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solutions of degenerate nonlinear elliptic equations

ABSTRACT. The main result establishes that a weak solution of degenerate
nonlinear elliptic equations can be approximated by a sequence of solutions
for non-degenerate nonlinear elliptic equations.

1. Introduction. Let L be a degenerate elliptic operator in divergence
form

(1.1) Lu(z) = — Z Dj(aij(z) Diu(x)), Dj = aija

4,j=1

where the coefficients a;; are measurable, real-valued functions whose co-
efficient matrix A(z) = (a;j(x)) is symmetric and satisfies the degenerate
ellipticity condition

(1.2) AéPw(x) < Z a;;(2)&& < A€)Pw(x),

ij=1
for all £ € R™ and almost everywhere z € {2 C R™ a bounded open set, w is
a weight function, A and A are positive constants.
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The main purpose of this paper (see Theorem 1.2) is to establish that a
weak solution u € I/VO1 ’Q(Q,w) for the nonlinear Dirichlet problem

Lu(x) + g(u(z)) w(z) = fo(z) —ZDjfj(x) in ©,
u(x) =0 on 01, =

can be approximated by a sequence of solutions of non-degenerate nonlinear
elliptic equations.

By a weight, we shall mean a locally integrable function w on R™ such
that w(xz) > 0 for a.e. z € R™. Every weight w gives rise to a measure on
the measurable subsets on R™ through integration. This measure will be
denoted by p. Thus, u(E) = [, w(x) dz for measurable sets E C R™.

In general, the Sobolev spaces W*?(Q) without weights occur as spaces
of solutions for elliptic and parabolic partial differential equations. For
degenerate partial differential equations, i.e., equations with various types of
singularities in the coefficients, it is natural to look for solutions in weighted
Sobolev spaces (see [1]-[5], [8] and [10]).

A class of weights, which is particularly well understood, is the class of
Ap-weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt
(see [7]). These classes have found many useful applications in harmonic
analysis (see [9]). Another reason for studying A,-weights is the fact that
powers of the distance to submanifolds of R™ often belong to A, (see [6]).
There are, in fact, many interesting examples of weights (see [5] for p-
admissible weights).

The following lemma can be proved in exactly the same way as Lemma 2.1
in [3] (see also, Lemma 3.1 and Lemma 4.13 in [1]). Our lemma provides
a general approximation theorem for A, weights (1 < p < o0o) by means
of weights which are bounded away from 0 and infinity and whose A,-
constants depend only on the A,-constant of w. Lemma 1.1 is the key point
for Theorem 1.2, and the crucial point consists of showing that a weak limit
of a sequence of solutions of approximate problems is in fact a solution of
the original problem.

(P)

Lemma 1.1. Let o, > 1 be given and let w € A, (1 < p < 00), with
Ap-constant C(w,p) and let a;; = aj; be measurable, real-valued functions
satisfying

(1.3) Ao(@)[E* < Y aij(2)&8; < Aw() ¢,
ij=1
for all § € R™ and a.e. x € Q). Then there exist weights wog > 0 a.e. and

measurable real-valued functions a®? such that the following conditions are

ij
met.
(1) c1(1/B) < wap < cacv in Q, where ¢1 and ¢ depend only on w and 2.
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(1t) There exist weights w1 and Wy such that &1 < wap < W2, where
w; € Ap and C(@;,p) depends only on C(w,p) (i =1,2).

(111) wap € Ap, with constant C(wag,p) depending only on C(w,p) uni-
formly on a and 5.

(tv) There exists a closed set Fpg such that wag = w in Fpg and weg ~
W1 ~ @y in Fug with equivalence constants depending on o and 8 (i.e.,
there are positive constants cog and Cpg such that cop; < wag < Copw;,
i =1,2). Moreover, Fo3 C Fyp if « < o', 8 < ', and the complement of
Ua,ﬁ>1 F.s has zero measure.

(v) Wap — W a.e. in R™ as oz,B—>oo

(v) Awap( )\5!2 < Y7o 4 (@06 < Awag(@)[E]?, for every € € R and
a.e. x €Q, and af) Olz) = aaﬁ( )

Proof. See [1], Lemma 3.1 or Lemma 4.13. O

The following theorem will be proved in Section 3.

Theorem 1.2. Suppose that
(H1) The function g : R — R is Lipschitz continuous (i.e., there exists a
constant Cyq > 0 such that |g(t1) — g(t2)| < Cylt1 —ta| for all ti,t2 € R) and
9(0) = 0;
(HQ) w € Ag;
(H3) fjjw e L*(Qw), j=0,1,...,n;
(H4) The constant v = X — Cy(C% + 1) > 0 (with Cq as in Theorem 2.2).
Then the problem (P) has a unique solution u € W01’2(Q,w) and there ezists
a constant C' > 0 such that

L%Q,w))

n

(1.4) lull 2, < C<Z
j=0

Moreover, u is the weak limit in W01’2(Q,d)1) of a sequence of solutions

U € W01’2(Q,wm) of the problems

1i

Lmum(x)+g(um( )) m( me +ZD fjm 7
Um(x) =0 on 09,

(Prm)

with Lipum = — 31y Dj(afi™(x) Dium (), fim = fi(wm/w)Y? and wy, =
Wimnm (where Wi, a?}m and @1 are as Lemma 1.1).

2. Definitions and basic results. Let w be a locally integrable nonneg-
ative function in R"™ and assume that 0 < w(z) < oo almost everywhere.
We say that w belongs to the Muckenhoupt class Ap, 1 < p < oo, or that w
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is an Ap-weight, if there is a constant C' = C(p,w) such that

(3 ) ) <o

for all balls B C R™, where |.| denotes the n-dimensional Lebesgue measure
in R". If 1 < ¢ <p, then A; C A, (see [4], [5] or [10] for more information
about Ap-weights). The weight w satisfies the doubling condition if there
exists a positive constant C' such that p(B(z;2r)) < Cu(B(z;r)) for every
ball B = B(x;r) C R", where u(B) = [pw(x)dr. If w € Ay, then p is
doubling (see Corollary 15.7 in [5]).

As an example of A,-weight, the function w(z) = [z|%, = € R", is in A,
if and only if —n < a < n(p — 1) (see Corollary 4.4, Chapter IX in [9]).

P
If we A,, then (%) < C% whenever B is a ball in R™ and F is a

measurable subset of B (see 15.5 strong doubling property in [5]). Therefore,
u(E) = 0 if and only if |E| = 0; so there is no need to specify the measure
when using the ubiquitous expression almost everywhere and almost every,
both abbreviated a.e.

Definition 2.1. Let w be a weight, and let 2 C R™ be open. For 0 < p < oo
we define LP(§2, w) as the set of measurable functions f on 2 such that

1/p
1l = ( / rf<:c>|%<x>dx) < .

fwe Ay, 1<p<oo, then w1 g locally integrable and we have
LP(Q,w) C LL (Q) for every open set  (see Remark 1.2.4 in [10]). It thus
makes sense to talk about weak derivatives of functions in LP(,w).
Definition 2.2. Let 2 C R" be open, and w € As. We define the weighted
Sobolev space W12(2,w) as the set of functions v € L?(Q,w) with weak
derivatives Dju € L?(Q,w) for j = 1,2,...,n. The norm of v in W1?(Q,w)
is defined by

@) iz = ([ @Pota) o+ [ |Vu<x>|2w<x>dx)l/2.

We also define I/VO1 2(Q), w) as the closure of C5°(€2) with respect to the norm
(2.1).

If w € A, then W12(Q,w) is the closure of C*°(Q) with respect to
the norm (2.1) (see Theorem 2.1.4 in [10]). The spaces W12(Q,w) and
W&’Q(Q,w) are Banach spaces.

It is evident that the weight function w which satisfies 0 < ¢1 < w(x) < ¢
for # € Q (¢1 and cp positive constants), gives nothing new (the space
W(l)’Q(Q, w) is then identical with the classical Sobolev space W(l)Q(Q)) Con-
sequently, we shall be interested above in all such weight functions w which
either vanish somewhere in Q U 99 or increase to infinity (or both).
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The dual space of W01’2(Q, w) is the space
Wo(Qw))” =W H2(Q,w)

:{T:fo—divF:F:(fl7~-'afn)7

and ||.|, denotes the norm in [W,"*(2,w)]*.

]
w

€ L*(Q,w), j:O,...,n}7

Definition 2.3. We say that an element u € W&’Q(Q,w) is weak solution
of problem (P) if

3 /Q aij (2) Dyu() Dyo(a) de + /Q gu(a))w(z)p(x) du

ij—1
= /Qf0($)90($) dﬂc—l—;/gfj(x)ngp(x) dx,

for every ¢ € Wol’Q(Q,w).
Remark 2.1. (a) If A(z) = (a;j(z)), we will use the notation

> aij(@)Diu(z) Djp(x) = (Ax)Vu(z)) - Vip(a),
ij=1
where the dot denotes the Euclidean scalar product in R™.
(b) Since the matrix A(z) = (a;;(x)) is symmetric, we have

|(A(2)Vu(x)) - Ve()| < [(A@@)Vu(@)) - Vu(@)]?[(A@2)Ve(x)) - V()] /2.

Theorem 2.2 (The weighted Sobolev inequality). Let Q be an open bounded
set in R™ and w € As. There exist positive constants Cq and § such that
for all u € Wy*(Q,w) and all § satisfying 1 <0 <n/(n— 1)+,

(2.2) [ull 22000y < CallVullL2(ow)-

Proof. It suffices to prove the inequality for functions u € C§°(Q)
(see Theorem 1.3 in [2]). To extend the estimate (2.2) to arbitrary u €
W01’2(Q,w), we let {u,,} be a sequence of C3°(€2) functions tending to u in
WO1 2(,w). Applying the estimates (2.2) to differences ty,, — tm,, we see
that {u,,} will be a Cauchy sequence in L?(Q,w). Consequently, the limit
function u will lie in the desired spaces and satisfy (2.2). g

Remark 2.3. By Theorem 2.2 (with 6§ = 1), we have

1/2
Vel < g = ( [ luPods+ [ 1vuPwd)

(2.3) o
< ((06 [ |Vu|2wdx) = OVl 2,
Q
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where C1 = ,/ng + 1.

3. Proof of Theorem 1.2. Part 1. Existence and uniqueness of solution.
The basic idea is to reduce the problem (P) to an operator equation
Au =T and apply the theorem below.

Theorem 3.1. Let A: X — X™* be a monotone, coercive and hemicontin-
uous operator on the real, separable, reflexive Banach spaces X. Then the
following assertions hold:

(a) for each T € X* the equation Au =T has a solution u € X;

(b) if the operator A is strictly monotone, then equation Au =T is uniquely
solvable in X.

Proof. See Theorem 26.A in [11]. O

To prove Theorem 1.2, we define B : W01’2(Q,w) X W()I’Q(Q,w) — R and
T:W,?(Q,w) = R by

Blug)= Y /Q i3 () Dyu(z) Djp() d + /Q o(u(2))p(2)w(z) da

4,j=1

— [ (A@)Vu(e) - Velaydo + [ glulo))pla)o(s) do
Q

Q

T(p) = /Q fol@)p(x) dz+ Y /Q fi(2)Dyp(w) da.
j=1

Step 1. By (H1) we have |g(t)| < Cylt|. Using (1.2) and Remark 2.1 (b),
we obtain

Blug) < [ 14V Vlde+ [ lgtwlleleda

< /((AVu) . Vu)l/Q((AVgo) . V(p)l/Q dx + C’g/ |ul|p|w dx
Q Q

< ([ avw) vuas) ”2( [ve) vew) "
B o ([eean) ([ )"
< <A/Q]Vu|2wdx> v (A/Q|ch|2wdx)1/2

—'— Cg||u||W&,2(Q7w) ”SDHWOLQ(Q,W)
< (A + Co)llullyaz g lelwrz g
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and by (H3)

Tl < [ @wm; J R
(3.2) -

< (Z ufj/wnm,w)) lelyre )
=0

Since B(u, .) is linear, for each u € WO1 (€, w), there is a linear continuous
functional on Wol’Q(Q, w) denoted by Au such that (Au, ) = B(u, p) for all

€ W01’2(Q,w) (where (f,z) denotes the value of the functional f at the
point x). Moreover, by (3.1), we have

[Aull.e < (A4 Cy)llullyr2q,,):
Hence, we obtain the operator
AW (Qw) — Wy P (Q,w)]*
u— Au.
Consequently, problem (P) is equivalent to the operator equation
u € Wol’z(Q,w) D Au=T.

Step 2. The operator A is strictly monotone and coercive. In fact, if uq,
ug € Wol’z(Q,w) we have, by (1.2) and Remark 2.3,

<.AU1 - AUQ,ul — ’LL2> = B(ul,ul — UQ) — B(UQ,ul — UQ)

= /(AV(u1 —ug)) - V(ug — ug) dzx
Q
+ [ o) = gl — whw do
> )\/Q IV (uy — u9)|?wdx — Cg/Q luy — us|*w dx

A 2 2
> C*IQHUl —u2llyreg,y — Collur = uallyra g
= Bllur — u2||$/1/01’2(9,w)’

where 8 = % — Cy > 0. Therefore, the operator A is strongly monotone,
1

and this implies that A is strictly monotone. Moreover, if v € VVO1 ’Z(Q,w),
we have

(Au,u) = B(u,u) = /Q(AVu) -Vudzr + /Qg(u)uw dx

> )\/ |Vu|2wd:c—Cg/ lu|?w dx
Q Q
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> Glle. ~ Calluliy

> Bl 1000

(Qw)

— 00, as HuHWOl,z(QM) — 00, that is, A is coercive.
Step 3. We need to show that the operator A is continuous. Let u,, — u
in W()I’Q(Q,w). Then,

IBlum, ¢) — Blu,p)| < / (AV (1, — u))-Vplda + / 19(tm) — g(w)|plewdz

1/2 1/2
<A(/ IV (u \2wdac> (/ ]Vgo]dex)

+ Cg/Q |t — ul|p|w dz
<(A+ Cg)Hum - UHWOI’Q(Q7W) H%OHWOLZ(QM)a
for all ¢ € W01’2(Q,w). Then we obtain
Aty — Auls < (A -+ Cy)lltm = ull 10
Therefore, || Auy, — Aull« — 0 as m — co. Hence, A is continuous and this
implies that A is hemicontinuous.

By Theorem 3.1, the operator equation Au = T has unique solution
u € Wy?(,w) and it is the unique solution for problem (P).

Part 2. Estimate for HUHWL?(Q o)
0 B
In particular, for ¢ = u in Definition 2.3, we have

Z/ #)Diuz Du()dw+/ gu(w)u(e)() de

1,j=1

/fo dw—l—Z/fj )Dju(x

(i) By (1.2) and Remark 2.3, we have

Z/aw )Diu(z)Dju(x x>)\/Vu|2wdx> ||u|| W2 ()’

i,j=1
and by (H3) and Theorem 2.2 (with 6§ = 1),

'/fudw /’fo‘]uwd:r

< [lfo/wllzz2(@wlull2(@.w)

< [[fo/wllzz@wllullyr2q )

(3.3)
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and analogously, for j =1,2,...,n,

/ ijju dx
Q

(ii) By (H1), since g(0) = 0, then |g(t)] < Cylt| for all £ € R. By
Theorem 2.2 (with § = 1), we obtain

/Qg(u)uwda: S/Q\g(u)||u|wd:z

< Cg/ ul*w dx
Q

< Cyllull 20,

< fi/wll 2@ lullyrz g )

Hence, in (3.3), we obtain
A 2 2
C?”””W&’Q(Q,w) - Cg”uHWOIQ(Q’w)

< (S Mol )z
=0

Therefore,

(3.4) g < (S I/wln. )
=0

where C' = C?/(\ — C, C}) > 0.
Part 3. Approximation of solution.
Step 1. First, if fj, = fj(w/u)m)*l/2 (j=0,1,...,n), we note that

’ Jim Ji

Wi w
Then, if u,, € Wol’Q(Q, wm,) is a solution of problem (P,,), we have (by (3.4))

lnllig @ < C( X Mimimlizgon )

j=0

= C(Z Hfj/wHLQ(Q,w))
=0

= Cy.

L2(Qwm) a ’ LQ(Q,w).

Using Lemma 1.1 and the inequality ©; < w,,, we obtain

(3.5) HUmHWOL?(Q@I) < ||um||W01’2(Q,wm) < Cs.
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Consequently, {u,,} is a bounded sequence in VVO1 ’Q(Q, @1). Therefore, there
2

is a subsequence, again denoted by {u,,}, and @ € WO1 “(Q, 1) such that

(3.6) U = @ in L*(Q,@1),
(3.7) |V, — |Va| in L2(Q, &),
(3.8) Uy — @ a.e. in Q,

where the symbol “—” denotes weak convergence (see Theorem 1.31 in [5]).

Step 2. We have @ € W&’Q(Q,w). In fact, for Fy, fixed, by (3.6) and (3.7),
for all ¢ € W()I’Q(Q,(Dl), we obtain

/umgod)l dx—)/ﬁcpd)l dzx,
Q Q

/DiumDigocbl da:—>/D7;aD¢gocD1 dx.
Q Q

If ¢ € W01’2(Q,w), then ¢ = Yxp, € W(}’2(Q,JJ1) (since w ~ @1 in Fy, i.e.,
there is a constant ¢ > 0 such that w; < cw in Fj, and xgp denotes the
characteristic function of a measurable set £ C R™) and

/ gpzwl dx = 1/12511 dr <c wa dr < c/ wa dxr < 00,
Q B, Q

F

/Q(Digo)Q(Dl dz :/Fk(Diw)Q(Dl dzx < C/Fk(Dﬂ/))2w dzr < c/(DZ-@ZJ)Qw dx < oo.

Q

Consequently,
/Um¢XFk@1 d$—>/fﬂ/}XFk@1 dz,
Q Q
| DDt da — [ Diabiwsan .
Q Q

for all ¢ € WO1 ’Z(Q, w), that is, the sequence {u.,,xr, } is weakly convergent
in W& 2(Q),w). Therefore, we have

||Vﬂ”%2(Fk7w) = / \Va|’wdz < limsup [ |Vun|*wdz,
B, m—oo JF,
and for m > k, we have w = w,, in Fj. Hence, by (3.5), we obtain

HV&H%Q(FMW) <limsup [ |Vunm|’wdz =limsup [ |Vun|*w,dz
m—oo JFy, m—oo JFy

< limsup/ |Vum|2wm dr < C’g.
m—ro0 (9}

By the Monotone Convergence Theorem, we obtain [|Vil[z2quy < Cs.

Therefore, we have @ € W&’Q(Q,w).
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Step 3. We need to show that @ is a solution of problem (P), i.e, for every
P € WOLQ(Q,w) we have

> [ as@Diit@Dspta) e+ [ gla)plasts) da

ij=1
— [ flwretaydo+ 3 [ fi@Djeo) e
Q e
Using the fact that u,, is a solution of (P,,), we have

Z /Qagpm(x)Dium(x)ngo(:v) dx+/ﬂg(um(:v))<p(x)wm(x)dx

7,7=1
:/Qfm(a:)so(x) dl’+j§/§2fjm(l‘)Dj<p(x)dl=7

for every ¢ € W01’2(Q,wm). Moreover, over Fj, (for m > k) we have the
following properties:

(1) w = wWpm;

(iii) ™ (z) = aij(z).

For ¢ € W01’2(Q,w) and k > 0 (fixed), we define G1, Gs : Wol’z(Q,ch) - R
by

Gi(w) = 3 [ (@) D@)Dypla)r, (o) da.

ij=1
Ga(u) = /Q o(u(2))p(@)w(@)xr, (@) da.

(a) We see that the functional G is linear and continuous. In fact, we have
(by Lemma 1.1 (iv)) w ~ @1 in Fy (w < c1). By (2), we obtain

G ()] < /F (AVu) - Vgl dar < /F (AVw) - Vu) V2(AVg) - Vi) Y2 d

1/2 1/2
< </ (AVu) - Vu dw) (/ (AV) - V)l/? d:z:>
Fy, Fy,
1/2 1/2
gA(/ ]Vu\%)dm) (/ \V@]dea,‘)
Fy, F,
1/2 1/2
< A(/ | Vul?@, d:c> </ |Vg0\2wdx)
P Q

< ACl/QH@Hng?(Q,w)”“HW(}*2(Q,®1)'
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(b) We see that G is a continuous functional. In fact, if uy, ug € WOI’Q(Q, @),
we obtain by (H1)

|Ga(ug) — Ga(u1)| < /F lg(ug) — g(u1)||¢|w da

g/ Cylur — ua||p|lw dx
Fy,

1/2 1/2
< Cg< ]g0|2wdx> ( |ug —u2|2wdx>
Fk Fk

1/2 1/2
< Cg</ ]cp|2wd:v> </ cluy — us|?@y da:)
Q £

< PCllelwpz gl = vallwsz@a),

Using (a), (b), properties (i), (ii) and (iii), and basing on the fact that
U, is the solution of (P,,), we obtain

Z /F oy (@)Dii@) Dyl do + | gla(a))pla)e(a) do

= lim [G1 () + Gl

= <]Zl/p ) Dium () Djp(x) dx +Ak9(um(w))¢($)wm($) dm>

= <]Zl / ) Ditim () Djp(r) dax + /Q 9 (@) (@) () da
- Z [ e @Pam@Dpa = [ gtum@)owhantz)iz

= lim_ ( /Q Fom (@) (2) dm+g /Q fim(@)Djp(z) dx

-3 [ DDt = [ gt (@etehen (o))

2,J=1

where E° denotes the complement of a set £ C R™.

(I) By the Lebesgue Dominated Convergence Theorem and wy € Ag, we
obtain (as m — o00)

/Qfmgodxﬁ/ﬂfgodm,

/ijmDJSOdiU%/ijDjwdxﬁ (j=1,...,n).



An existence and approximation theorem... 41

(I) Since the matrix A™(z) = (aj™)(x) is symmetric, we have

(A" V) - V| < (A Tum) - V] Z[(A™Vp) - Vg2,
Then, by Lemma 1.1 (vi) and (3.5), we obtain

Z/ a;;" Dium Djp dr| <
QNFE

2,7=1

1/2 1/2
< A</ |Vt |2wim daz) (/ IVo|2wm da:)
QnFe QnFg

1/2
< Alnlgg ([ 19ePunds)

k

1/2
< ACg(/ Vol wm dm) .
QNFE

(IIT) By (H1), |g(t)| < Cylt| (for all t € R), and (3.5), we have

] [ stumpemds| < [ lgtumllplomda
onFg QnFg

<c, / i |l d
QnFe

1/2 1/2
(3.10) < Cg</ |t P dx) (/ |olPwm d:c>
QNFf QNFg
1/2
< CgHumHWOL?(QMM) (/ \90|2wm dl’)
QNEFE

1/2
< CgCg</ ]g0|2wm d:n) .
QNFE

Using Lemma 1.1, we know that |2 N F| — 0 when £ — co. Then

1/2 1/2
lim </ |<p2wmda:> = lim (/ \V@medx> =0
k—o0 QNFg k—oo QNFg

and we obtain in (3.9) and (3.10)

< / (A" Vuy,) - V| dx
QnFe

(3.11) hm Z / ) Diup, (x)Djp(x) dx =0,
_>0on 1 QOFC
(3.12) lim 9(Um)pwm dx = 0.

k—oo JonFg
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Therefore, by (3.7), (3.11) and (3.12) we conclude, when k — oo (and
m > k),

Z/aijDﬁLDj(pdx—l—/g(ﬂ)gowdx:/fggoda:—{—Z/ijjgocm,

i,j=1

for all ¢ € Wol’Z(Q, w), that is, @ is a solution of the problem (P). Therefore,
u = u (by the uniqueness).

Example 1. Let Q@ = {(z,y) € R? : 22 +3y? < 1} and 0 < C3 +1 <
a < b. By Theorem 1.2, with g(t) = sin(t) (with Cy = 1), fo(z,y) = x|y,

filz,y) = |zly cos(zy), fa(z,y) = |zlysin(zy), w(z,y) = (2* +y*)"/* and

2 42)-1/2 0
-A(wvy) = ( a(l‘ Oy ) b(m2+y2)_1/2 ) )

the problem

Lu(w,9) + glulz, )l 5)(0) = fory) = Tt z,0) — P2 (o) in 0,

u(z) = 0 on 09,

where

0 _ ou 0 _ ou
Lu(z) = _833<a($2+y2) 1/2&E> . &Zz<b(x2+3/2) 1/26y>

has a unique solution u € I/VO1 ’Q(Q,w) and u can be approximated by a
sequence of solutions for non-degenerate nonlinear elliptic equations.
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