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P-valent harmonic mappings
with finite Blaschke dilatations

ABSTRACT. In this paper we aim at studying p-valent harmonic mappings
defined on a simply connected domain D in C. In contrast to the analytic
case, we show that if the number of zeros of a harmonic polynomial of degree
n is not infinity, it lies between n and n2. Another astonishing behaviour
is the fact that there exists a two-valent entire harmonic mapping which
is not a polynomial. However, a p-valent entire harmonic mapping whose
second dilatation function a is a rational function satisfying |a(oo)| # 1 is
necessarily a harmonic polynomial. In the second part we provide necessary
and sufficient conditions for the following problem: Given a simply con-
nected Jordan domain €2 and a finite Blaschke product of degree n. Under
what conditions there exists a sense-preserving continuous boundary corre-
spondence f=* from the unit circle onto 992 covering it p times such that its
Poisson integral f is p-valent and has the second dilatation a.

1. Introduction. Let D be a domain of the complex plane €. A complex
valued function w = f(z) = u(z)+iv(2),2 = z+1iy € D is called a harmonic
mapping on D, if its real part u(2) and its imaginary part v(2) are harmonic
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functions on D. Using the standard notations of complex partial derivatives
f:=(fz—1f,)/2and fz = (fz +1fy)/2, f is harmonic on D if, and only if

(1.1) Af=4fz=0

on D. From (1.1), we immediately deduce the representation

(1.2) f(2) = h(z) + g(2),

where h and g are analytic multiforms on D. The Jacobian of f is
Jr = 1£12 =15 = P = \g'*

Observe that h' and g' are analytic functions on D and that f is an open
mapping which preserves the orientation if and only if f is not a constant
and its second dilatation function

(1.3) a(z) = g'(2)/h(2)

is analytic on D and satisfies |a(z)| < 1 there . The following result strength-
ens Lemma 2.1 in [3].

Lemma 1.1. Let w = f(2) be a complex valued function in C”(D) such
that its image f(D) is neither a linear segment nor a point. Then f is
harmonic on D if, and only if either f is analytic on D or f is a solution of

(1.4) F2(2) = a(2)f.(2)

where a(2) is a meromorphic function on D such that a # e'” for some
real a.

Proof. If f is a harmonic mapping on D, then (1.2) implies that either
h' = 0 or else @ = ¢'/h' is meromorphic on D and f is a solution of
(1.4). Suppose that a = €'® for some real a, then g'(z) = e'*h'(z) and
g(z) = e**h(z) + q where ¢ is a constant. Hence,

f =h+ e-—ia"’;_*_q = 2e—ioz/2 Re(eia/2h) +7

which implies that f( D) is either a point or a linear segment. But this case
is excluded and hence the necessity of the conditions follows.

For the sufficiency we first let f be analytic on D. Then f(z) = g(z) is
harmonic. Suppose now that f is a solution of (1.4) and that a is mero-
morphic on D such that |a| is not identically one. Differentiating (1.4) with
respect to % yields

Af=4(fz). = 4(};);: daf,z = aAf.
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Hence, A f(2) = 0 whenever |a(z)| # 1. Since |a| is not identically one, the

level set E = {z : |a(z)| = 1} consists of countably many analytic arcs.
Finally, f being in C”(D) implies that Af = 0 on D. This concludes the
proof of the lemma. a
Remarks 1.2.

(1) It is sufficient to require in Lemma 1.1 that f belongs to the Sobolev
space W,lo: The regularity of a then implies that f belongs to C”.

(2) If |a| = 1, we cannot conclude that every solution of (1.4) is har-
monic. Indeed, f(z) = €'*/227 is a solution of (1.4) with a(z) = **
that is not harmonic in D.

Definition 1.3.

(1) Let f be a function defined on D. We denote the set of zeros of f by
Z(f, D) and its cardinality by NZ(f, D). The mapping f is called
p-valent on D, if for all complex w, NZ(f — w, D) < p and if there
is a wg such that NZ(f — wo, D) = p.

(2) A function f is called locally p-valent at z9 € D if there is an 7o > 0
such that f is p-valent on each disk 2 : |z — z| < 7, 7 < 7.

A. Lyzzaik [4] gave a complete description for the local valencies of a
harmonic mapping.

2. p-valent harmonic polynomials. In contrast to the analytic case,
there are nonconstant harmonic polynomials which do not vanish. For ex-
ample f(2) = 1+ 2z — Z is such a one. On the other hand, there are har-
monic polynomials which are not p-valent for every p > 0. For example the
mapping f(z) = z + Z is such a one. Moreover, in both examples the limit
lim,_., f(z) does not exist in €. We shall also show that there are harmonic
mappings on € which are not polynomials such that lim,_, ., f(2) = co. It
then follows that such a mapping takes on each value w at most finitely
many times. In other words, for each w € €, there is a natural number
P(w) such that NZ(f — w,C) = p(w).

Theorem 2.1. There are harmonic mappings on C which are not polyno-
mials and satisfy lim,_,o f(2) = oo.

Proof. Consider the closed set F = {z =z +1y : |z| > 1} U{z:z = 0}.
Define k(z) = z if |z| > 1 and k(z) = 0 if z = 0. By the theorem of
Arakeljan in uniform approximation theory (see for example [2]) , there
exists an entire function G(z) such that sup,cp |G(z) — k(2)| < 1. Since G
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is bounded on the imaginary axis, we conclude that G is not a polynomial.
Moreover, we have | ReG(z)| > |z| — 1 on {z : |z| > 1} and | ReG(z)| > 0
> |z|—1on {z:|z| < 1}. Hence, | ReG(2)| > |z| — 1 for all z € €. Define
f(2) = ReG(2) + iy. Then we have

1
|£(2)] 2 max(|Re G(z)],[y]) 2 5(IReG(2)| +Iy]) > 5 (le +ly[ - 1)
for all 2 € € which implies that lim,_, ., f(2) = oo. 0O

A p-valent entire (analytic) function is necessarily a polynomial. Let f
be a harmonic p-valent mapping on C. Is it true that f is a polynomial ?
In general this is not the case as we shall see in Example 2.3. However, the
answer is affirmative if a(o0) exists and |a(o0)| # 1.

Theorem 2.2. Let f be a harmonic p-valent mapping on C. If a(00) exists
and |a(o0)| # 1, then f is a polynomial.

Proof. Without loss of generality we may assume that |a(oco)| < 1. Hence,
la(z)| < lin |2z| > r for some r > 0 and thus f(z) is an orientation preserving
harmonic mapping there. Then f admits the representation

f(z) = Z axz® + Z biz* + Cln |2|.

k:—oo k=—00

Set fi(z) = f(1/z). Then fi(z) is a harmonic sense-preserving mapping
on D = {z2:0 < z < 1/r}. By the similarity principle for quasiregular
mappings, f1(2) = Ao x(z), where x is a homeomorphism from D onto D
(keeping the origin fixed) and A is an analytic function on D. Since f is p-
valent, A has a pole at z = 0 of some order m and by the distortion theorem
for quasiconformal mappings in the unit disk we conclude that |x(z)| =
O(|z|%) as z tends to zero for arbitrary K > (1 + |a(00)])/(1 — |a(o0)|).
It follows that the Fourier coefficients a, and b, are zero for all n > K.
Furthermore, since f is harmonic in the plane, we conclude that C =
'I"herefore, the singular part of f at infinity is of the form

f,Z) Zakz +Zbk2k

where |by| < |an]. Finally f(2) — S(f,2) is a bounded harmonic function
in € and hence a constant which concludes the proof of the theorem. O

The following example shows that Theorem 2.1 can be strenghtened:
There are p-valent and light harmonic mappings on the plane € which are
not polynomials and satisfy lim,_,, f(z) = oo.
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Example 2.3. Let f(z) = 2+ Re(e*). Then f is a 2-valent harmonic map-
ping in € that is not a harmonic polynomial. Indeed, for each fixed y,f is
a convex or a concave non-constant function of z. On the other hand, we
have lim,_, ., f(z) = oo. Finally, note that f(C ) omits open subsets of C.

We are now aiming to get explicit bounds for the number of zeros of a

harmonic polynomial f satisfying |a(co)| # 1. We shall start with a gene-
ralized argument principle for harmonic functions.

Lemma 2.4 (Generalized argument principle for harmonic mappings). Let

f(z) be a harmonic mapping defined on the closure D of a Jordan domain
D. Consider the sets

Ky={z:|a(z)| >1}nD and K; ={z:|a(z)| < 1}n D.

Fix w € C such that Z(f — w,C) N (0K, UBK,) is empty. Then we have

(1) NZ(f-w,Ki) - NZ(f - w, Kp) = - b darg(f - w).

Proof. Since {z: |a(z)| = 1} is a finite union of piecewise analytic curves,
K, and K, are finite unions of Jordan domains. Let K ; denote the bound-
ary of K;,7 = 1,2, endowed with the positive orientation on each of its
components. Then we have

de 2 ety o)

:’|~—

1 1
E}émldarg(f—w)-F z_wjé.,szarg(f_w)

and (2.1) follows. O

Let now f be a polynomial of degree n satisfying |a(oo)| # 1. Then
Without loss of generality we shall assume that |a(o0)| < 1. Fix w € € such
that Z(f—w,C)N(AK1UAK ) is empty. As already noted lim,_, o f(2) = 00
and therefore there exists a sufficiently large R(w) > 0 such that |a| < 1 on
AR ={z:|z| > R} and N(f — w,AR) = 0. For D = {2 : |2| < R}, (2.1)
yields

Corollary 2.5. Let f be a harmonic polynomial of degree n. Then for
fixed w € C such that Z(f — w,C)N (0K, U OK?;) is empty, we have

(2.2) NZ(f-w,C) > %f;l)darg(f—w):n.

We are now ready to state a result about the valency of a harmonic
Polynomial.
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Theorem 2.6. Let f be a harmonic polynomial of degree n and assume
that |a(oo)| # 1. Then f is p-valent on C where n < p < n%. Both bounds
are best possible. Furthermore, we have p = n if and only if 5 is analytic
on C or f is of the form

(2.3) s(z) = t(z) + bt(z),[b| # 1

where t(z) is an analytic polynomial and b is a constant.

Proof. If f is analytic on € then p = n. Suppose hence that a(z) is
not identically infinity. Without loss of generality, we may assume that
la(oo)| < 1. The upper bound n? and its sharpness were shown in [6].
Denote by K the set k' = {z:|a(2z)| > 1}.If K is empty, then by Liouville’s
theorem, a is a constant and hence f is an affine transformation of an
analytic polynomial, i.e. of the form (2.3) so that p = n. Suppose now
that K is not empty. By the maximum principle for analytic functions, we
conclude that there is a zg € K°, the interior of K, such that a(z) = oo.
Put w = s(z). If f~!(w)N AK is empty, then Corollary 2.5 shows that
p> NZ(f - w,C) > n. If not, there is a z; in the same component of K°
such that Z(f — wy,C)NAIK is not empty and the theorem is proved. O

3. p-valent harmonic mappings which preserve the orientation

3.1. INTRODUCTION

Recall, that a nonconstant function f of the class C”(D) is a harmonic
transformation on D which preserves the orientation if and only if it is
the solution of the elliptic partial differential equation (1.4) where a(z) is
an analytic function on D satisfying |a| < 1. Such a mapping is locally
quasiregular and admits the representation

(3.1) f(z) = Aoy(2)

where 1 is a sense-preserving homeomorphism defined on D and A is ana-
lytic on ¢ (D). Hence, such functions behave topologically like analytic func-
tions. In particular, the zeros of f are isolated and the order of a zero of
f coincidies with the order of the zero of A. Furthermore, the classical ar-
gument principle holds and f is locally p-valent at z, if and only if f, = A’
has a zero of order p — 1 at 2.

Observe that p-valent mappings need not to be sense-preserving. For
example, f(z) = z + 2% is 4-valent on D = {z : |z| < 2} and we have
|a(0)| = 0 and |a(1.5)| = 3.
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Definition 3.1. Let {2 be a simply connected Jordan domain of C.

(1) A function f*(e'')is called a sense-preserving quasihomeomorphism
from the unit circle QU into the boundary 9 if it is a pointwise
limit of sense-preserving homeomorphisms from 90U onto 992 and if
its image contains at least three non-collinear points. If in addition,
f*(0U) = 09, then we say that f* is a sense-preserving quasihome-
omorphism from AU onto 0f2.

(2) A function f*(e'*)is called a sense-preserving weak homeomorphism
from the unit circle OU onto the boundary 99 if it is a sense-
preserving quasihomeomorphism which maps @U continuously onto

ofl.

Since the image of a sense-preserving quasihomeomorphism from AU into
09 contains at least three non collinear points, f*(QU) is the boundary of
a simply connected domain €2, which is contained in .

In the rest of this article we shall study p-valent harmonic transformations
from the unit disk U onto a simply connected Jordan domain Q.

Definition 3.2. Let Q be a simply connected Jordan domain of € and let
¢ be a conformal mapping from the unit disk U onto D.

(1) A function f*(e')is a p-valent sense-preserving local homeomor-
phism from the unit circle U onto the boundary 0f if

0(t) = ¢7" o f*(e")

is a continuous strictly increasing function from [0, 27| onto [0, 2p7].
(2) A function f*(e') is called a p-valent sense-preserving local quasi-
homeomorphism from the unit circle U into 9 if it is a pointwise
limit of p-valent sense-preserving local homeomorphism from 0U
onto AN and if its image is the boundary of a subdomain ; of 2.
If, in addition, f*(e'') is a continuous map from AU onto 9<) then we
call f*(e'") a p-valent sense-preserving local weak homeomorphism

from OU onto 9N

The solution of the Dirichlet problem for a p-valent sense-preserving lo-
cal homeomorphism from AU onto dQ need not be p-valent. One further
condition must be enforced.

Definition 3.3. Let Q be a simply connected Jordan domain of € and
let f*(e'*) be a p-valent sense-preserving local quasihomeomorphism from
9U onto AN. If the second dilatation function a(z) of the solution f of the
Dirichlet problem satisfies |a| < 1 on U, then we call f a p-valent harmonic
and sense-preserving mapping from U onto .

Let us first show that this definition makes sense.
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Theorem 3.4. Let Q be a simply connected Jordan domain of C and let
f*(e'") be a p-valent sense-preserving local quasihomeomorphism from U
onto d€). Suppose that the second dilatation function a(z) of the solution
f of the Dirichlet problem satisfies |a] < 1 on U, then

(1) f is p-valent on U.

(2) NZ(¢,,U)=p—1, where

(3.2) ba(2) = €'%h(z) — e7'g(2), a € R,

(3) If, in addition, Q is a convex Jordan domain, then ¢,(z), a € R,
are m-valent for some m, 2 < m < p.

Proof. Since |a(z)] < 1 on U, we can apply the classical argument prin-
ciple and statement (1) follows immediately. Furthermore, for w € Q and
0<r <1, rclose to one,

21p = fiq:r darg(f —w) = f{z':r darg(df) = fidzr darg(h dz + g'dz)

B s ah'dz
= ﬁzl:r darg(h'dz) + }ilzrdarg (1 + s )

(3.3)
— darg(h'dz) = 2« darg(h'
le:r g(h'dz) = 27 + f (k")

|z|=r

=27 + j{ darg(h') + f darg(e'™ — ae™**)
|zl=x

l2l=r

= 2y f darg(e'*h' — e **g") = 2r(14+ NZ(¢,)).
Jzl=r

This proves statement (2).
Suppose now that Q is a convex Jordan domain. Then we have

Im e’ f(z) = Im ¢o(2).

Each local maximum (local minimum, respectively) of Im €' f(e*!) is a local
maximum (local minimum respectively) of Im ¢, (e''). These maxima (min-
ima respectively) are attained p times. Hence, Edi Im @,(e't) changes sign 2p
times . Since ¢,(U) has to be a domain, the argument principle applied to
¢o — w and iz¢!, implies that for each a € R, ¢, is m-valent, 2 < m < p.
a
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3.2. BOUNDARY BEHAVIOUR OF HARMONIC
MAPS ON AN INTERVAL WHERE |a| = 1

Suppose that a(z) admits an analytic extension across an interval I of
the unit circle and that its absolute value there is one. Then the boundary
values of f depend strongly on the values of a.

Theorem 3.5. Let a(z) be an analytic function with |a| < 1 on U and
suppose that a(z) has an analytic extension across an open subinterval J =

{e' : a <t < B} of the unit circle U such that |a(z)| =1 on J.
(1) Let f(z) be a bounded solution of (1.4) and suppose that the radial
limits f*(e'") exist and are of bounded variation on J. Then we have

(3.4) (') — a(ett) f*(e't) + /t f=(e't)da(e't) = const.

almost everywhere on J.

(2) If in addition, f is a p-valent harmonic mapping from U onto a
Jordan domain ) then the radial limit can be replaced in (3.4) by
any accumulation point of f at e''. In other words, (3.4) holds for
each limit value of f when z tends to e' € J.

(3) If f* jumps at e'*, (which must and can happen only when f*(J)
contains a linear segment) then we have

(3.5) arg[f‘(e'(”O)) - f'(e‘(t—o))]= —% arg(a(e'')) mod .

(4) If f* is continuous at e'', then we have

s(eit+h)y _ po(pi(t—h)
(3.6) }HPUI“I{\/Q(E;!)[I ( N ] 7z f ( )]} -

(5) If f* is not constant on a subinterval of J, then the right limit
; . 1 ,
(3.7) lﬂ% arg[f*(e"*M) — f(e-0)] = —5 318 a(e') mod 7.

_Proof. The proof is essentially the same as the one given in Corollary 2.5
in (1] which is stated for univalent harmonic mappings O

The relation (3.4) can be expressed in the differential form
(3.8) df* () — a(e)df(eit) = 0,
Or equivalently by

(3.9) Im(y/a(eit)df*(e")) = 0.

on J. Hence

1
(3.10) arg df*(e') = —5 21§ a(e") mod m,
Whenever df*(e*) # 0 on J.
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3.3. THE INVERSE IMAGE OF A BOUNDARY POINT

We first introduce the notion of a regulated domain.

Definition 3.6.

(1) We call 3(7) a regulated function on the interval [a,b] if the one-
sided limits (B(7 + 0) and (3(7 — 0) exist for all ¢ € [a, b].

(2) Let Q be a simply connected domain of C and suppose that the
boundary 01 is locally connected (every prime end is a singleton).
Let ¢ be a conformal mapping from U onto 2. We call () a regulated
domain if for each prime end ¢ = w(r) = ¢(e'™) of N the direction
angle of the forward (half-)tangent at w(r),

(3.11) B(q) = lim argluw(s) — w(r)] = lim argluw(s) — g,

exists and defines a regulated function. For more details see [5].

Let Q be a simply connected regulated domain of € and let f be a
p-valent harmonic sense-preserving mapping from U onto . Let ¢ be a
prime end of Q. Then we have (f*)~!(g) = UL_, Jk(q). In other words, the
preimage of ¢ is the union of p mutually disjoint closed intervals Ji(q) =
{e,7k(q) <t < 6x(q)},1 < k < p. of OU.

Remarks 3.7.

(1) If f* has a jump at e''* then we have for all interior points ¢ of this
jump, vk(q) = dk(q) = €"**.

(2) Observe that the cluster sets C(f*,e""(9) and C(f*",€'**(?) contain
g but they may contain other points if a jump occurs.

(3) If Jk(q) is a continuum then |a| = 1 on Jk(g).

(4) If @ has an analytic continuation across an interval J of U such
that |a| = 1 on J and Ji(q) C J, then we conclude from (3.7) that

B(q) = 1}:1118 arg[f'(ef(5~(q)+h)) - f'(ei(h(q)—o))]
(3.12) :
= -5 a8 a(e’®*(?) mod r.

The next theorem states that under the conditions of item 4 of the pre-
vious remark, the total change of —} arg a(e') over the interval Ji(q) is
either equal to the opening angle a(q) as seen from the inside of the domain
or, if 7 < a(q) < 2, it can also be a(q) — .
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Theorem 3.8. Let 2 be a simply connected regulated domain of C and
let f be a p-valent harmonic orientation-preserving mapping from U onto
Q. Suppose that a(z), as defined by (1.4), admits an analytic continuation
across an open interval J C OU such that |a(z)| = 1 there. Let q be a
prime end of 0 and suppose that Ji(q) C J for at least one k,1 < k < p.
Denote by a(q) the opening angle at q as seen from the inside of Q. Set
A(t) = arg a(e'),e' € J as a continuous function and define AAi(q) =
1[A(éx(q)) — A(7x(q))]. Then we have the following relation between a(q)
and AA(q).

(1) If 0 < a(q) < . then a(q) = AAk(q).

(2) If # < a(q) < 2x. then either a(q) = AAx(q) ora(q) = AAk(q)—.

Proof. The proof goes along the same lines as in Theorem 2.13 in [1]. We

have
%(eit) = e'th'(e') + eitgi(eil) = 2e'th/ ()
and o
eg'(e") _ ehle?) _ Fh(e)
eizh/(eit) - e'th!(e't) i %;_L(e"‘)
on Ji(q)\ Z(h',0U). In other words, we get
of

1 :
arg —a—r(e") = —5arg a(e') mod 7

G(f.'”) =

on Ji(q)\ Z(h',8U). Hence, arg %é(e") is a monotone decreasing function
on Ji(q)\ Z(h',aU). If e'* € Z(h',8U), then a jump of the magnitude =
appears. From the geometry, we also get 3(q) < arg %-r[(e“) < B(q) +2r
on Ji(q)\ Z(h',0U) where 1(q) — 7 is the direction angle of the backward
half-tangent of Q. Fix t and s, 7k(q) <t < s < éx(q) and suppose that
h'(e**)h'(e') # 0. Then by the continuity of arg a(e'!), we conclude that

0 < Llarg a(e) - arg (¢*)] < Au(a) + 7 — A(g) = alg).
Passing to the limit, we obtain
1
AAk(g) = 5[A(8(9)) ~ A(7(9)] < e(9),
for all 0 < a(q) < 27. Since we have §(q) = —3arg a(e'®*(?) and BL(q) =

—Larg a(e'™(9Ymod 7 for all prime ends g € 99, we conclude that equality
holds in (3.12) and we get

1 1 .
a(q) = 7~ f(g) + Br(g) = 5 arg a(*? — Jarg a(¢™?) mod .
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Finally, the same argument as given in the proof of Theorem 4.5 in [1]

shows that the case a(q) = 27 and 6,(q) = yx(g) cannot occur, since 99 is
a regulated domain. O

4. p-valent harmonic mappings with finite Blaschke dilatations

In the first paragraph of this chapter we describe the image domains 2
of p-valent harmonic and sense-preserving mappings from the unit disk U
onto  whose dilatation function a(z) is a finite Blaschke product.

4.1 A GEOMETRIC CHARACTERIZATION OF THE IMAGE DOMAIN
Let

N ) 00
@1)  a2) =[] 2 =S awzk, Iml<1, 1<k<N,
k=0

be a finite Blaschke product of degree N and let f be a p-valent solution of
the partial differential equation (1.4), f5 = a(z)f.(z), which maps U onto
a Jordan domain Q. Since a is analytic on the closed unit disk U satisfying
le| = 1 on 90U, (3.9) holds for all ¢t € [0,27]. Furthermore, the relation
(3.12),

B(q) = 1’1% arg[f‘(e'(ék(0)+h)) _ f"‘(ei(5k(Q)"0))]

1
= -3 aIg a(e’®*(?) mod ,

holds for all k,1 < k < p. Hence, Q is a regulated Jordan domain. On the
other hand, Theorem 3.8 says that

(1) f 0 < a(g) < 7. then a(q) = AAk(g).

(2) If 7 < a(q) < 2. then either a(q) = AA(q) or a(q) = AAx(q)— .
independently of k,1 < k < p, where A(t) = arg a(e') is defined as a
continuous function and AAk(q) = 1[A(8x(q)) — A(7£(9))]-

We shall use the following notation.

Definition 4.1. Let © be a simply connected regulated domain of C. We
say that a prime end ¢ € 09 is a point of convexity (with respect to Q) if
there is a line segment L containing ¢ as an interior point such that L\ {q}
lies in the exterior of (2.

Remarks 4.2.

(1) A Jordan domain of € has at least three points of convexity.
(2) A boundary point q of a bounded convex domain 2 is a point of
convexity if and only if it is an extreme point of ).
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Definition 4.3. A prime end g € 99 is said to be a complete resting point
of order n(q) of f* if AAk(q) = a(q) holds for n(q) intervals Ji(q).

Remarks 4.4.

(1) If the prime end q is an interior point of a linear segment of (2, then
either ¢ is an interior point of a jump of f* at e''* in which case
AAk(g) = 0 or the Ji(q) is not a singleton and we have AAi(q) = .

(2) Each prime end with an opening angle «(q) strictly less than 7 is a
complete resting point of order p of f*. In particular, if a(q) = 0,
then Ji(q) is a singleton for all k,1 < k < p, yet q is still a complete
resting point of order p of f*. On the other hand, if a(q) > 7, Jc(q)
is a continuum for all k, yet it may happen that n(q) = 0.

The main result of this section is:

Theorem 4.5. Let Q be a simply connected regulated domain of C and
let a(z) be a finite Blaschke product. Let f be a p-valent solution of (1.4)
which maps U onto Q. Then we have

(1) ¥ esn n(q) = N +2p.
(2) 09 contains at most 2 + N/p points of convexity.

Proof. Let CRP be the set of complete resting points ¢ € 39 of order
n(q) and let E be the set of prime ends ¢ € 99 such that a(q) = 27 and
for which yx(q) = 6k(q) for as many as m(q) k's. As atore-said, define
A(t) = arg a(e'') as a continuous function of ¢,0 < t < 2r. Then we have
A(2r) - A(0) = 2N p. Choose a prime end g € 0N and put

n(q) m(q)
1
(4.2) By=71 > Y Hu(t)-7) > Hult)- 5 A,
' qECRP k=1 q€E k=1

B(61(g0)) = B(0),

Where H_,(t) is the Heaviside function H.(t) = 0 if 6;(go) < t < éx(q) and
qu(t) = 1if 6k(q) <t < 61(qo) + 27. Observe that for each ¢ € 0 and
each k,1 < k < p, we have B(6x(q)) = B(q) and B(7«(q)) = Br(g) where
BL(q) — 7 is the direction angle of the backward half-tangent of 0.

a) We begin by showing that the second sum contains only finitely many
terms, Indeed, if not, there is a sequence of pime ends g; € E converging
from one side to a prime end ¢* € 99 for which 3(q;)—BL(g;) = —7. There-
fore, the sequence (3(g;) does not converge which contadicts the hypothesis
that Q is a regulated domain. Hence F is a finite point set.
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b) The relation
B(é1(go) + 27) — B(b1(q0)) = 2p7
(4.3) =7 Z n(q)—wz:m(q)— Nr.

qECRP q€EE

shows that there are only finitely many complete resting points of positive
order.

c¢) Next, we show that there is no prime end in 9Q with a(q) = 2.
Indeed, if there is one, then there must be infinitely many points of convexity
with opening angles a(q) < . Since each of them is a complete resting point,
we are led to a contradicition.

d) Finally, the first statement of the theorem follows from

(4.4) B(é1(q0) +27) — B(6x(g0)) =2pm =7 »_ n(q) - Nr.
qECRP

The second part follows from the facts that each point of convexity is a
complete resting point of order p and that f* is a p-valent local quasi-
homeomorphism from QU onto 0Q2. In other words, we have 2pr + N7 =
T quC‘RF n(q) > pn.m, where n, is the number of points of convexity of

O

Example 4.6. The function f(z) = z? 4+ 2P("*D/(n 4 1) is a p-valent
harmonic mapping defined on U. Its dilatation function is a(z) = 2"P = 2f
and the boundary of its image domain €2 contains then. = n+2 =2+ N/p
points of convexity ¢; = %e“*"/("“),o <k<n+1l

Example 4.7. The function

1 +iarg [14—2] cU
—— ar - - I
ok 2 G .

is a univalent (p = 1) harmonic mapping from U onto a rectangle. Its
dilatation function is a(z) = —z* and its image domain has n. = 4 <
2 + N/p = 6 points of convexity. The points w = i/4 and w = —i/4 are
complete resting points yet they are not points of convexity.

-1 +\/2_iz—22‘
1 — 2iz — 22

f(z) =

4.2 THE INVERSE PROBLEM

Let a(z) be a Blaschke product of degree N and let f be a p-valent
solution of (1.4) which maps U onto a regulated Jordan domain Q. We
have seen that the relation (3.9),

Im(\/a(e't)df*(e)) = 0
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on dU is a necessary condition for f which implies that 3 contains at most
2+ N/p points of convexity and that f* contains 2p + N complete resting
points. It is natural to ask if the condtion (3.9) is also sufficient. Or else,
for a given regulated Jordan domain whose boundary has at most 2+ N/p
Points of convexity must there be a p-valent solution of (1.4) which maps U
onto 2. The answer for both questions is negative. For instance, it is shown
in [1] that there is no univalent solution of fz(z) = 2?f,(z) which maps
U onto the rectangle R = (0,2) x (0,1). The next result gives a complete
answer to these questions.

Theorem 4.8. Let a(z) be a Blaschke product of degree N and let ) be
a simply connected regulated Jordan domain whose boundary contains at
most 2+ N/p points of convexity. Let f*(e't) be a p-valent sense-preserving
local quasihomeomorphism from U onto OQ satisfying the relation (3.9).
Then the solution of the Dirichlet problem is a p-valent harmonic sense-
Preserving mapping from U onto § if and only if the relation

(45) /2” ( ”)_"1( )df (e lt

cll —
holds true on U.

Proof. The proof is exactly the same as the one given for Theorem 3.6 in
(1]. Essentially one shows that fz(z) — a(z)f.(z) is analytic on U and is
identically zero there. The argument principle yealds the statement of the
theorem. O

Since a(z) is rational function of degree N, we will show that the condi-
tion (4.5) can be replaced by a system of [N/2] (the integer part of N/2)
€quations. Let

m m
a(z) = e [] [Z=25)™,S k=N, Ipbl <1, 1<k<m,

2m 2w
Ay et /2q[ )ﬂ €' ) it P:’wg’ﬂ p(:} ® g it
= z/o i ————d.'f (') - _/[ : o g _zdf (e')

ett 0

I o N 2
=, | i ‘It(z) m_z/ eiv/2 _P\Z) P( ) df (e't).
et —z 0 et
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Observe that ¢(z) is a polynomial of degre N and that the condition (4.5)
is equivalent to the condition

(4.6) t((z)=0, z€ U.

Hence, we may replace (4.5) by N + 1 equations of the form Li(t) = 0,1 <
k < N, where the L;’s are N + 1 linearly independent continuous linear
functionals defined on the linear space H(U) of analytic functions on U.
Next, we have

df*(e*) and

2w eit o 2
: df*(e'*) =
/(; ezt - f (6 ) A ett
27 it 2r
e Y SO 4B & % z e
’ d *(ptt) — : df* it
e MGl Bl ot

which implies that zV¢(1/Z) = t(z). Finally, the condition ¢(0) = 0 is auto-
matically satisfied and we are left with only [N/2] equations. Summarizing
we have shown

Theorem 4.9. The necessary and sufficient condition (4.5) in Theorem 4.8
can be replaceed by any linearly independent set of [N/2] linear functionals.
In particular, we may choose them from the set of point evaluations of t(2)
and their derivatives, i.e., from the set

2m Eljld’f (EII)
47 L= | =22 1<j<n,1<k<m,
(4.7) () /0 ) <<k,

where

a(z) = e

IIEE

== Z"k— N p <1, 1<k<m.

Application 4.10. Let a(z) = 2? and p = 2. Then the sum of the orders
of the complete resting points is 2p+ N = 6. Since the number of convexity
points of 99 is at least three and at most 2 + N/p = 3 we conclude that
00 has exactly 3 points of convexity, say w,,w; and wsz. Put wy = w; and
choose a t = t; from e'' = f~'(wy). The necessary and sufficient conditions
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for the existence of a 2-valent solution of (1.4) are the relations (3.9) and
(4.5). The first one determines the boundary correspondence while the
second one can be expressed by the single equation

2
(4.8) / e''df*(e) = 0.
0

By (3.9), we have Im[e''df*(e*)] = Im[/a(e'!)df*(e")] = 0 and we get

2 3 k41 3 rlrygl
’Ild “(ett) = _t'fd = aity 5 ) k if* _i!
[ etare ;[ are =+ [0
(49) S :i:[ll —lLh+l3- L+, - 13] =0

Where I, denotes the euclidean length of the positively oriented arc of 90
Joining wy to wi,. Hence, given any Jordan domain 0 with three points of
convexity, there is a unique boundary correspondence f*(e'*) which satisfies
(3.9). On the other hand (4.9) shows that the necessary and sufficient
condition (4.8) is always satisfied. Therefore, the solution of the Dirichlet
Problem is automatically a 2-valent solution of (1.4) which maps U onto 2.
Finally let us remark that f can be obtained by the relation f(z) = f,(2?)
where f; is a univalent solution of f3(z) = zf,(2) which maps U onto Q.

Application 4.11. Let a(z) = 2% and p = 2. Then the sum of the orders
of the complete resting points is exactly 2p + N = 7. Since the number of
convexity points of 9 is at least three and at most [2+ N/p] = 3 we conclude
that 90 has exactly 3 points of convexity, say w;,w; and w3. As in the
Previous application, put wy = w; and choose a t = t; from €' = f~!(wy).
In addition, we need to find a complete resting point of order one such that
together with (3.9) the condition (4.5) also holds. The first one determines
the boundary correspondence while the second one can be expressed again
by the single equation

2
/ e''df*(e') = 0.
0

Note that the nice geometric property of (4.8) in the last example does no
more hold. Moreover, it is not the case that for every Q there exists a
two-valent solution of fz(2z) = 2° f,(z) which maps U onto .
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