 A ... Adf*. Then, for almost every z € ), the following
pointwise estimates hold:

(14) |df'(2) - do'(z)| < 51DS(2) - Dg(@I(IDS()*™" +1Dg(2))* ")

(15)
|df(z) - dg(z)| < {:}|Df(:r) — Dg(z)|° (|Df(1‘)|q(k“l) N |Dg(1.)|q(k—1)) _
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Proof. First we mention the following inequality whose proof is elementary:

la1ay ... am — biby...by| < max |a; — b;l Z la|™ =7 |b}?
(16) i
sgﬁmeW”wwﬁ
Here m is a positive integer, a;,b;,j7 = 1,2,...,m, are real numbers and
we set |a| = max;_j— |e;| and |b| = max;_t |bJ|.

Let Q) = {z € Q: Df(z) and Dg(z) ex1st} Then Q\ Q; has Lebesgue
measure zero. For every z € )y we make use of (16) and we get

|df'(z) - dg'(2)| < & max |df'(z) - dg’(<)]

J=1,k

max]df’( ) + max jdg’ () )

=1k

|Df(z) - Dg(z)| (IDf(=)|*~" + |Dg(z)|*7") .

l\DI?r/ N N A

(15) is a straightforward consequence of (14) via Holder’s inequality.

Theorem 2. Let Q be a domain in R?'. Fix exponents p > [(20-1)/(20)]g0>
and ¢y < g < ph. Suppose that fn, : @ — R* m =0,1,2..., are weakly
K -quasiregular mappings of the class Wli'cpl(Q) such that
(1) The sequence (fm),m = 1,2,..., converges to f, uniformly on compact
subsets of §;
(2) |gm(z) — pu(z)| — 0 for almost every = € Q;

(3) |Dfm(-) = Dfo(-)] = 0 in LI ().

Then df},a — df§a in L] _(Q) for every (I — 1) - form a with linear coeffi-
cients, such that d*a = 0.

Proof. We notice that, for every m = 0,1,..., f,, are actually K -
quasiregular and f,, € WIL:I(Q) forevery s € (g4, pp). Then df’ € L"”‘(Q AY)
for each h - tuple J. Moreover, f, has continuous representative on ) (see
(10], VIL. 3.9). In what follows s € (gp,pp). Let a be a (I — 1) - form with
linear coefficients, a(z) = >, Efl=1 ctz'dz!, where in the first sum I runs
over all ordered (! — 1)-tuples. Then fJa =3, Zflzl i fi.dfl and

dfra = fr(da) = Zerrf w AdfL,

1 =1
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hence fra € LGN/U-1)(Q A1) and df} e € L], (Q,AY).
Let n € C§°(f2). Then
(17) d(nfna) = dnA fro+ndf,a

belongs to L*(R?,A'). We recall for each f,,,m = 0,1,..., the Beltrami
equation in even dimension:

(18) dt fra=pnd fra.

The Ahlfors-Beurling operator S permutes d*3 and d~ 3, for all forms S
such that, for some ¢ > 0,d3 € L't¢(R?, A'). Then it follows that

(19) d~(nfma) = Sod*(nfa).

Let F be a compact subset of 2. Now we assume that 7 = 1 on F' and
we denote the support of ¢ by F'. It suffices to prove that

(20) d*(nfrne) = d*(nfse) in LIRY,A").

Indeed, since the operator § : LY(R*,A!) — L7(R?,A') is bounded, (20)
still holds after replacing + by —. But d = d* +d~, thus

(21) d(nfra) — d(nfse) in LI(RY,A").

By (17) and (18) we have

dt(nfro) = pmd ™ (nfra) = (d0A fra)s = pm(dn A fro)-.
Applying the relation above and (19) we get for every m = 0,1,2,...

(I - pmS)d+(nf;a) = (dnA fra)s — pm(dn A frQ).

Then, form = 1,2,...,

(22) (I = pmS) [d¥ (nfra) — dt (nf5a)] = (pm — po)d™ (nfr@) + Wi —wo.

Here we write w,, = (dn A fLa)y — um(dn A fra)-. According to our
hypothesis

? K | I
!#ml”qu < m ||$”q <1,

and, therefore, (I — y,,S) is an invertible operator in LI(R*,A") and the
norm of its inverse satisfies:

1 1
(T = £ 8) ™ Mlg

<

< TS
i ”aum'silq I Il‘ml “S“q
1

= TR = D)/(K+ DIST,

(23)

N(l,K.q).
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Then (22) and (23) imply

- 1d*(nf7,0) = d* (nf5)ly < N(I, K, )
X [l(km = o)d™(mf50)llg + llom = wholl,).

Applying Lebesgue Dominated Convergence Theorem we obtain
(25) Jim_{|(gm = po)d=(nf50)||, =0,
as (tm — po)d™ (nfge) — 0 almost everywhere in £ and

K'-
(e~ po)d~(nf5 )] < 237 ldn ),

pointwise. The proof will be completed once we check that
(26) lim ||lwm — wollg = 0.

m — 00
From the identity

wm —wo = (AN A fra —dnA fga)y — pmldn A fro —dnA fga)-
— (#m — po)(dn A fge)-,
we have the following pointwise estimate almost everywhere:

o

(27) |wm — wo| <

I‘ - - -
< m!v’ﬂ |fme = foal + |pm — pol [Vl | foel.

Again, by Lebesgue Dominated Convergence Theorem
(28) lim_|||pm = pol [Vl If5el ||, = 0.
It suffices to prove for a fixed (I — 1) - form a with d*a = 0 that
(29) Jim ||Vl |fre - fiel]], = 0.

Then, by using (27), (28) and (29), (26) follows. We return to the proof of
(29). If I = 1, we take a = z! + iz?. Thus

IVl | fra = foal < 2|Vl |fm = fol.

Then, in the case n = 2, the conclusion of Theorem 2 follows from Condition
(1) and (2), Condition (3) being superfluous.
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Suppose that ! > 2 and let @ = z'dz? A... Adz! — (-i)'z't dz*2 AL A
dz?. Then we can write

|foa = fyal < |fm = fol (dfL]+ ldfiml) + | fol (1fE = aff| + |df;, - dfs]) .

Moreover, we have

IVl fra— foal? < 22q—1|V77|qlfm N f0|"|Dfm|‘7("1)

30
(30) + 29101 folloows (15 — diL1? + df2 — af]7) .

We may take n = ¢!, with p € C§°(Q), in the relation above. Then by
Holder’s inequality:
(31)

q
[ 1981~ fol1D gDz =10 [ 1D L0 ({9l - fo) 't
a
(=N

<[ [ 1vellfn- folyde| ’ [ leDsmivas]

It is clear that

1/t

& q
@) [ [(9llgm -~ falas] < m(P) (sup 19l suplf— o)

By the Caccioppoli type estimate (3) we have

/I‘PDfmlql < c(2la1"’aql)ql/ Iv‘r"'q"fm!q[
Q Q

(33) A

ql
< c(2t, K,attm(P) (sup 1) (sup1f = ol + ollor
The latter three estimates (31), (32) and (33 ) imply

VD frm = fol |Dfml " lg < le(2L, K,ql)""Vm(F")1
(34) ( \l—l
x sup |Vl sup | fm — fol | sup|fm = fol + [ follw,r | -
F' F' \ F'

/
Thus, by Condition (1) and by continuity of fo this relation yields
(35) lim |||Vl |fm = ol 1D fml|' g = 0.
Having disposed of this fact we are going to prove that

(36) Jim [Vl | fol \dfr, — dfg| llg = 0.
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The same calculation shall apply with J in place of I. By Lemma 3

(I-1)
2

|df, — dfg|? < |D fm — D fo (]Dfml"“"” + |Df0|q(l—2)) .

Now we take n = ¥'~1 with ¢ € C§°(Q). Then

43
vallsaltash - ard11le < ©57= [ (valIDsm - Dply

x [[$Dfnl"D + [pD o] da
2/1

1/2 . ql/2 -
s(/ﬂ (V|2 D fm - Dfol) dz)

(1-2)/2 (1-2)/1]
x [( [rnsairaz) "+ ([ wospias) } |
Q Q

Applying again the Caccioppoli type estimate we conclude that

[ —1)2
199115l a2, - a1 ], < L2

 sup VI (D fm = Dollqt2,r T

e(21, K, gl) 1= m( F)(=D)/a!

(37

{= -
where Tr = (suppr | frn — fol + folloo.r) ™% + 11 foll 5%

Taking into account Conditions (3) and (1) this estimate implies (36), as
required. Finally, we return to the estimate (30) and with the help of (35)

and (36) we obtain (29), which completes the proof of Theorem 2.

Finally, let us show that Theorem 2 indeed generalizes Theorem V.5.3 of

Lehto and Virtanen (8].

To this end we use the complex variable z = z! +iz2. As we have already

seen, Condition (3) is not necessary for n = 2.

Let f be a weakly quasiregular mapping with the distortion tensor G.
We denote by G(z) the entries of the matrix representation of G(z) with
respect to the standard basis of R%. Then the Beltrami coefficient p(z) of f

at 2z, can be identified with the matrix

1 (G}(z) - G%(2) 2G1(2) \

MO = G TGl 2\ 26ME)  Gi(z)-Cl(a))

which corresponds to the complex number

arerm s O - aerracke) = (Fe) / (Fe)-
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This is customarily called the complex dilatation of f at z. The above
identification yields the same norm; the operator norm of the matrix and
the modulus of the complex number identified with p(z) are equal.
Condition (2) simply means that the sequence of the complex dilatations
of f,, converges a.e. in . Note that dim A* = 1 and a = ¢z for some com-
plex number ¢. The assertion of Theorem 2 can now be written as ‘%;—‘ dz —

%o d7 and 8fndz — %odz in LY (), for all g € (g5(2, K),ph(2, K ), which

loc
is nothing else than the convergence in Ll (Q) of the derivatives 4 f,, /0%

and 9 f,,/0z to 8f,/0% and 0 fo/0z, respectively.
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