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Uniformly starlike and convex functions
and other related classes
of univalent functions

ABSTRACT. In this paper we investigate the classes of functions called uni-
formly convex and uniformly starlike, and some related classes of univalent
functions. We also introduce a class of functions ST'(¢) which is given by
the property that the image of any circular arc centered at ¢ and contained
in the unit disk U is starlike with respect to f(¢). These functions are nor-
malized so that f(¢) = f'(¢) — 1 = 0. Corresponding to ST(¢) we define
CV/(¢) such that f € CV(() if and only if (z = ¢)f'(z) € ST(¢).

1. Introduction. Denote by H the class of functions f analytic in the
unit disk U and normalized by f(0) = f'(0) — 1 = 0. Let § denote the
class of functions in # that are univalent in U. Further on, let UST and
UCV denote the classes of uniformly starlike and uniformly convex functions
characterized by

(1.1) UST={fGS:R( —Of(2)

\C HJ4 \7) U
e e }

and

(12) vcv = {feS Re

1+ C)f, 2 ’(Z,C)EI.-’XI.'}.
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A geometric characterization of these classes is that the class UST (re-
spectively UCV') is the collection of functions f which map each circular
arc with center at the point { € U onto an arc which is starlike with respect
to f(() (respectively convex) (see [2], [3]). We shall also consider the class
2f'(z) l 2f'(2) }

—1{£Re=—+,2€U},
f(2) - ()
introduced in [5], and the well known functions starlike of order «, defined
by

(1.3) Bour = {f €S:

.5';={f€S:Rez}f£S)2a,zeU}.

2. Uniformly convex functions and the class Sy,;. The original ana-
lytic characterization of UCV by Goodman [2] was the one given in (1.2),
in terms of two variables. Later a one-variable characterization of UCV was
found [4], [5], namely

. "e N "
(2.1) g€UCV4:>Re{1+Zg(~)}Z 29°(2) ,z€U.

9'(2) 9'(2)

From this the class S, in a natural way emerged as the class of functions
with the property that g € UCV <= zg' € Spar- Many properties are eas-
ier to obtain from a one-variable characterization than from a two-variable
characterization, and therefore (2.1) has been very helpful in the investiga-
tion of the classes UCV and Sp,,. However, in some cases it may be helpful
to have a description in terms of two or more variables. Qur first result is
a three-variable characterization of UCV that resembles the two-variable

characterization of the classical convex functions given by Sheil-Small [7]
and Suffridge [8].

Theorem 2.1. Let f be analytic in U. Then f € UCV if and only if

(22) ReF(z’C’n)ZO’Z7C;7]€ U,
where A Ofs) y
2 z—( o il Z+n_
F(z,¢(,n) = J J(z)=JF(n) — for z# 7
: | 14 =L .

Proof. We first observe that

(2= 0Of(2) ztn-%) . (2= Of'()
8 Ny e s R T
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so that F(z,(,n) is continuous and hence analytic in 2z, and 7. It is clear
that (2.2) implies f € UCV.

Now suppose f € UCV. We will show that (2.2) holds. If z = 5 then
(2.2) clearly holds. Consider then the case z # 5, but |z—(| = |p—- (| = T.
Since f € UCV, the part of the arc z(t) = ( + re'* which lies inside U will
be mapped onto a convex arc containing f(7). A convex arc is starlike with
Tespect to all points in its interior or on its boundary, so therefore

(- 0r@) .,

Re - foy 20

Moreover,
z+n—-2¢ (z-QO+(@-¢)
Re = Re =
z=1 (z-QO-(m-0
for 2= (| =1, z # 1.

From this we conclude that Re F(z,{,) > 0 when |z - (| = |n—-(| =T
Since the function Re F(z,(,7) is a harmonic function in z for fixed ¢ and
7, an application of the minimum principle gives (2.2) in the case |z — (| <
|n—¢|. Similarly (2.2) holds when |z—(| > |7—(|, and the proofis complete.®

0,

The next result is an alternative two-variable characterization of UCV,

obtained from Theorem 2.1 in the same way as (2.1) was obtained from
(1.2).

Corollary 2.2. The f € UCV if and only if
(2.3)
2f'(2) n

Rl e

- 2f(2) & i UxU.
AR e PRy

>

Proof. Assume z # 7, and write F(z,(,n) as

2:f(2) _z+u_[ 2f'(2) 2<‘J
n

PO =y "5m " =0 |Fm -Ffm  z-
T e on ] [ %@, %]
’z[f(z)~f(n)+n—z_ H i

O f()=f(m)  n-2z]
Then we get Re F(z,(,n) > 0 if and only if
zf'(z2) Ul ] 1 l (f'(2) ¢ .
NOEOMET AR VO R O R
Choose ¢ = €'z such that
(f'(2) ¢
e[ Tt s

Re

b z2f'(2) z
) If(Z)—f(n) o=z
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and (2.3) follows. Assume that (2.3) holds. Clearly (2.3) implies (2.2) if
|z| > |(|. Again, applying the minimum principle for harmonic functions we
see that this implies Re F(z,(,n) > 0 for all z,(,n) € U, hence f € UCV.
Taking the limit as 7 — 2 in (2.3), we see that this inequality turns into

1 Zf"(z)] zf"(z )|
Re [1 - D= +
2 f'(2) (2)
which is equivalent to (2.1). Hence, the result holds also in the case n = 2.

These alternative characterizations of UCV can be used to derive some
new properties of UCV which we state as

Corollary 2.3. Assume f € UCV. Then

(2.4) Re{"—“% (2,0 €eUxU,
(2.5) Re {“—f—g“‘hg] % (%,¢) €U x U
and
2f'(z) _ zf'(z) 1
(2.6) ) .<R T 2 zel.

Proof. The inequality (2.4) follows from (2.2) by taking n = ( and (2.5)
follows from (2.2) by taking n = 0. Finally (2.6) follows from (2.3) by taking
n = 0. In fact, (2.6) can also be obtained directly from (2.5) in the same
way as (2.1) is obtained from (1.2). |

It is obvious that any uniformly convex function is uniformly starlike. If
one were to introduce a concept "order of uniform starlikeness”, then the
inequality (2.4) can be read as 'any uniformly convex function is uniformly
starlike of order 1/2’, a result corresponding to the classical result that any
convex function is starlike of order 1/2 (in the usual sense). In [6] the classes
Spar(@) were introduced as functions with the property

zf'(2) l zf'(2)
-1/ < Re ——
f(2) =5 figs)
It is easily seen that f € Spar(c) implies that f is starlike of order

(1 + @)/2. The statement in (2.6) is that if f € UCV then f € Spar(1/2)s
and from the above we then get the following corollary from (2.6).

-a, zeU.
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Corollary 2.4. If f € UCV then f € S3/4-

Remark. From (2.1) we see that for f € UCV we have

"
Re{1+ ], 1
f(z) J ~ 2
hence a function in UCV is convex of order 1/2. Given the order of convexity
B, we can compute the order of starlikeness @« = a(f3) using a result by
Wilken and Feng [10]. For 8 = 1/2 this result gives a(1/2) = 1/(2log2) =
0.72.... We see from Corollary 2.4 that replacing convexity of order 1/2
by uniform convexity increases the order of starlikeness even further.

Corollary 2.5. Let f € UCV and ¢ € U. Then for each fixed n € U the
function

2.) o) = (2 - ) (L2L@Y (1Y

n

maps |z — (| = r,7 < 1 — |(|, onto curves that are starlike with respect to

9(¢) = ¢(f(m)/m)*.

Proof. Given (,n € U, f € UCV and let the function g be defined by
(2.7). Then g is analytic in U and g(0) = 0. Moreover

(2-0Q)9g'(z) _2z-0f'(z) z+n-2C

9(z) - g(C)  f(z) - f(n) -1

Hence, using Theorem 2.1 we obtain the desired result. [ |

Because of the close connection between UCV and Sp, it is clear that
many results about UCV can be directly translated to results about Sp,;.
We will not include such results. The class Spar has always been investigated
while basing on the characterization (1.3). However, using (1.2) and the
fact that g € UCV <= f = zg' € Spar it is clear that we can obtain
an alternative characterization of Spar in terms of two variables and this
characterization will be as follows.

Theorem 2.6. Let
_(z-0f(z) ¢
(2.8) F(z,¢) = ) £
Then f € S,,, if and only if Re F(z,{) > 0 for all (2,{) € U x U.

We include here one application of this alternative characterization of
S

Par-



100 S. Kanas and F. Renning

Theorem 2.7. If f(z) = z+ a2* 4+ --- € Spar then

(2.9) laz + (a® — 2a3)¢| < 2Re(1 - a5¢), |¢| < 1.

Proof. Let F(z,() be as in (2.8) and f € Spar. Then Re F(2,{) > 0.
Writing f and f' in (2.8) as a power series, we see, after cancelling the
coefficient of z2, that F(0,() = 1 — ay( # 0 since |az| < 1. Similarly, we see
by computing (8/9z)F(z,() that

-
ii‘(o,c) = ay + (a? — 2a50).

It is well known that if p(z) is analytic and has positive real part in U then
|p'(0)] < 2Rep(0). In our case this will turn into

and substituting the above expressions for the left and right hand side of
this inequality the result follows. w

Corollary 2.8. Let f(2) = z + a;2° + asz' +... (i.e. a3 = 0). Then

v17 -3

lag| < =40.00:4x 5.4

Proof. Set a3 = 0 and choose { = @;/|az|. Then we get from (2.9)
laz] - 1 + |azf] < 2(1 - |az|).
Solving for |a;| the result follows. ]

Remark. The bound for |a;| in Spa, without the restriction a3 = 0 is
laz] < 8/7% =0.81... cf. [5].

3. Uniformly starlike functions. The class of uniformly starlike func-
tions is not as well described as the class of uniformly convex functions. One
reason for this is that the characterization of UST includes the value f((),
and a one-variable characterization of UST does not seem to be available.
We present here some new results on UST that can be derived from the
definition (1.1).
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Theorem 3.1. For f(z) = z+ a2® 4+ --- € UST we have

‘@ §2|z|Re@, zeU.

-1 - 2ayf(2)

Proof. Let F(2,() = [f(2) - f(Q)]/I(2 = ()f'(2)]- Then f € UST <=
Re F(2,() > 0, z,{ € U. Using again

< 2Re F(0,()

o
F0.0
In a similar way as in the proof of Theorem 2.7, the result follows. O

Theorem 3.1 immediately gives the following corollary.

Corollary 3.2. For f € UST we have Re f(z)/z > 0. If f(2) = 2+ a32® +
-+ (i.e. ay = 0) we get the stronger result

(3.1) ‘M—I}S2ReM,ZEU.
z z

Remark. From (3.1) we see that if f € UST and a; = 0 we have
Re f(z)/2z > 1/3. In general it is only known [3] that

f(2)

2z

M-1‘<2
z

Which implies |f(z)/z| > 1/3. We do not know whether it is true in general
that Re f(2)/z > 1/3 for every function in UST.

4. The classes ST(({) and CV((). In this section we consider classes
with a normalization different from the usual one. Given (, let S(() denote
the class of all functions f analytic and univalent in the unit disk with the
normalization f({) = f'({) — 1 = 0. In this class we shall define subclasses
of starlike and convex functions, denoted by ST({) and CV(¢). Here ST(()
is defined by the geometric property that the image of any circular arc
centered at ( is starlike with respect to f((), which due to normalization is
the origin. The corresponding class of convex functions, CV((), is defined
by the property that the image of any circular arc centered at ( is convex.
Hence, the definitions are somewhat similar to the ones for uniformly starlike
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and convex functions, except that in this case the point ( is fixed. The
analytic characterizations will then be as follows.

W(Q:{feS(Q:M%Ew,zeU},

n , (z=0)9g"(2) }
CV(C)_{_(}GS(C).1+Re 7(2) >0,2€eU, .

It is obvious that we have a natural ’Alexander relation’ between these
classes, i.e.

Proposition 4.1. A function g is in CV (() if and only if

f(2) = (2 = ()g'(2) € ST(C)-

As with the usual starlike and convex functions the sets ST(() and CV'(¢)
will be associated with a set of functions with positive real part. We denote
this set by P(( ), and this will be the class of all functions

(4.1) p(z)=1+ Y Ba(z=()"

that are regular in U, and satisfy p({) = 1 and Rep(z) > 0 for z € U.

Theorem 4.2. Let f € CV((). Then for z,a,w € U we have

. Re{z—(a—wf(Z)—f(w)_a—C}>é_

z—a z—-w f(a)- f(w) z-a«

Proof. The function

2= a-w f(z) - f(w) z+a-2(
F(z,(0w) = —— R

is analytic for z,a,w € U. For distinct points 2 = ( + re'®r | a=( +re'f,
w=C_+re'%  allin U, we have

20z-¢) a—w 2e'f1 g2 _ gt

22— zZ—W ei6 — pilly gifly _ pify
» sin((02 -3 03)/2)
sin((61 — 62)/2)) sin((61 — 63)/2)) "
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This gives

_ Re F( + re'®,(,( + re'®2,( + re'®)
W-3) sin((62 — 63)/2) B (ol )a 8 (Gefmeliay

" in((6 - 02)/2)) sin(6: — 63)/2)) * F(C + re®s) — f(C +re®)”

The three points z,a and w all lie on the arc ( +re'?, and since f € UCV((),
the image of this arc is convex. Using this and discussing all possible relative
locations of z,a and w, we find that the expression in (4.3) is always positive.
Hence we have Re F(z,(,a,w) > 0, |z - (| = |a = (| = r. Using the
maximum principle for harmonic functions we conclude that for fixed a
and w we have Re F(2,(,a,w) > 0, z € U. A similar application of the
maximum principle, for fixed a and z, and for fixed z and w gives the
Statement in the theorem. -

Corollary 4.3. If f € CV(() then

(4.4) Re:}(_z;"f(zz:i(w)>%,(z,w)eUxU,
33 0ER) L, o

(45) RET>§,MGL

and

(4.6) Rezf(_z)c>-;—,zeU

Proof. The inequalities (4.4) - (4.6) are special cases of (4.2). We obtain
(4.4) by taking o = ( in (4.2) and changing the role of z and w. We get (4.5)
from (4.4) by letting w — 2, and (4.6) follows from (4.4) if we let z — (,
and afterwards replace w by z.
=
It is natural to ask about the coefficients of functions from the classes
CV(¢) and ST(¢). If p € P(¢) and has the series expansions (4.1) then for
all n > 1 a result by Wald [9] (see also [1, p. 158]) gives the sharp bounds
for the coefficients B, of the function p. This result is

2
(4.7) 1Bal € T pa o d=1(.
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Theorem 4.4. Let f € ST(() and f(2) = (z=()+az(z2=()* +---. Then

2 3+d 2 (2+d)(3 + d)
< @ e LT
lozl < I —» loal < T gay» ladl <3 (1- a2y

as| < L 2+ DB +d)3d+5)
fois=g (1 d?)f :

Proof. Let f € ST((). Then there exists a function p € P(() such that

(z=-¢)f'(2)
———— =p(2).
G 0
Equating coefficients of (z — ()™ in the power series of both sides we obtain
n-1
(n-1)an=> arBux, n=2,34,..., a1 =1,
k=1

Hence we get

1
3

1 3 1
a; = By, a3=§(B2+Bf), dil= (33+53132+§Bf),

1.4 4 1 1
as = Z (B4 + 53133 + B?Bg + 53% + EB?) 3

Applying the above and the estimates (4.7) we get the result. =]

Remark. It is clear that Theorem 4.1 also provides bounds for the coeffi-
cients of functions in CV((), due to the relation between CV(() and ST(()
given in Proposition 4.1.
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