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The generalized Day norm
Part 1. Properties

ABSTRACT. In this paper we introduce a modification of the Day norm in
co(I") and investigate properties of this norm.

1. Introduction. In 1955, M. M. Day introduced a new norm ||-|| in ¢o(T")
to show that the Banach space ¢ (I") with the max-norm can be equivalently
renormed to strictly convex space ([5]). In 1969, J. Rainwater showed that
(co(T), [II]Il) is locally uniformly convex ([18]). Finally in 1978, M. A. Smith
proved that this space is not uniformly convex in every direction ([19]). It
is important to note that using this norm, one can construct Banach spaces
with the claimed properties (see for example [15], [19] and [20]). In our
paper we investigate properties of the modified Day norm [|-[| 5, in co and
among others we extend the Day and Rainwater results.

2. Basic notions and facts. Throughout this paper all Banach spaces
are infinite dimensional and real.

First we recall a few notions and facts from the geometry of Banach
spaces. We begin this section with the following well-known definitions.
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Definition 2.1 (see for example [9], [10], [12]). A Banach space (X, |||
is strictly convex if |25 || < 1, whenever z,y € X, |lz|| < 1, [ly| < 1 and

T #y.

Definition 2.2 ([8]). A Banach space (X, ||-||) is said to be uniformly convex
in every direction if for every nonzero element z of X and every 0 < e < 2
there exists § > 0 such that HL?”H < 1 — 0 whenever ||z|| < 1,|ly]] <1,
r#y, x —y = az for some o € R\ {0} and ||z — y|| > e.

Definition 2.3 ([14], see also [7]). We say that a Banach space (X,|-|)
is locally uniformly convex (LUR) if for each € X every sequence {z,}n
with lim, ||z, || = ||z| and lim, ||z + z,| = 2||z|| tends strongly to x.

Remark 2.4. Each locally uniformly convex Banach space and each uni-
formly convex in every direction Banach space is strictly convex (see for
example [19]).

Let I" be an infinite set and let ¢o(I") denote the Banach space (with the
max-norm) of all real-valued functions u = {u’};cr on I' such that for each
€ > 0 the set {i € T': |u’| > €} is finite. We denote the support of u € co(I")
by N(u). Recall that for 1 < p < oo the Banach space [P(I") consists of
all u € co(I') such that 3,y [ullP < oo (we set D ieN () [ullP = 0 if

N(u) =0) and then 1
) P
lullp = | > [P
1EN (u)

for u € IP(T") (see for example [12]).

Now we recall a definition of the Day norm ||-|| in ¢o(T') (see [5]).
If u = {u'}ier € co(') \ {0}, then we enumerate the support N(u) of u
as {7(j,u)}jes(u) (for a detailed definition of 7(-,u) see Remark 2.5) in such
a way that [u”0%)| > |u7U+19)| Next we define D(u) = {D*(u) }icr € 12(T)
by

7(G,u) o . .
Di(u) = u 22- , if i =7(j,u) for some j € J(u)
0, otherwise

and set [[u[| = || D(u)||2. For 0 € co(T") we set D*(0) = 0 for each i € I' and
D(0) = {D*(0)}; = 0 € I2(T"). So ||0]| = ||P(0)|]2 = 0. It is easy to observe
that

1 1

lelleoy < llulll < EHUHCO(F)
for each u € co(I), where |||,y is the standard max-norm in co(I').
Remark 2.5. Throughout this paper we will use the following notation.

Let t = {t'}ier € co(T), where the set I' is infinite. Then the {7(j,t)}; is
defined as follows:
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(1) if the support N(t) of ¢ is infinite, then N(¢) is enumerated as
{7(j,t)}; in such a way that [t70t)| > [¢7GF1L)| for j € J(t) = N,

(2) if N(t) = {t'} is a singleton, then we set J(t) = {1}, 7(1,t) = ¢ and
extend 7(-,t) onto N so that 7(-,¢) : N — T" is an injection,

(3) if the support N(t) of ¢ is finite and consists of k(t) > 2 elements,
then N(t) is enumerated as {7(j,t) : j € J(t) = {1,...,k(t)}} in
such a way that [t70UH| > |¢7UHD)| for 1 < j < k(t) — 1 and we
extend 7(-,t) onto N so that 7(-,¢) : N — I' is an injection,

(4) if t = 0, then J(t) = 0 and 7(-,¢) : N — T is an arbitrarily chosen
injection.

The following result is well known.

Theorem 2.6 ([4], see also [1] and [11]). For space (I7,]-[|,) the following

inequalities between the norms of two arbitrary x and y of the space are

valid (here q is the conjugate index q = I%):

@) llz+yllp + lle —ylp < 27~ (|2l + IIyI@ Jor2 <p < oo,
2) llz+ylp+llz—ylf <2zl +lylp)* for1<p<2.

We will also use some elementary inequalities ([5] and see also [18]). We

state them below. These inequalities will play a crucial role in the proofs of
our theorems.

Lemma 2.7 ([5] and [18]). Assume that

(1) s= {sz}Z s a positive and non-increasing sequence,
(2) t={t"}i € co \ {0},

(3) t* >0 for each i € N,

(4) 0 #1CN,
(5)

functions f,g: I — N are injective.

Then

o0

ZS i), 49(4) Z L 47(st)

el 7=1

Corollary 2.8 ([5] and [18]). Let I" be an infinite set. Assume that

(1) s = {s'}; is a positive and non-increasing sequence,
t={t'}i € co(I') \ {0},

t* >0 for each i € T,

a function f: N — N is injective,

a function g : N — I is injective.

\_/\_/\_/\_/

(2

(3
(4
(5

Then

SO0 400) < 57 i 7).
i=1 i=1



36 M. Budzynska, A. Grzesik and M. Kot

Lemma 2.9 ([5] and [18]). If {s’}; and {t'}; are nonnegative and non-
increasing sequences and if a function g : N — N is injective, then

(1) for each m € N either gy, my permutes {1,...,m} onto itself and

m m

Z Sjtj _ Z Sjtg(j) 2 0
j=1 j=1
or

m m
Zsjtj i Zsjtg(j) > (Sm o Sm—i—l)(tm o tm—‘rl) >0,

=1 =1

Z sItd > Z s1490)

7=1

(2)

As a consequence of Corollary 2.8 and Lemma 2.9 we get

Lemma 2.10 ([18]). Assume that
(1) s = {s'}i is a positive and strictly decreasing to 0,
(2) t={t"}i € c0 \ {0},
(3) t* >0 for each i € N,
(4) m € N is such that t™(™1 > ¢7(m+1t)
(5) if T > ¢7(mb) - then
W= min{zz-”_ s770h) Py s7t°U) 1 ¢ maps {1,...,m} onto

{r(1,t),...,7(m,t)} and Y7, s7t70) < 37 50 tT]t)} 50
and § := min{( — gmAL)(r(mat) _gr(mELDy ) s
(6) if t7t) = 7t then § = (s™ — sm‘i‘l)(tT(m,t) _ t'r(m—i-l,t)) >0,
(7) ¢ : N = N is injective,
(8) Z;nzl sITt) — Z;”Zl sJtPld) < 6.

Then
m m
Z $ITUit) — Z Sjtw(j),
Jj=1 Jj=1

Pl } maps {1,...,m} onto {r(1,t),...,7(m,t)} and 70t = t*U) for
j= 1
3. A generalization of the Day norm. In this section we introduce our
modification of the Day norm ||-|| in ¢o(T'). We replace 12(T") with I?(T"). So
fix 1 < p < oo and choose a strictly decreasing positive sequence § = {f;};
satisfying the following two conditions

e the series Z;’il ﬂf is convergent,

e there exists a constant L > 1 such that for each n € N

Z 51) < Lﬂn—‘rl

j=n+1
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Ifu= {’U,i}ier € C()(F) \ {0}, then define D/g’p(u) = {D%’p(u)}ier € lp(F) by

i B:u™Um if § = 7(j,u) for some j € N
D () = { : (. w)

0, otherwise

and set [|ullz, = [[Dgp(u)llp. For 0 € co we set D%7p(0) = 0 for each
i € T and Dg,(0) = {ng(O)}iep = 0 € [P(I') and therefore [|0]5, =
I1D(0)[l5.p = 0

Theorem 3.1. For each 1 <p < oo, |-, is a norm in co(I') and

Billulleory < lllullg, < <Z ﬁf)
j=1

for each u € co(I), where |||y is the standard norm in co(I').

P
[[lleo(r)

Proof. It is obvious that

llowlls , = led ll1wllg

for each o € R and each u € ¢o(T"). Next by Corollary 2.8 we have

1
o P
llw +lllg, = [1Dpp(u +0)llp = (Z 18 (w +v) T |p>

=1
1
p) P

1
P P
) = [lullgp + vlls,

1
< (i )ﬁjuT(j’“”) p) Ty (Z ‘szﬁ(j’““)
P =1

1
< (Z 876 ) - (Z 070"
j=1 Jj=1

for u = {u'}; and v = {v'}; in co(T).
Finally, it is easy to observe that

1

Billullegry < llulls, < <Z Bf) [[lleo(r)

j=1
for each u € ¢o(I). O

4. The modified Day norm is LUR. Now we are ready to prove the
main theorem of this paper. This theorem generalizes the Rainwater result

([18]).
Theorem 4.1. The Banach space (co(D), |||l ,,) is LUR.
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Proof. The proof is based on the Rainwater concept ([18]).

We have to show that if u€ co(I), un € co(I') forn = 1,2,..., limy, [[un 5,
:'|Hu\|]5,p and lim,, [||u + un|lg, = 2llull,, then limy, u, = u. Observe that
without loss of generality we can assume that

(1) T'= N and therefore ¢y(I") = ¢o(N) = ¢,

(2) [l = T [llunllg, =1, -

(3) for each n,i € N we have u!, # 0 and v’ + u}, # 0, i.e. the supports
N (uy,) and N (u+uy,) are equal to N (in the other case we can replace
the sequence {uy, },, by suitably chosen {1, },, such that lim,, (u, —ay)
=0).

Suppose that the sequence {u—uy, } is not convergent to 0. Then, taking
a subsequence if necessary, we see that there exists 7 > 0 such that

(i) [ulleg >n and [Ju—uplle, >n
for each n € N. Let

(ii) 0<A< i
3(3L)»
and m be the largest integer which satisfies
uT(m,u) > )\77
Then we have
1
(iii) An < 3
(iv) A

for each j > m.
Now, by the Clarkson inequalities (see Theorem 2.6) for 2 < p < oo, we
get

&) 27t (Wl + lunllB, ) = M+ unllf,

- (i )ﬁjuT(j’“) g i ’ﬁjuﬁ(j’“”) p) - i )ﬁj(u + 17O |
j=1 j=1 j=1

oo oo
> op—1 <Z’Bju7(jﬂki—un) P + Z’Bju;(jﬂH—Un) p)
—1 j=1

Z\B (wrtwson) gt > o

o0
g ‘ U — Uy, .7 U+U7L
=1
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and for 1 < p < 2 we have

. q—1
(vi) 2 (Ilullf, + llunll —!IIU+unIH%p
B,p B,p

=2 <§: ‘,@uT(j’“) i i ‘@'u;(j’un) ’
=1 j=1

> 2 <Z‘/B uT(Jquun) _’_Z’IBU T(jutun) )
7j=1
[i ‘BJ U+ up) 7(J,utun) p] ’
Jj=1
- oo s
> | |8 — )T ]
Lj=1
q
= utun) _ , 7(jutun) p|*
Sl (oo |2

(here ¢ is the conjugate index ¢ = ]ﬁ)- Since

tim [21 (full, + luall,) — ll -+ wall,] =0
for p > 2 and

lim [2 (|||u||\g’p - |y|un|||g,p) "+ Unlllé,p} =0
for 1 < p <2, we get
(vii) lim [UT(j,um) _ u;(a‘wun)] =0

for each j € N in both cases. Next we observe that (see (v) and (vi))

- (i ‘5ju7(j’“) gt i ‘@'uﬁ(j’u") p) - i ‘5j(u + )T un)
=1 =1 =1

00 . P 00 ‘ »
> op—1 (Z ’BjuT(]’u+u") + Z ‘ﬁju;(wuﬂtn)
j=1 j=1

>0

S e
j=1
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for p > 2 and
9 (Z ‘ Bjur@w
j=1
- (Z [jurtinu)
j=1

q

p -t s
) - [l o
j=1

qg—1
p)

P > :
5[
j=1

00
D .
_|_§ ‘Bju;(]ﬂﬁ‘un)
Jj=1
q

- [i ‘ﬂj(u + ) T ) p] >0
j=1

for 1 < p < 2. Consequently, since
oo

op—1 <Z ‘ Bjur)
j=1

=3[yt g
j=1

q—1
p)
P 3
=0

lim
n

o0
p .
+ E : lﬁju;(wn)
j=1

)
] »

and

lim |2 <Z ‘ B;umU)
j=1

o0
p .
+ E :‘ﬁju;@’“")
j=1

)

j=1

for p > 2 and for 1 < p < 2, respectively, we obtain
> J— P
; T |7 g7 (Grutun)
i (32 [son - X[t
j=1 J=1
o

+3 (‘ B |” ’ BjurGutun)
j=1

q—1
p)

oo
Py S ‘ Bjurutun)
j=1

p>] 0

and

| (o
j=1

4 i ’@Uﬁ(j’u")
j=1

q—1
p

o0
i (Z gyt
j=1
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respectively. Moreover, by Corollary 2.8

S| o] 5 3 [gurtiure
j=1

J=1

p

and

p

o0 p o0
3 ‘ Bupm|” > 3" ’ BurGsctun)
j=1

and therefore

j=1
(viii) lim <Z ‘ BjuIw) p) = 0.
j=1

Here we can apply Lemma 2.10 with m as above and with ¢ = {|u”@")|P};
and s = {7}, and get § > 0 such that if

p o0
— E ‘5juT(J,u+un)
j=1

m m

Zsjtj _ Zsjtsa(j) <4,

Jj=1 Jj=1
then

m m
S st = 37 gigeld),
j=1 j=1

where |1,y maps {1,...,m} onto {7(1,%),...,7(m,t)} and 70t = ¢2()
forj=1,...,m. By

k
3 ‘ Bjurun)
j=1
for each k € N (see Lemma 2.9) and by (viii) we have
m 4 » m ' »
lim <Z ‘5]‘1[(3’“) - Z ‘ﬁjuT(]’““") ) =0.
j=1 j=1

Hence there is ng € N such that
P
<9

i ‘BjuT(j’“) - f: )ﬁjuT(j’“+“")
j=1 Jj=1

for each n > ng. This implies that

i ‘ Bruriw |’ = i ‘ BurUutun)
=1 j=1

{r(L,u),....,7(m,u)} = {7(L,u+up),...,7(Mm,u+uy)}

p

k
p .
> E ’ Bjurutun)
=1

p
)
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and
uT(j7u) — uT(]7u+u")
for j =1,...,m and each n > ny.
Taking once more a subsequence of {u,} if necessary, we can assume that
T(j,u+up) = 7(y) for j = 1,...,m and each n > ng. Therefore, without

loss of generality, we can also assume that

T u) =70+ un) = 7(j)

for j=1,...,m and each n > ng.

Now by (vii) and by limy, [[un||z, = [lulls, = 1 there exists n1 > ng such
that
forj=1,...,m and n > n,

p D
D 7(j,u) 7(j,u) p) Bm-‘rl?7
(x) 2/3 (Ju up0) < =
for n > ny and
B’

: p p m—+1

(xi) el , = Ml < =575

for n > nj. Next by (i) for each n > n; we choose j, € N such that

UT(jn 7u_un) _ u;(]n 7U—Un)

= [ = )| = iy >

Hence by (ix) for each n > n; we have

T(Jn,u — up) & {7(Lu),...,7(myu)} = {7(1,un),...,7(m,uy)}

and therefore by Corollary 2.8 we have

(xii) luall5, Zﬁp Zﬁp

p

7(Jsun) Jru 7(jnu=tn)

+ /6m+1

By (ii) and (iv) we also have

+ PP Z ﬂf

oo
(eiif) = D_ 87 jumt 25p T
j=1 j=m+1
m
D |, 7(j,u) ﬁm+1’l’]
< 2316]- u 3.8
J:

The inequalities (iii), (iv) and (x)—(xiii) lead to the following contradiction

551+177p<2p5fn+177p_ D ‘ 7Q‘p

2 3p 3p - Fm+1
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R el B Tl
. p Ui . p
< B [ | < Wl = D 87 furn)
j=1
m . p
= (leumll , = el ) + Ml = D= 87 |z
j=1

ur )

Bl P S,
<5 iz, - 2/5}
]:

+(Z@ -y s p)
j=1 i=1

< 5pm+177p n ﬁfn+177p n 551+177p _ ﬁfnﬂnp
3-3P 3-3P 3-3P 3P

and the proof is complete. O

p)
ur ) wrG)

Corollary 4.2. The Banach space (co(L), |||l 5,,) is strictly convex.
Proof. It is sufficient to use Theorem 4.1 and Remark 2.4. U

Theorem 4.3. The Banach space (co(T), |||l ,) is not uniformly convex
in every direction.

Proof. Without loss of generality we can assume that I' = N and let {e;};
be a standard basis in ¢g = ¢o(N). We set z = e, u, = Z?;l e; and

vn:un—i—z:zyillei for n =1,2,.... Then we have

"0, fori>n+ 1,

Di( ) Gi, fl1<i<n+1
v =
" 0, fori>n+1,

N %, fori=1

o up v

DZ( ”2 ”)— Bi, if2<i<n+1
0, fori>n—+1

and

Di(z) {51, ifi=1

0, fori>1.

Hence we get
llon = unlllg, = lzll5, = A1 >0,



44 M. Budzynska, A. Grzesik and M. Kot

. N}
el < (Zﬂf) ,
j=1
1
o P
onll, < (z ﬁ?)
j=1

forn=1,2,... and

1
o0 P
. Up, + Up,
1 n = P
e - (S#)
P ]:]_
and therefore the Banach space (co, [[-[5,,) is not uniformly convex in every
direction. O

Finally, we recall that in [6] the following theorem is proved.

Theorem 4.4. Let a set I' be uncountable. Then the Banach space cy(I")
with the maz-norm is not isomorphic to a space that is uniformly convex in
every direction.

5. The modified Day norm and the non-strict Opial property. Now
we recall the Opial property of a Banach space.

Definition 5.1 ([17]). A Banach space (X, ||-||) has the Opial property if
for each weakly null convergent sequence {x,}, and each  # 0 in X

limsup ||z,| < limsup ||z, — x|
n n
A Banach space (X, ||-||) has the non-strict Opial property if for each
weakly null convergent sequence {x,}, and each x in X

limsup ||z,| < limsup ||z, — z|.
n n

In this section we prove the following theorem.

Theorem 5.2. The Banach space (co(L), ||-l5,,) has the non-strict Opial
property.

Proof. Without loss of generality we can assume that I' = N and ¢ =
co(N). Let {u,} C co tend weakly to 0 € o and u € ¢o \ {0}. Let us take
0 < € < 1. Then there exists ¢ € N such that

|u2($)| <e€
for each 7 < i € N. Therefore
Jupy | < fup, — |+ 0] < Juj, — [+ €

for each 7 < i € N and all n € N.
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Now for each 1 <4 < i we have either u* = 0 or u’ # 0. In the second case
setting 7; = min{e, 5|u’|} and taking into account the weak convergence of
{un} to 0, we find n; € N such that

Jup,| < mi
for n; < n € N and hence we obtain
o ] > Ju| | > bl =i > S| > s
It is obvious that in the first case we have
Jup| < u, — .
This implies that ‘ ‘ ‘
|un| < Juy, —u|
for each 1 <i <4 and all max{fi,...,7;} <n € N.
Putting together all above inequalities we get

(xiv) Juy| < fuy, — '] + e
for each ¢ € N and for all max{ny,...,n;} <n e€N.

Here observe that replacing v and u,, by suitably chosen #,, and Z, with
limn Up = u, limn(én —uy) = 0 if necessary, we can assume that all numbers

ut, and u,, — u' are different from 0.
Now we fix max{ni,...,n;} < n € N. We have D(u,) = {ﬂjuT(j’"")}j

and D(up, — u) = {B;(un (=21 UT(j’unfu))}j, where {7(j,u,)}; and
{7(j,un — u)}; are suitable permutations of the set N of natural numbers.
Using (xiv) and Corollary 2.8 with {s;}; = {Bﬁ-’}j, {t;}; = {|u;(j’u"_u) -
uT(j,un—U)‘p}j and {g(])}] = {T(j7 un)}], we obtain

1

P

lun — ull g, + € (Zﬁf) - lz (8| — s
J=1 j=1
il

T(Jrun) _ uT(j7un)

y

(5
Py

)”r = llunl

Since 0 < € < 1 is arbitrarily chosen, by passing n to 400, we get

S =

Y

[i ( ‘ )7 Gun)

J=1

PRI

j=1

[Z (8

.]_

v

7(jsun)

Y

?p'

lunllg, < llun —ullg,-
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g

Observe that the Banach space (co(I'), ||l 5,) does not have the Opial
property as the following example shows.

Example 5.3. Consider (co, [[-[[5,) with the standard basis {e;};. Let us
take a sequence {un}n = {€nt+1 + -+ + €ntn}tn. This sequence is weakly
convergent to 0 € ¢y and for u = e; we have

Bp (Zﬁf> :
j=1

6. The modified Day norm and smoothness. We begin with the fol-
lowing definition.

lim [[un | 5,, = lim [ —

Definition 6.1 (see for example [12]). A Banach space (X, ||-]|x) is smooth
if for each € X with [|z||x = 1 there exists a unique functional z* € X*
with ||z*||x+ = 1 such that z*(z) = 1.

In this section we extend the Day result ([5]).
Theorem 6.2. The Banach space (co(L), |||l ,,) is not smooth.

Proof. Without loss of generality we can assume that I' = N, ¢y = ¢(N)
and 1 > P2, and let {e;}; be a standard basis in ¢. Similarly as in [5] we
take the plane X; = span{ej,ez}. It is easy to observe that the point

1 1
Te1 + T
(BT +B83)r (BT +53)r
is a corner of the unit sphere Sy, ~in Xi. So the Banach space (co(T),

€2

. is not smooth. O
-l 5.)

7. The modified Day norm and normal structure. Normal structure
is strictly connected with the diameter of a set (see [9] and [10]).

Definition 7.1. Let (X, ||-||) be an infinite dimensional Banach space. For
a nonempty, bounded and convex C' C X the number

71(C, C) = inf{sup{|ly — |y eC}:yeC}
is called the Chebyshev self-radius of C.

Definition 7.2. Let (X, ||-]|) be an infinite dimensional Banach space and
C a nonempty, bounded and convex subset of X. We say that the set C' is
diametral if . (C, C) = diam. (C).

Definition 7.3. Let (X, ||-||) be a Banach space. A convex set C of X has
a normal structure if for every bounded and convex subset C; of C' with
diam(Cl) > 0 we have THH(Cl, Cl) < dlam””(Cl)
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In particular a Banach space (X, ||-||) has a normal structure if it does not
contain any diametral set, i.e. if || (C,0) < diamy (C) for each nonempty,
non-singleton, bounded and convex set C' C X.

M. S. Brodski and D. P. Milman characterized the normal structure in
terms of a diametral sequence.

Definition 7.4 ([3]). Let (X, ||-||) be a Banach space. A bounded and not
eventually constant sequence {z,} in (X, |-||) is said to be diametral if

hrILn diStH,||(xn+1, conv{a;l, e ,$n}) = diam”.H{xl, Zo,. .. }

Theorem 7.5 ([3]). A bounded and conver C of a Banach space (X, |-||)
has normal structure if and only if it does not contain a diametral sequence.

Theorem 7.6. The Banach space (co(L),||[l5,) does not have normal
structure.

Proof. Without loss of generality we can assume that I' = N and let {e; };
be a standard basis in ¢g = ¢g(N). We set 1 = e; and

(n+1)(n+2)
2

Ty — E €;

i:%—&-l

for n = 2,.... Then we have

©  \»

. . . p o .

hgln d1st|||.mﬁ’p(xn+1, conv{zy,...,x,}) = ( g ﬁj> = dlam|||,“|6’p{x1, To,...}.
Jj=1

O

8. The modified Day norm and asymptotic normal structure. The
notion of asymptotic normal structure was introduced in [2].

Definition 8.1. Let (X, ||-||) be a Banach space. If for each nonempty, non-
singleton, bounded and convex set C' C X and for each sequence {xy}, in
C satistying x,, — z,+1 — 0 as n — 00, there exists a point & € C such that
liminf, ||z, — Z|| < diam.;(C), then we say that a Banach space (X, ||-||)
has asymptotic normal structure.

Theorem 8.2. The Banach space (co(T'), |||l 5,) does not have asymptotic
normal structure.

Proof. Without loss of generality we can assume that I' = N and let {eg }x
be a standard basis in ¢g = ¢o(N). We set u; = e; and

(i41)(i+2)
2

U; = E (&%

k:i(i2+1)+1
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fori=2,3,...,
(1— g )ui +ur, ifn=2%+j j=1,2..,2%
" ui+1+22gﬁui+27 ifn:221+1+j7 J= 1’2’“_722z+1_
and

C =conv{z, :n=>5,6,...}.

(see [16] and also [2]). Then we have

and

0= lim ||z, — $n+1||60 = lim |||z, — mnJrlmﬁp
n n ’

1
p

o
diamyy, (€)= | 6] | =limlan — s,
j=1

for each z € C. O
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