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Universal linearly invariant families
and Bloch functions in the unit ball

ABSTRACT. In this note we consider universal linearly invariant families of
mappings defined in the unit ball. We give a connection of such families
with Bloch functions, as well as with Bloch mappings.

1. Preliminaries. Connections between linearly invariant families of func-
tions on the unit disk ([P]) and Bloch functions were studied in several pa-
pers (see for example [CCP], [GS1]). In the case of the unit polydisk similar
results were obtained in [GS2], [GS3]. In this paper we connect the uni-
versal linearly invariant families of locally biholomorphic mappings in the
unit ball of C™ ([Pf2]) with Bloch functions ([H1], [H2], [T1], [T2]) or Bloch
mappings ([L]).

Let C™ denote n-dimensional complex space of all ordered n-tuples z =

(21,22, ... ,2n) of complex numbers with the inner product (z, w) = z1w; +
-+« 4+ 2,Wy,. The unit ball B™ of C" is then the set of all z € C™ with
|zl = ({2,2))2 < 1. For a vector-valued, holomorphic mapping

. ofi . o2 fi

[(z) = (Y (2),..., f"(2)) let fi(2) = QT(:) and f}, (z) = az{aii)' Then the

derivative D f(z) of f at z is represented by a matrix (f}(z)) and let the
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second derivative operator be given by the following formula D? f(2)(w,-) =
(>or_y fl.(2)wy) and the identity matrix by I. The (complex) Jacobian of
f at z can be defined by J¢(z) = detD f(z). Let

LS, ={f: f is holomorphic in B",
J¢(z) # 0 for z € B", f(0) = 0,D f(0) =1}

be the family of normalized, locally biholomorphic mappings of B"”. The
operator on LS, that defines the linear invariance is the Koebe transform

Ag(£)(2) = (D H(0) (D )(6(0))) " {f(6(2)) — f(6(0))},

where ¢ belongs to the set A of biholomorphic authomorphisms of B™ and
f € LS,. Up to multiplication by an unitary matrix, the biholomorphic
automorphisms of B" are

a— P,z —5Quz

¢(Z) = ¢a(z) = 1— (z,a) , a€B"

where Pp = O and P,z = @afora#@, Qe =1—-PF, and s =

(a,a)
(1 — |ja)|>)*/2. For details see [R]. The following definitions are known
([P£2),[BFG]).

Definition 1.1. A family F is called linearly invariant if
(i) F C LSy,
(ii) Ag(f) € F for all f € F and ¢ € A.

Let the trace of a matrix will be denoted by tr. The number

ord 7 =sup sup tr{1D2g(@)(w7'>}‘
g7 fuwj=1] 2

(1.1) n n
1 .
=sup sup | Z Z 95 (0)wy,

9EF flwl=1 | < 555 =1

is called ([Pf2]) the order of a linearly invariant family F. Let us introduce
the notion of the order of a function.

Definition 1.2. For f € LS, the number

1
ord f = sup sup f|tr{D2g((O))(w,-)}|,
$EA [[w]|=1 2

where g(2) = Ay(f)(2), is called the order of f.
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Definition 1.3. The family
Uy =U{f € LS, :ord f < a}

is called the universal linearly invariant family.

In the paper we will use the following results. If F C LS,, is a linearly
invariant family of order o and f € F then

n+1

(L= [lz[D*= =
(L+ [zl

n+1

(1 + [lz[D)*>~"=
(L= =l

(1.2)

<[Jp(2)] <

2 eB", ([P£))

1+ [|z]]

(1.3)  |log((1 — ||z||2)nT+1\Jf(Z)m < alog 1—||z|’

2 eB", ([Pf2))

-, ;‘Lloguf@w))
— tx{(D f(pw)) "L D f(pw)(w, )}, p € [0,1), w € BT, ([Pf1))

The above inequalities are rendered by the mappings

Ko (2) = (ka(z1), 22Kk (21),s - - -, 2oV KL (21)),  ([Pf2],[LS2])

2a
<1+z1>n+1_1].
1—21

In [GLS] it was proved the following theorem.

where
n—+1

Fa(21) = 4o

Theorem A. The family U, coincides with the set of all functions satis-
fying the conditions of Definition 1.1 and the right hand side inequality in

(1.2).

2. Bloch functions. R. Timoney studied ([T1], [T2]) Bloch functions in
several complex variables and he gave several equivalent definitions (see also
[H1], [H2]). In this paper we will use the following one.

Definition 2.1. A holomorphic function h : B® — C is called a Bloch
function if its norm

1h]l5 = [R(O)[ + sup [V (ko ¢)(O)]
pcA
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is finite.

Now let (Vh(2). 2|
Qn(z) = Cns;la})#@ Ho(w.2) 1/
where H(u,v) = "F[(1 — [[2]]*)(u, v) + (u, 2){z,0)] /(1 = [|2[]*)?, w,v €
C™,z € B", is the Bergman metric. Then from Lemma 1 of [H1] it fol-
lows that Qpog(2) = Qn(¢(z)) for every automorphism ¢ € A. Therefore
sup Qn(a) = sup  [(V(ho9)(0),z)| = sup [V (ho¢)(O)].
a€Bn n+1 ge z)|=1 n+1gea
Thus Definition 2.1 is equivalent to the following definition of Bloch func-

tions given in [H2]: sup Qp(a) < co. Timoney in [T1] proved that quantities
acB™

sup Qn(a) and sup [(1 — |lw||*)(Vh(w),w)|] are equivalent. In this way

a€B" lwll<1

the norms ||h||z and

(2.1) IPllx = [R(O) + sup (1 - lwl*)(VA(w), @)

are equivalent. The family of all Bloch functions will be denoted by B =
B(B™). In the next theorem we give a new condition which is equivalent to
the definition of a Bloch function.

Theorem 2.1. A holomorphic function h : B™ — C belongs to B if and
only if there exists a mapping f € U U, such that

h(z) — h(0) =log(Js(2)), =€ B".

Moreover, if h(z) — h(0) =log(J¢(z)) € B and ord f = a, then

2(a-" )guh p@lx <2 (a+ " 57)
2o

The inequalities are sharp.

and

Proof. For p € [0,1), w € OB" define h(pw) = log(Js(pw)), where ord f =
a. Observe that we have

2 h(pw) = (TR (pw). ) = - Tog(Ty ()
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and
(2:2) (TR) ) ) = p 3 1oy (o))

Pfaltzgraff showed ([Pf2]) that for g(2) = Ay(f)(2), ¢ = ¢4 and a = pw
(2.3)

A (T o) = (a1 eel® e e
o et = 0 {0200 ()}

2
_ p 2 —pw
= (n+1)1_p2 —l—tr{D g(0) <1—p27 )}
Therefore by (2.2) we get
2 —pw
(oo (250)

(1= P){(Vh)(pw), pw)| < (n+1)p* + p| tr{D? g(0)(w, )}|
< (n+1)p” +2pa < ((n+1) + 2a)p.

2

((VR)(pw), pw)| < (n+ 1)%{)2 n

and thus

By (2.1) the function h belongs to the Bloch class B and ||h — h(0)||x <
2(a + L),

Conversely, let h € B and let f € LS,,, such that log J¢(z) = h(z)—h(0).
In LS,, there is such mapping, for example

f(z)=(z1,... ,zn_l,/ozn explh(z1,...,2n-1,5) — h(Q)]ds).

Let z = wp, where p € [0,1),||w| = 1. Let ¢ € A be fixed. Then let
9(z) = Ag(f)(2). Now combining (2.2) and (2.3) we get

(1= A)(VR) (pw), pi3) = (n+ 1)p* — pte{D? g(O)(w, )}
Thus by (2.1) we obtain

n+1 45 1

S P EED? g(@) ()| < "L L (1= () ), o)
n+1 1
<"t Sl = h(O)]x.
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For p — 1 we get

S {D? g(O)(w, )} <

Therefore f belongs to a class U,. Moreover

n+1

1
+ 51k = h(O)x.

oz—ordf—1 sup |tr{D?g(Q )(w,-)}|<n+1

1
< + —||h — h(O)| x.
2 w|=1 2 2

Thus 2a — (n + 1) < ||h — h(0)||x. In the above inequality the equality
is attained for fo(2) = 2z, h(z) = logJs(2) = 0; (ord fo = “£1). In the
inequality ||h — h(0)||x < 2a+ n+ 1 the equality is attained for h = h, =
log Jk,, , where K,(z) was defined before; (ord K, = «, [Pf2]). Since

(1 + Zl)a—(n+1)/2

T () = (o) =

we have Vh,(z) = (w 0,...,0) and

2+ (n+ 1)z
1—2%

|ha — ha(0)||x = sup [(1 — ]21\2)]21| ] =2a+n+1.

|z1]<1

Now we will prove suitable inequalities for || - ||g. Let ord f = a, g = Ay(f),
¢ € Aand h = logJs. Then Jy(z) = CJs(d(2))Jy(2), where C is a
constant. Therefore

(VJ5)(O)
V(log J,)(0Q) = V(ho ¢)(0) + ~—2—=.
! J5(0)
For a holomorphic function ¢(z) in B"™ we have a;{zeq = 8(q(§()9-:§(z)) 3 (f?zqk

Thus VRe ¢ = $Vq. Moreover |J,(z)| = (%)(”“)/2, for a € B™ (see
[R]), and then

(Vlog J5) (0) = 2(V log |/4])(©) = (n+ 1),

where a is an arbitrary element in B™ for arbitrary ¢ € A.
It is known (see for example [S]) that for a matrix (fk,;(2))) j=;, Where
f,;(2) are analytic functions in a domain,

f11(2) coo fin(2)
d : :
5 det(fr,j)k jm1 = Z det fk1 % f,/m(z)

fnl(z) o an(2)
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From the normalization of g(z) = (g*,... ,g") it follows that

o= (o)

and ((VJ,)(0),w) = tr{D? g(0)(w, -)}. Therefore

(V(log Jy)(0), w) = tr{D* g(0)(w, )} = (V(h 0 $)(0), w) + (n +1)(a,w),

where a depends on ¢ and

sup -~ [(V(ho¢)(0),w)| = (n+1)- sup  [{a,w)]

PEA, ||w||=1 a€B™ [|w||=1
<2a= sup [tr{D?g(0)(w,-)}|
pEA,[|w||=1
< sup [[V(ho ¢)(O)]| 4+ (n+1) sup |af,
peA a€eB™

which is equivalent to the following inequalities
20 —n—1<||h—h(0)|p <2a+n+1.

For h = 0 we have the equality in the left inequality. Similarly as before for
h = h, we have the equality in the right inequality. It is sufficient to prove
that sup ||V (hqa © ¢4)(0)|| = 2a + n + 1. Indeed

a€B™

oo on= (o= "5 % log(1 1) — (a-+ "5 ) g1 - o),

2 +a1(n+ 1)

V(he 0 $)(0) = Vol(0), a=(a1,...,an).

Since (see [R])
1 a1 — a1 i — s(a — ar i) T Tal2
¢a(z) 1 — <Z > ’ = 1- ”CLH2,

we get
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where (5,"€ denotes the Kronecker delta. Therefore

2a+ a1 (n+1)|
11— af]

IV (ha © ¢a)(0)]| = IVea ()]

_ Rata(n+ 1] [1—[af
11— af] 1—aq|?

and

2 1
Ihalls > sup '“*“1’” )

up |22 D TR )| 20401

This proves the exactness of the inequality ||h — h(0)|g <2a+n+1. O

It was proved in [LS1] that for every f from U, and every v € C™,
|lv]| = 1, the quantities

1—7r a+(n+1)/2 1—7r at+(n+1)/2

J d J
| f(rv)‘(l_i_r)a—(n—l—l)/Q an ”m”aX‘ f(rv)’(l_i_r)a—(n—i-l)/Q

are decreasing with respect to r € [0,1) and for r — 1~ they have limits
which belong to the interval [0,1]. From the above and Theorem 2.1 the
next result follows.

Corollary 2.1. For every function h € B and every v € C", ||v]| =1 the
quantities

Relh(rv) — h(0)] + ( + ;) log(1 — 1) — (a _ ”; 1> log(1+ 1)
and

s Refi(ro) — 1(0)] + (a+ " Jtog(1 =) = (a = "1 Y togta-+7)

are decreasing with respect to r € [0,1) and for r — 1~ they have non-
positive limits, where o = ord f for f € Ugp<ooldn such that h(z) — h(Q) =
log J¢(z).

Since order of e*h is changing with A € R note that it is not possible to
replace the real part by the modulus sign in the last corollary.
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Theorem 2.2. A holomorphic function h : B™ — C belongs to B if and
only if there exists a positive constant C' such that for all z € B"

su (S Z)) — (0] J¢(Z) (6] — ||Z 2 n;rl
ny % Re[n(6(2)) — h(#(0))] + log J¢(@)\+1 81— 1211
1+ 2]
=l

where the best value (the smallest) of C' is equal to ord f, for a mapping f
from LS,, such that log J(z) = h(z) — h(0).

Proof. Let h € B. We can assume that h(Q) = 0. Then by Theorem
2.1 there exists a mapping f € Ug<ooldy such that h(z) = log(J¢(z)). For
9(2) = Ay (f)(2) we get
Dg(z) = (D (0))~ (D £)(¢(0))) "' (D £)(4(2)) D é(2).
Moreover, it is clear that
log |Jy(2)| = Re[h(¢(2)) — h(¢(0))] — log | J4(0)] +log | J5(2)]-

By (1.3) we have

L+ [
1=’

nt1
[log((1 = [|21*) =" | Jy(2)])] < alog

where a = ord f. The equality is attained for g = K, and z = (21,0, ...,0)
€ B". Thus we get (2.4). The equality is attained for ¢ = K,, z =
(21,0,...,0) € B".

Conversely, suppose that a holomorphic function h satisfies inequality
(2.4). Now, let f(z) = (21,...,2n-1, [y " explh(21, ..., 2n—1, ) — h(0)]ds).
Note that f belongs to LS, and Jf(z) = explh(z) — h(0)]. Thus for an
automorphism ¢ € A we get

exp[h(4(2)) — h(¢(0))] = m '

As in the first part the proof, for g(z) = Ay(f)(2) we have

] s
To2) = 7. 0) - I (o))
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Observe that

Jrlo(2)] ‘ 6(2)
log |J, =log | —=———==|+1
O P | A P
' Js(2)
= Rel|h — h(o(O 1
ch(6(2) ~ ho(@)] + log | 343}
Thus by (2.4) we obtain
log |J4(2)| + ntl log(1 — ||z]|*)| < C'log LS HZH, z € B".
2 1—|lz]]
Hence for z = pw, p € [0,1), w € OB™,
n+1 1+p

1
—C'1 .
Cog1 —

2

+Z < Re {log Jg(pw) + log(1 — pQ)] < C'log 1

For p = 0 the equality holds in the above inequalities. Therefore, after
differentiation with respect to p at p = 0 we get (using (1.4))

—2C < Re[tr(D g(0)) ™! D? g(0)(w, )] < 2C.
Since D g(0) = I, we have
[Re[tr{D? g(0)(w, -)}]| < 2C.
For fixed u € C™ we have

Jull < sup Re(w,u) < sup [(w,u)| < [jul].

[lw]|=1 [lw]|=1
Therefore

sup |(w,u)| = sup Re(w,u).

llwll=1 flwl=1

Note that tr{D? g(Q)(w, )} = (w,u) for some u € C"*. Then

max |Re[tr{D? g(0)(w,-)}]| = max |tr{D?g(Q)(w,-)}| < 2C.

llwl=1 llwl=1

Thus f € Uc and (by Theorem 2.1) h € B.

Now let us observe that from the proof it follows that & = ord f < C.
Thus from the first part of the proof we get that C' = ord f = « is the best
constant in (2.4). O
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Remark 2.1. ([GLS]) From Theorem A and the fact that

Teon(z) = Jr@EDIs(2)
D T5(6(0)) 7, (0)

it follows that for f1, fo € LSy, with J¢, (2) = Jy,(2) we have ord f1 = ord fs.

3. Bloch mappings. In this section we will consider Bloch mappings
from the unit ball B™ into C” and their connections with linearly invariant
families of mappings. Now we give a definition of Bloch mappings (see [L]).

Definition 3.1. A holomorphic mapping h : B" — C™ is called a Bloch
mapping if it has a finite Bloch norm

12ll8(n) = 1A(Q)[| + sup || D(h o ¢)(Q)]],
peA

where || D h(z)|| denotes the norm of linear operator D h(z).

The family of all such mappings will be denoted by B(n). Let functions
fx belong to U, for k =1,...,n. Then by (1.2) we have

n+1 n+1
g 77, ()] < (= "5 1o+ 1) = (™54 )ttt = [

k=1,...,n. The next theorem gives a relationship between B(n) and U,

Theorem 3.1. A holomorphic mapping h : B™ — C™ belongs to B(n) if
and only if there exist mappings f1, ..., fn € Ua<oolda Such that

h(z) — h(0) = (log J¢,(2),...,log J¢, (2)).

Moreover, if ap, = ord fx, k=1,...,n then

n n+1 2 n n-i—l 2
9 Z(O‘k‘ 5 ) < [ =1O)llsw) <2 Z(O‘“ 2 );

k=1 k=1
and both inequalities are best possible.

Proof. Let h = (h',...,h") = (log Jy,,... ,log Jy,) and let for every k =
1,...,n ord fr = ar < oo. Then by Theorem 2.1

Ih* ][5 = [n*(0)] + sup IV(h* 0 $)(O)]| < 20k +n+1,
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for every k = 1,...,n and h¥ € B. Because D(ho¢)(0) = (8(15;:@ (0)7 =1
then for every ¢ € A, we have

ID(h o ¢)(0)] = sup. ID(h o ¢)(O)w]]
= sup [[((V(h' 0 §)(0),@),...,(V(h" 0 $)(0), )|

<¢vako¢ 2<¢Z 20, 4+ n +1)2
k=1 k=1

By the above we get that h € B(n) and

n

|h — h(0)]|Bm) < J Z(Qozk +n+1)=2
k=1
From the proof of Theorem 1 exactness of the last inequality follows. The
equality is attained for the mapping h = (ha,,--- ;Ra, ), Where hqo, were
defined in Theorem 2.1.
Conversely, let h € B(n), h = (h',... ,h") = (log J¢,,... ,log J}, ), where
(similarly as in the proof of Theorem 2.1)

fk(z) = <Zl)"' 7Zn—17/ nexp [hk(zla"' 7Zn—1as) _h’k(@))] dS) € LS’H;
0

k=1,...,n.

Then by Definition 3.1 there is a constant C' = C'(h) such that for every
automorphism ¢ € A holds || D(h o ¢)(0)| < C, which is equivalent to

sup  [((V(R! 0 9)(0), @), ..., (V(h" 0 $)(0), w)|| < C.
lwll=1,¢cA

Thus for every k = 1,... ,n supgec 4 [|[V(h¥ 0 ¢)(0)|| < C, or equivalently
h* € B by Definition 2.1. By Theorem 2.1 ord f = oy, < oo, which means
that f1,..., fn € Ugcooldn. Then we obtain

20, —n—1 < sup |[V(h* 0 9)(0) =  sup  [(V(h* 0 9)(0),w)l,

peA peA,|w||=1

and therefore
|h = h(O)|lan) = , sup || D(ho¢)(O)w]|

€A ||w|=1

= sup  [[((V(h! 0 9)(D), @), ... (V(h" 0 $)(0),w))]|

lwl=1,¢€A

> J zn:(Qak —n—1)2.

k=1

The equality holds for h(z) = 0. O
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Remark 3.1. A holomorphic mapping h = (hq,..., h,) belongs to B(n) if

and only if for every k =1,...,n a function hy belongs to B.
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