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Abstract. The connections on the bundle TT ∗M → T ∗M are investigated
and the results concerning liftings of connections are summarized. General

torsions of a connection are defined as the Frölicher–Nijenhuis brackets of

the associated horizontal projection and natural affinors on this bundle. All
general torsions on TT ∗M are derived. Specially, the torsions of linear con-

nections and lifted classical linear connections are described geometrically.

1. The bundle TT ∗M . The research on the geometry of the bun-
dle TT ∗M is of considerable importance. It yields not only one second
order bundle, but according to Modugno and Stefani, [12], there exists a
geometrical isomorphism between the bundles TT ∗M and T ∗TM for every
manifold M . From the categorial point of view this is a natural equivalence
between bundle functors TT ∗ and T ∗T defined on the category Mfm of m-
dimensional smooth manifolds and smooth mappings. Moreover, if we take
into account a classical geometrical construction of a natural equivalence
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between TT ∗ and T ∗T ∗, we see that our considerations include the second
order bundles TT ∗M , T ∗TM and T ∗T ∗M . However, the functor TT is not
of this type. It is defined on the whole category Mf of smooth manifolds
and smooth mappings and it is product preserving and there is no natural
equivalence between TT and T ∗T . The fundamental paper of Kolář and
Radziszewski [7], includes details concerning the natural transformations
of second tangent and cotangent functors. There is also a motivation for
studying the properties of bundles TT ∗M , T ∗TM and T ∗T ∗M in some
problems of the analytical mechanics.

The bundle TT ∗M disposes of the following bundle structures: TT ∗M →
T ∗M , TT ∗M → TM , TT ∗M → M . Given some local coordinates xi on
M , let us denote by xi, pi the induced coordinates on T ∗M and xi, pi, X

i =
dxi, Pi = dpi the induced coordinates on TT ∗M . Then the projections of
mentioned structures work in this way: (xi, pi, X

i, Pi) 7→ (xi, pi),
(xi, pi, X

i, Pi) 7→ (xi, Xi), (xi, pi, X
i, Pi) 7→ (xi).

2. Connections on TT ∗M .

2.1. General connections on TT ∗M . Let Y → M be an arbitrary fiber
bundle, dim M = m, dim Y = m + n. Let i, j, · · · = 1, . . . ,m, p, q, · · · =
1, . . . , n and let (xi, yp) be some local coordinates on Y . We define a general
connection as a section Γ:Y → J1Y of the first jet prolongation of Y .
A general connection Γ can be identified with the associated horizontal
projection denoted by the same symbol Γ, which is a special (1,1)–tensor
field on Y . It has the coordinate expression

dyp = Γp
i (x, y)dxi.

Especially, on TT ∗M → T ∗M it yields the coordinate expression of Γ as

dXi = Di
j(x, p,X, P )dxj + Eij(x, p,X, P )dpj

dPi = Fij(x, p,X, P )dxj + Gj
i (x, p,X, P )dpj .

2.2. Linear connections on TT ∗M . Let E → M be an arbitrary vector
bundle. Then the first jet prolongation J1E → M is also a vector bundle.
A general connection ∇:E → J1E is said to be a linear connection if ∇ is
a vector bundle morphism. In the case E = TM we obtain the well-known
concept of the classical linear connection on M .

We obtain directly the coordinate expression of a linear connection ∇ on
E as

dyp = ∇p
qi(x)yqdxi
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and so we have on TT ∗M → T ∗M a linear connection in a form

dXi = Ki
jk(x, p)Xjdxk + Lij

k (x, p)Pjdxk + M ik
j (x, p)Xjdpk

+ N ijk(x, p)Pjdpk

dPi = Pijk(x, p)Xjdxk + Qj
ik(x, p)Pjdxk + Rk

ij(x, p)Xjdpk

+ Sjk
i (x, p)Pjdpk,

and we call it the classical linear connection on T ∗M , too.

2.3. Liftings of general connections. Let F , G be a natural bundles over
m-dimensional manifolds, m+n = dim FRm and let H be a natural bundle
over (m + n)-dimensional manifolds. We denote C∞GM and C∞H(FM)
the spaces of local sections of GM → M and H(FM) → FM , respectively.
Elements of these spaces are called geometric G– and H–objects.

A lifting to F of geometric G–objects from M to geometric H–objects
on FM is a family Λ = {ΛM} of mappings ΛM :C∞GM → C∞H(FM)
satisfying the following conditions:

(i) If s ∈ C∞GM is defined on an open subset U ⊂ M then ΛM (s) ∈
C∞H(FM) is defined on FU ⊂ FM .

(ii) (The naturality condition) For every embedding ϕ:M → N , if ob-
jects s1 ∈ C∞GM , s2 ∈ C∞GN are ϕ-related, then ΛM (s1) ∈
C∞H(FM), ΛM (s2) ∈ C∞H(FN) are Fϕ-related.

We say that a lifting Λ = {ΛM} to F satisfies the regularity conditions if
(iii) (The regularity condition) If st ∈ C∞GM is a smooth family of local

fields of geometric objects on M , then ΛM (st) ∈ C∞H(FM) is also
a smooth family of local fields of geometric objects on FM .

The condition (i) and (ii) imply immediately
(iv) (The locality condition) If s1, s2 ∈ C∞GM are objects such that s1|U

= s2|U for some open subset U ⊂ M , then ΛM (s1)|FU = ΛM (s2)|FU .
Let r ∈ N ∪ {∞} is the smallest number for which jr

xs1 = jr
xs2 implies

ΛM (s1)|FxM = ΛM (s2)|FxM for every point x ∈ M and every two sections
s1, s2 ∈ C∞GM defined on its neighborhoods. Then Λ is said to be of order
r. (The implication j∞x s1 = j∞x s2 ⇒ ΛM (s1)|FxM = ΛM (s2)|FxM always
holds, see [4].)

The problem of classifications of liftings of order r < ∞ and satisfying
the regularity condition is possible to reduce to classifications of equivariant
mappings

λ:F0Rm × Jr
0GRm → (HF )0Rm

satisfying dpH ◦λ = p1, where p1:F0Rm×Jr
0GRm → F0Rm is the standard

projection onto the first factor and dpH : (HF )0Rm → F0Rm is the projec-
tion for the natural bundle H. (There is a bijective correspondence between
them, see [5].)
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If Y → M is an arbitrary fiber bundle, there are three canonical struc-
tures of a fibered manifold on FY , namely FY → M , FY → FM and
FY → Y . In [5] are studied liftings of a general connections to these bun-
dles.

If we are concerned with the case of liftings to FY → FM , especially for
Y = TM and F = T ∗ (all natural transformations TT ∗ → T ∗T are already
described in [7]), we can only state that any natural operator transforming
general connections on Y → M into general connections on FY → FM is
nowhere to be found for any concrete non-product-preserving functor F up
to now.

2.4. Liftings of linear connections. In this subsection we recall the
problem of lifting of a classical torsion-free linear connection on a mani-
fold M (i.e. a torsion-free linear connection on TM) into a classical linear
connection on the cotangent bundle T ∗M . (i.e. a linear connection on
TT ∗M). We remark that the admittance of non-zero torsion complicates
this problem very much.

The classical lifts of such a type were first considered by Yano and Pat-
terson in [14], [15]. Let ∇ be a classical torsion-free linear connection on M
with the coordinate expression dXi = ∇i

jk(x)Xjdxk, where xi, Xi = dxi

are some coordinates on TM .
First we define the complete lift of∇ to T ∗M (xi, pi are the corresponding

coordinates on T ∗M). We consider a (0,2)–tensor field g on T ∗M with
components

gij = 2pk∇k
ij

gj
i = δj

i

gi
j = δi

j

gij = 0.

Clearly, g is symmetric and regular, i.e. g is a pseudo-Riemannian metric,
(ds)2 = 2dxi(dpi + pk∇k

ijdxj). We call g the Riemann extension of ∇ and
denote it by ∇R. Let ∇C be the Levi-Civita connection determined by the
Riemann extension ∇R. We call ∇C the complete lift of ∇ to T ∗M . The
coordinate expression of ∇C is

dXi = ∇i
jkXjdxk

dPi = pm(∇m
jk,i −∇m

ij,k −∇m
ik,j − 2∇m

il∇l
jk)Xjdxk

−∇k
ijX

jdpk −∇j
ikPjdxk.

Second we define the horizontal lift of ∇. The horizontal lift ∇H of ∇ to
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T ∗M is a unique classical linear connection on T ∗M satisfying

∇H
ωV θV = 0

∇H
ωV Y H = 0

∇H
XH θV = (∇Xθ)V

∇H
XH Y H = (∇XY )H ,

where ωV , θV are vertical lifts of 1-forms ω, θ and XH , Y H are horizontal
lifts of vector fields X, Y with respect to ∇. A direct evaluation yields the
following coordinate expression of ∇H

dXi = ∇i
jkXjdxk

dPi = pm(−∇m
ij,k −∇m

lj∇l
ik −∇m

il∇l
jk)Xjdxk −∇k

ijX
jdpk −∇j

ikPjdxk.

In [9] it was proved:

Proposition 1. All natural operators transforming a classical torsion-free
linear connection on a manifold M into a classical linear connection on
the cotangent bundle T ∗M are the sum of a classical (e.g. complete or
horizontal) lift with the 21–parameter family

dXi = (c1δ
i
jpk + c2δ

i
kpj)Xjdxk

dPi = (c7pipjpk + (c4 + c6)pipl∇l
jk + (c3 − c2)pjpl∇l

ik

+ (c5 − c1)pkpl∇l
ij + c8plRl

ijk + c9plRl
kij + c10piRl

jkl + c11piRl
klj

+ c12pjRl
kli + c13pjRl

lik + c14pkRl
ijl + c15pkRl

lij + c16Rl
jikl

+ c17Rl
jlik + c18Rl

kijl + c19Rl
klij + c20Rl

lijk + c21Rl
lkij)X

jdxk

+ (c3δ
k
i pj + c4δ

k
j pi)Xjdpk + (c5δ

j
i pk + c6δ

j
kpi)Pjdxk,

which is formed upon a natural difference tensor, where Ri
jkl, Ri

jklm are
the canonical coordinates of the curvature space (Ri

jkl are skew-symmetric
in the last two subscripts.).

This family is in [9] interpreted geometrically. Let us remark that if
c9 = 1 and all other coefficients are zero, we obtain just the difference
between the complete lift and the horizontal lift.

3. Torsions of connections on TT ∗M .

3.1. The classical torsion. On the vector bundle TT ∗M → T ∗M we can
define the torsion τ of the linear connection Γ on TT ∗M by the classical
formula

τ(X ,Y) = ΓXY − ΓYX − [X ,Y],
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where we denote the covariant differentiation with respect to Γ by the sym-
bol of the connection itself and where X = Xi ∂

∂xi +Pi
∂

∂pi
, Y = Y i ∂

∂xi +Qi
∂

∂pi

are vector fields on T ∗M . The coordinate expression of the torsion τ is

(τ(X ,Y))i = (Ki
jk −Ki

kj)X
jY k + (Lij

k −M ij
k )PjY

k

+ (M ik
j − Lik

j )XjQk + (N ijk −N ikj)PjQk

(τ(X ,Y))i = (Pijk − Pikj)XjY k + (Qj
ik −Rj

ik)PjY
k

+ (Rk
ij −Qk

ij)X
jQk + (Sjk

i − Skj
i )PjQk.

In particular, this yields the well-known results for torsions of the complete
lift and the horizontal lift (see Yano, Ishihara, [13]).

Proposition 2. The complete lift ∇C is torsion-free, i.e.

(τ(X ,Y))i = 0

(τ(X ,Y))i = 0

and the torsion of the horizontal lift ∇H has the coordinate expression

(τ(X ,Y))i = 0

(τ(X ,Y))i = −plRl
ijkXjY k,

where R represents the curvature tensor.

3.2. Natural affinors and the Frölicher-Nijenhuis bracket. By an
affinor A on a manifold M we mean (1,1)–tensor field, which we can consider
as a linear morphism L:TM → TM over idM . In general, an affinor rep-
resents a vector valued 1-form. Specially, an affinor representing a vertical
valued 1-form is called the vertical affinor.

A natural affinor on a natural bundle F over m–manifolds is a system of
affinors AM :TFM → TFM for every m–manifold M satisfying

TFf ◦AM = AN ◦ TFf

for every local diffeomorphism f :M → N .
We remark that Kolář and Modugno determined in [6] all natural affinors

for an arbitrary Weil bundle and in addition for T ∗M . Kurek, [8], described
all natural affinors for T r∗M and Doupovec, [1] described all natural affinors
for TT ∗M .

Let A, B be (1,1)–tensor fields on M . The Frölicher-Nijenhuis bracket
[A,B] is defined by

[A,B](X ,Y) = [AX , BY] + [BX , AY] + AB[X ,Y] + BA[X ,Y]

−A[X , BY]−A[BX ,Y]−B[X , AY]−B[AX ,Y],
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where X , Y are vector fields on M . One sees directly that the Frölicher-
Nijenhuis bracket represents a (1,2)–tensor field on M satisfying

[A,B](X ,Y) = −[A,B](Y,X )

and which is expressed in coordinates by

([A,B](X ,Y))i = (al
j∂lb

i
k + bl

j∂la
i
k − ai

l∂jb
l
k − bi

l∂ja
l
k)X j ∧ Yk,

where ai
j and bi

j are coordinates of A and B, respectively. Obviously, for
the identity affinor 1FM = idTFM , as well as for its constant multiples, we
have

[A, k1FM ] = [k1FM , B] = 0

for every A, B and that is why we will not consider such affinors.
In this situation, the Frölicher-Nijenhuis bracket [Γ, A], where Γ is a

general connection and A is a natural affinor, is called the torsion of Γ of
type A. In [3], [6], [10], [11] are completely described torsions of connections
on a number of Weil bundles. Moreover, in [2], [6] are described torsions on
T ∗M , T r∗M , T (r)M which are not a Weil bundles.

In [6] it is used a formula for the finding of torsions in the case of vertical
affinors. We state a general formula. Consider an arbitrary fibered manifold
Y → M , an affinor ϕ:Y → TY ⊗ T ∗Y and a general connection Γ on Y .
The coordinate form of the horizontal projection of Γ is

δi
j

∂

∂xi
⊗ dxj + F p

i

∂

∂yp
⊗ dxi.

A section ϕ:Y → TY ⊗ T ∗Y has the coordinate expression

ϕi
j(x, y)

∂

∂xi
⊗dxj+ϕi

p(x, y)
∂

∂xi
⊗dyp+ϕp

i (x, y)
∂

∂yp
⊗dxi+ϕp

q(x, y)
∂

∂yp
⊗dyq.

Lemma. The Frölicher-Nijenhuis bracket [Γ, ϕ] has the coordinate expres-
sion

(F p
i

∂ϕk
j

∂yp
− ϕk

p

∂F p
j

∂xi
)

∂

∂xk
⊗ dxi∧dxj

+ (
∂ϕk

i

∂yp
+ F q

i

∂ϕk
p

∂yq
+ ϕk

q

∂F q
i

∂yp
)

∂

∂xk
⊗ dxi∧dyp

+ (
∂ϕp

j

∂xi
+ ϕk

i

∂F p
j

∂xk
− F p

k

∂ϕk
j

∂xi
+ F q

i

∂ϕp
j

∂yq
+ ϕq

i

∂F p
j

∂yq

− ϕp
q

∂F q
j

∂xi
)

∂

∂yp
⊗ dxi∧dxj

+ (
∂ϕp

q

∂xi
− ϕj

q

∂F p
i

∂xj
− F p

j

∂ϕj
q

∂xi
+ F p

j

∂ϕj
i

∂yq
+ F r

i

∂ϕp
q

∂yr
− ϕr

q

∂F p
i

∂yr

+ ϕp
r

∂F r
i

∂yq
)

∂

∂yp
⊗ dxi∧dyq.
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Proof. We applied the coordinate expression of the Frölicher-Nijenhuis
bracket [A,B] in our concrete situation. �

Of course, in the case ϕi
j = ϕi

p = 0 we obtain the same formula as Kolář
and Modugno in [6] for vertical affinors.

3.3. All natural affinors on TT ∗M . All natural affinors on TT ∗M
are described by Doupovec in [1], where it is possible to find also their
geometrical interpretations. Under the usual identification of the affinors
on TT ∗M with linear maps L:TTT ∗M → TTT ∗M , we obtain this form of
a affinor on TTT ∗M

dxi = κi
j(x, p,X, P )dxj +κij(x, p,X, P )dpj +κ̂i

j(x, p,X, P )dXj

+κ̂ij(x, p,X, P )dPj

dpi = λij(x, p,X, P )dxj +λj
i (x, p,X, P )dpj +λ̂ij(x, p, X, P )dXj

+λ̂j
i (x, p,X, P )dPj

dXi = µi
j(x, p,X, P )dxj +µij(x, p, X, P )dpj +µ̂i

j(x, p,X, P )dXj

+µ̂ij(x, p,X, P )dPj

dPi = νij(x, p,X, P )dxj +νj
i (x, p, X, P )dpj +ν̂ij(x, p,X, P )dXj

+ν̂j
i (x, p,X, P )dPj .

Now, we can formulate the Doupovec’s result in the following form.

Proposition 3. All natural affinors on TT ∗M constitute a 11–parameter
family determined as a linear combination of Ai, i = 1, . . . , 11. The coordi-
nate expressions of the generators are

A1:dxi = dxi A2:dxi = 0
dpi = dpi dpi = 0

dXi = dXi dXi = dxi

dPi = dPi dPi = dpi

A3:dxi = 0 A4:dxi = 0
dpi = 0 dpi = 0

dXi = pjdxjXi dXi = (pjdXj + dpjX
j)Xi

dPi = pjdxjPi dPi = (pjdXj + dpjX
j)Pi



Connections and torsions on TT ∗M 103

A5:dxi = 0 A6:dxi = 0
dpi = 0 dpi = 0

dXi = (pjdXj + Pjdxj)Xi dXi = 0

dPi = (pjdXj + Pjdxj)Pi dPi = pjdxjpi

A7:dxi = 0 A8:dxi = 0
dpi = 0 dpi = 0

dXi = 0 dXi = 0

dPi = (pjdXj + dpjX
j)pi dPi = (pjdXj + Pjdxj)pi

A9:dxi = 0 A10:dxi = 0

dpi = pjdxjpi dpi = (pjdXj + dpjX
j)pi

dXi = 0 dXi = 0

dPi = pjdxjPi dPi = (pjdXj + dpjX
j)Pi

A11:dxi = 0

dpi = (pjdXj + Pjdxj)pi

dXi = 0

dPi = (pjdXj + Pjdxj)Pi.

We see that A1 represents the identity of TT ∗M , A2, A3, A4, A5 represent
vertical affinors with respect to the projection TT ∗M → T ∗M , A9, A10, A11

represent vertical affinors with respect to the projection TT ∗M → TM ,
A6, A7, A8 represent vertical affinors with respect to both the projections
TT ∗M → T ∗M , TT ∗M → TM .

We aim only at the generators A2, A3 (as the representative of the triple
A3, A4, A5), A6 (as the representative of the triple A6, A7, A8) and A9 (as
the representative of the triple A9, A10, A11). The geometrical interpreta-
tion of generators entitled us to do such a selection.

3.4. General torsions. The general expression for the Frölicher–Nijenhuis
bracket enables us to obtain new results concerning torsions for all above-
mentioned generators.

I. A2: We have µi
j = δi

j , νj
i = δj

i and all other functions from 3.3 are zero.
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A direct evaluation yields the coordinate expression of torsion τ2 = [Γ, A2]

dXi =
∂Di

k

∂Xj
dxj∧dxk+(

∂Eik

∂Xj
−

∂Di
j

∂Pk
)dxj∧dpk +

∂Eik

∂Pj
dpj∧dpk

dPi =
∂Fik

∂Xj
dxj∧dxk + (

∂Gk
i

∂Xj
− ∂Fij

∂Pk
)dxj∧dpk +

∂Gk
i

∂Pj
dpj∧dpk.

If Γ is a linear connection, then we obtain

dXi = Ki
jkdxj∧dxk + (M ik

j − Lik
j )dxj∧dpk + N ijkdpj∧dpk

dPi = Pijkdxj∧dxk + (Rk
ij −Qk

ij)dxj∧dpk + Sjk
i dpj∧dpk

and this coincides with the pullback σ∗(τ(X ,Y)) of the classical torsion τ
given by σ∗:TT ∗M → V TT ∗M , where σ:TT ∗M → T ∗M is the canonical
projection.

We see that the complete lift ∇C of a classical torsion-free connection
∇ on M is torsion-free in our new sense as well. If Γ is a lifted linear
connection expressed as the sum of ∇C with a natural difference tensor
from 21–parameter family determined in Proposition 1, then we obtain

dXi = (c1 − c2)pjdxi∧dxj

dPi = ((c1 − c2 + c3 − c5)pjpl∇l
ik + (2c8 − c9)pl(∇l

ij,k +∇l
mk∇m

ij )

+ (−c10 − c11)pi(∇l
lj,k +∇l

mk∇m
lj ) + (c12 + c14)pjRl

kli

+ (c13 + c14 − c15)pjRl
lik + (c16 − c18)Rl

jikl + (c17 − c19)Rl
jlik

+ c20Rl
lijk + c21Rl

lkij)dxj∧dxk

+ (c5 − c3)pjdxj∧dpi + (c6 − c4)pidxj∧dpj .

II. A3: We have µi
j = Xipj , νij = Pipj and all other functions from

3.3 are zero. A direct evaluation yields the coordinate expression of torsion
τ3 = [Γ, A3]

dXi = pj(X l ∂Di
k

∂X l
+ Pl

∂Di
k

∂Pl
−Di

k)dxj∧dxk

+ (pj(X l ∂Eik

∂X l
+ Pl

∂Eik

∂Pl
− Eik)− δk

j Xi)dxj∧dpk

dPi = pj(X l ∂Fik

∂X l
+ Pl

∂Fik

∂Pl
− Fik)dxj∧dxk

+ (pj(X l ∂Gk
i

∂X l
+ Pl

∂Gk
i

∂Pl
−Gk

i )− δk
j Pi)dxj∧dpk.
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If Γ is a linear connection, then we obtain

dXi = −Xidxj∧dpj

dPi = −Pidxj∧dpj

with the following geometrical interpretation. Let A=(x, p,X, P, ξ, π, Ξ,Π),
B = (x, p,X, P, η, θ, H,Θ) ∈ TTT ∗

0 Rm. There are two canonical projections
ζ, χ:TTT ∗M → TT ∗M , ζ(A) = ζ(B) = (X, P ), χ(A) = (ξ, π), χ(B) =
(η, θ). We use the canonical injection ι = ιTT∗M :TT ∗M → TTT ∗M ,
ι(x, p,X, P ) = (x, p,X, P, 0, 0, X, P ) and we evaluate the images of χ. Then
we see that we have obtained

(〈η, π〉 − 〈ξ, θ〉)ι(ζ)

and we discover immediately, that the torsion τ3 does not depend on Γ, if
Γ is linear.

III. A6: We have νij = pipj and all other functions from 3.3 are zero. A
direct evaluation yields the coordinate expression of torsion τ6 = [Γ, A6]

dXi = pjpl(
∂Di

k

∂Pl
)dxj∧dxk + pjpl(

∂Eik

∂Pl
)dxj∧dpk

dPi = pjpl(
∂Fik

∂Pl
)dxj∧dxk + pjpl(

∂Gk
i

∂Pl
− δk

j pi − δk
j pj)dxj∧dpk.

If Γ is a linear connection, then we obtain

dXi = pjplL
il
k dxj∧dxk + pjplN

ilkdxj∧dpk

dPi = pjplQ
l
ikdxj∧dxk + pjplS

lk
i dxj∧dpk − pidxj∧dpj − pjdxj∧dpi

with the following geometrical interpretation. We consider the canonical
projections σ:TT ∗M → T ∗M , τ :TT ∗M → TM . First we take the short
subtracted terms. The first one can be interpreted analogously as the term
in 3.4.II, but in distinction from it we multiply a vertical vector ιTT∗M ◦
ιT∗M (x, p) = (x, p, 0, p, 0, 0, 0, p) =: ι̃(x, p), where (x, p) = σ◦ζ = σ◦χ(A) =
σ ◦ χ(B) =: σ̃. The interpretation of the second one requires also images
τ ◦ χ(A), τ ◦ χ(B) which are joining to the evaluation together with σ̃, and
the verticalization of χ(A) and χ(B). (We write π̃ = V χ(A), θ̃ = V χ(B).)
The main part is a lift of ιT∗M (x, p) with respect to Γ multiplied by the last
evaluation. Then we see that we have obtained

Γ(ι(σ̃))(〈ξ, p〉 − 〈η, p〉) + (〈η, π〉 − 〈ξ, θ〉)ι̃(σ̃) + 〈η, p〉ι(π̃)− 〈ξ, p〉ι(θ̃).
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If Γ is an arbitrary lifted linear connection in the sense stated in Proposition
1, then we obtain

dXi = 0

dPi = pjpl∇l
ikdxj∧dxk − pidxj∧dpj − pjdxj∧dpi.

IV. A9: We have λij = pipj , νij = Pipj and all other functions from
3.3 are zero. A direct evaluation yields the coordinate expression of torsion
τ9 = [Γ, A9]

dXi = (plpj
∂Di

k

∂pl
+ Plpj

∂Di
k

∂Pl
)dxj∧dxk

+ (plpj
∂Eik

∂pl
+ Plpj

∂Eik

∂Pl
+ pjE

ik + δk
j plE

il)dxj∧dpk

dPi = (plpj
∂Fik

∂pl
+ Plpj

∂Fik

∂Pl
− pjFik)dxj∧dxk

+ (plpj
∂Gk

i

∂pl
+ Plpj

∂Gk
i

∂Pl
+ pjG

k
i + δk

j (plG
l
i − Pi))dxj∧dpk.

If Γ is a linear connection, then we obtain

dXi = (plpj(
∂Ki

mk

∂pl
Xm +

∂Lim
k

∂pl
Pm) + Lil

k Plpj)dxj∧dxk

+ (plpj(
∂M ik

m

∂pl
Xm +

∂N imk

∂pl
Pm) + M ik

l X lpj + 2N ilkPlpj)dxj∧dpk

+ pl(M il
mXm + N imlPm)dxj∧dpj

dPi = (plpj(
∂Pimk

∂pl
Xm +

∂Qm
ik

∂pl
Pm)− PilkX lpj)dxj∧dxk

+ (plpj(
∂Rk

im

∂pl
Xm +

∂Smk
i

∂pl
Pm) + Rk

ilX
lpj + 2Skl

i Plpj)dxj∧dpk

+ (pl(Rl
imXm + Slm

i Pm)− Pi)dxj∧dpj .

The geometrization of torsions formed by the Frölicher–Nijenhuis bracket,
in which the projection for Γ and the verticality for A are different, is very
complicated and we assume that there is not any utilization for them.

So, we can summarize.

Proposition 4. There are 10 general torsions τi of connections on
TT ∗M → T ∗M related to the natural affinors Ai, i = 2, . . . , 11.

Proof. The torsions τ2, τ3, τ6, τ9 related to the natural affinors A2, A3,
A6, A9, respectively, are already described. The finding of the remaining
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torsions is quite analogous. Moreover, the ideas of geometrization of them in
the case of a linear (lifted, respectively) connection are also preserved. �

We hope that here stated approach to general torsions will provide a
rather clearer view to general torsions defined as the Frölicher–Nijenhuis
brackets of Γ and arbitrary natural affinors.
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[7] Kolář, I., Z. Radziszewski, Natural transformations of second tangent and cotangent
functors, Czech. Math. J. 38 (113) (1988), 274–279.

[8] Kurek, J., Natural affinors on higher order cotangent bundle, Arch. Math. 28 (1992),

175–180.
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Technická 2, 61669 Brno, Czech Republic
e-mail: kures@mat.fme.vutbr.cz


