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ABSTRACT. The connections on the bundle TT*M — T* M are investigated
and the results concerning liftings of connections are summarized. General
torsions of a connection are defined as the Frélicher—Nijenhuis brackets of
the associated horizontal projection and natural affinors on this bundle. All
general torsions on TT* M are derived. Specially, the torsions of linear con-
nections and lifted classical linear connections are described geometrically.

1. The bundle TT*M. The research on the geometry of the bun-
dle TT*M is of considerable importance. It yields not only one second
order bundle, but according to Modugno and Stefani, [12], there exists a
geometrical isomorphism between the bundles T7T*M and T*T M for every
manifold M. From the categorial point of view this is a natural equivalence
between bundle functors TT™* and T*T defined on the category Mf,, of m-
dimensional smooth manifolds and smooth mappings. Moreover, if we take
into account a classical geometrical construction of a natural equivalence
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between TT™* and T*T™, we see that our considerations include the second
order bundles TT*M, T*TM and T*T* M. However, the functor T'T is not
of this type. It is defined on the whole category Mf of smooth manifolds
and smooth mappings and it is product preserving and there is no natural
equivalence between TT and T*T. The fundamental paper of Kolar and
Radziszewski [7], includes details concerning the natural transformations
of second tangent and cotangent functors. There is also a motivation for
studying the properties of bundles TT*M, T*T'M and T*T*M in some
problems of the analytical mechanics.

The bundle TT* M disposes of the following bundle structures: TT*M —
T*M, TT*M — TM, TT*M — M. Given some local coordinates z* on
M, let us denote by z?, p; the induced coordinates on T*M and z*, p;, X* =
dx', P; = dp; the induced coordinates on TT*M. Then the projections of
mentioned structures work in this way: (2%, p;, X', P;) — (2%, p;),

(xiapiaXiv-Pi) — (xiin)a (xivpiaXi)Pi) = (xl)

2. Connections on TT* M.

2.1. General connections on TT*M. Let Y — M be an arbitrary fiber
bundle, dm M = m, dimY = m +n. Let ¢,5,---=1,...,m, p,q, -+ =
1,...,n and let (2%, y?) be some local coordinates on Y. We define a general
connection as a section I':Y — J'Y of the first jet prolongation of Y.
A general connection I' can be identified with the associated horizontal
projection denoted by the same symbol I', which is a special (1,1)-tensor
field on Y. It has the coordinate expression

dy? =T7 (z,y)dz".
Especially, on TT*M — T*M it yields the coordinate expression of I" as

dX' = Di(x,p, X, P)da’ + EY (z,p, X, P)dp;
dP; = Fyj(x,p, X, P)d2? + GJ(x,p, X, P)dp;.

2.2. Linear connections on TT*M. Let E — M be an arbitrary vector
bundle. Then the first jet prolongation J'E — M is also a vector bundle.
A general connection V: E — J'E is said to be a linear connection if V is
a vector bundle morphism. In the case £ = T'M we obtain the well-known
concept of the classical linear connection on M.

We obtain directly the coordinate expression of a linear connection V on
F as

dy? = VP, (z)y’dz’

q
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and so we have on TT*M — T*M a linear connection in a form
dX' = Ki(2,p) X da* + LY (z, p) Pydz"* + M (2, p) X7 dpy,
+ Nijk(q:,p)dep/z€
dP; = Py (x,p) X da" + Q{k(x,p)dexk + Rfj (z, p) X7 dpy,
+ 7% (2, p) Pydpy,
and we call it the classical linear connection on 7% M, too.

2.3. Liftings of general connections. Let F', G be a natural bundles over
m-~dimensional manifolds, m +n = dim FR™ and let H be a natural bundle
over (m + n)-dimensional manifolds. We denote C*°GM and C*°H (FM)
the spaces of local sections of GM — M and H(FM) — F M, respectively.
Elements of these spaces are called geometric G- and H —objects.

A lifting to F of geometric G—objects from M to geometric H—objects
on FM is a family A = {Ay} of mappings Ap: C°GM — CH(FM)
satisfying the following conditions:

(i) If s € C°°GM is defined on an open subset U C M then Ay(s) €
C*H(FM) is defined on FU C FM.

(ii) (The naturality condition) For every embedding ¢: M — N, if ob-
jects s1 € C°GM, so € C®GN are p-related, then Ay(s1) €
C*H(FM), Ay(s2) € C*°H(FN) are Feo-related.

We say that a lifting A = {A,/} to F satisfies the regularity conditions if

(iii) (The regularity condition) If s, € C*°GM is a smooth family of local
fields of geometric objects on M, then Ay (sy) € C°H(FM) is also
a smooth family of local fields of geometric objects on F' M.
The condition (i) and (ii) imply immediately

(iv) (The locality condition) If s1,s2 € C°°GM are objects such that sy

= sg|y for some open subset U C M, then Ans(s1)jpy = Aar(s2)|Fu-

Let r € NU {00} is the smallest number for which j7s; = jIso implies
An(s1)1p,m = Anr(82) 1, 1 for every point z € M and every two sections
$1, 82 € C°GM defined on its neighborhoods. Then A is said to be of order
r. (The implication j°s1 = j°s2 = Anr(s1)|m,m = Anr(s2)|p, m always
holds, see [4].)

The problem of classifications of liftings of order r < oo and satisfying
the regularity condition is possible to reduce to classifications of equivariant
mappings

A FyR™ x JJGR™ — (HF)oR™
satisfying dpg o A = p1, where p1: FyR™ x JJGR™ — FyR™ is the standard
projection onto the first factor and dpg: (HF)oR™ — FyR™ is the projec-
tion for the natural bundle H. (There is a bijective correspondence between
them, see [5].)
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If Y — M is an arbitrary fiber bundle, there are three canonical struc-
tures of a fibered manifold on FY, namely F'Y — M, FY — FM and
FY — Y. In [5] are studied liftings of a general connections to these bun-
dles.

If we are concerned with the case of liftings to F'Y — F M, especially for
Y =TM and F = T* (all natural transformations T7* — T*T are already
described in [7]), we can only state that any natural operator transforming
general connections on ¥ — M into general connections on F'Y — FM is
nowhere to be found for any concrete non-product-preserving functor F' up
to now.

2.4. Liftings of linear connections. In this subsection we recall the
problem of lifting of a classical torsion-free linear connection on a mani-
fold M (i.e. a torsion-free linear connection on T'M) into a classical linear
connection on the cotangent bundle T*M. (i.e. a linear connection on
TT*M). We remark that the admittance of non-zero torsion complicates
this problem very much.

The classical lifts of such a type were first considered by Yano and Pat-
terson in [14], [15]. Let V be a classical torsion-free linear connection on M
with the coordinate expression dX*® = V;k(x)dexk, where z?, X = dx’
are some coordinates on T'M.

First we define the complete lift of V to T* M (2, p; are the corresponding
coordinates on T*M). We consider a (0,2)-tensor field g on T*M with
components

9ij = QPka}

9 =9
g7 =0.

Clearly, g is symmetric and regular, i.e. g is a pseudo-Riemannian metric,

(ds)?* = 2dz’(dp; + prV};da’). We call g the Riemann extension of V and
denote it by V. Let V¢ be the Levi-Civita connection determined by the
Riemann extension VE. We call V¢ the complete lift of V to T*M. The

coordinate expression of V¢ is

dX" = V5 X7 dz"
AP, = po(Vihs ~ Vi~ Vi — 2V V) X o
— Vi X dpy, — VI, Pida”.

Second we define the horizontal lift of V. The horizontal lift V¥ of V to
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T*M is a unique classical linear connection on T*M satisfying

VE, 9V =0
VHEYH =0
VL0V = (Vx0)Y
VI YH = (VxY)H,

where w", 8V are vertical lifts of 1-forms w, 8 and X, Y¥ are horizontal
lifts of vector fields X, Y with respect to V. A direct evaluation yields the
following coordinate expression of V#
dX' =V} X7 dz"
dP; = p (=Y} — ViV — Vi Vi) X da* — VX7 dpy, — Vi, Pida®.
In [9] it was proved:

Proposition 1. All natural operators transforming a classical torsion-free
linear connection on a manifold M into a classical linear connection on
the cotangent bundle T*M are the sum of a classical (e.g. complete or
horizontal) lift with the 21-parameter family

dXt = (cﬁ}pk + c20tp;) X da®
dP; = (crpipjpr + (ca + c6)pimi Vg, + (3 — c2)pimi Vi
+ (c5 — c1)pem Vi + cspiRY, + copiRi; + cropiRh g + cripiRYy
+ c12pjRiy; + c13piRig + crapeRY, + cispeRiy; + cieRipy
+ CNRé‘mc + Clngm'jz + 019R§m‘j + C20R§ijk + C21R§kij)de$k
+ (c;;éfpj + C4<5fpi)depk + (c5éfpk + cﬁéipi)dea:k,

which is formed upon a natural difference tensor, where R;kl, Ri are

jkim
the canonical coordinates of the curvature space (R;kl are skew-symmetric

in the last two subscripts.).

This family is in [9] interpreted geometrically. Let us remark that if
cg = 1 and all other coefficients are zero, we obtain just the difference
between the complete lift and the horizontal lift.

3. Torsions of connections on TT*M.

3.1. The classical torsion. On the vector bundle TT*M — T*M we can
define the torsion 7 of the linear connection I' on TT* M by the classical
formula

T(Xay) :FXy_F)}X_ [vaL
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where we denote the covariant differentiation with respect to I' by the sym-

bol of the connection itself and where X = X* 6?ci —|—Pia%i, y=Y! 8% +Qia%,;

are vector fields on T* M. The coordinate expression of the torsion 7 is

(T(X, X)) = (K, = Kip) X'Y* + (L) — M) py*
+ (M]zk _ Lék)Xij +(Nk Nz‘kj)Pij
(T(X.Y))i = (Piji — Pa) X'Y* + Q) — R})P;Y*
+ (Rf; = Q5)XI Qi + (] = SI) P Qi
In particular, this yields the well-known results for torsions of the complete
lift and the horizontal lift (see Yano, Ishihara, [13]).

Proposition 2. The complete lift V€ is torsion-free, i.e.

(r(X, )" =0
(T(X)y))z =0

and the torsion of the horizontal lift V' has the coordinate expression

(7(X,¥) =0
(T(‘X7 y))l = _leiijija

where R represents the curvature tensor.

3.2. Natural affinors and the Frolicher-Nijenhuis bracket. By an
affinor A on a manifold M we mean (1,1)-tensor field, which we can consider
as a linear morphism L:TM — TM over idy;. In general, an affinor rep-
resents a vector valued 1-form. Specially, an affinor representing a vertical
valued 1-form is called the vertical affinor.

A natural affinor on a natural bundle F' over m—manifolds is a system of
affinors Apr: TFM — TFEFM for every m—manifold M satisfying

TFfoAy =ANnoTFf

for every local diffeomorphism f: M — N.

We remark that Kolaf and Modugno determined in [6] all natural affinors
for an arbitrary Weil bundle and in addition for 7% M. Kurek, [8], described
all natural affinors for T77* M and Doupovec, [1] described all natural affinors
for TT*M.

Let A, B be (1,1)-tensor fields on M. The Frolicher-Nijenhuis bracket
[A, B] is defined by

[A, B](X,Y) =[AX,B)Y] + [BX,AY] + AB[X,)]| + BA[X,)]
— A[X,BY] — A[BX,)Y] — B[X,AY]| — B[AX, )],
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where X, ) are vector fields on M. One sees directly that the Frolicher-
Nijenhuis bracket represents a (1,2)-tensor field on M satisfying

[A7 B](‘)(ay) = _[Av B](y7 X)
and which is expressed in coordinates by
([A, B](X,Y))" = (a}0pby, + bs0rai, — ajo;bj, — bj;a)) X7 A VP,

where aé» and b;- are coordinates of A and B, respectively. Obviously, for
the identity affinor 1zp; = idrpas, as well as for its constant multiples, we
have

[A, klpp] = [klpm, B] =0
for every A, B and that is why we will not consider such affinors.

In this situation, the Frolicher-Nijenhuis bracket [I', A], where I' is a
general connection and A is a natural affinor, is called the torsion of I' of
type A. In [3], [6], [10], [11] are completely described torsions of connections
on a number of Weil bundles. Moreover, in [2], [6] are described torsions on
T*M, T™M, T M which are not a Weil bundles.

In [6] it is used a formula for the finding of torsions in the case of vertical
affinors. We state a general formula. Consider an arbitrary fibered manifold
Y — M, an affinor ¢:Y — TY ® T*Y and a general connection I" on Y.
The coordinate form of the horizontal projection of I' is

J 3.’E'L

A section ¢: Y — TY ® T*Y has the coordinate expression

9 , 9 .
7 J p 1
0 g7 O 40 + Fl 5 @ da'.

. 9 o 9 o . d
7 J ? P p 7 p q
©5(z,y) e ®@dz’? +¢,(z,y) py dyP+¢7 (z,y) 7 @dz'+¢h (v, y) a7 ®dy".
Lemma. The Frélicher-Nijenhuis bracket [I', | has the coordinate expres-

siom

" OF? 9 , 4
FP2L o2y — @ dz' Ada?
g~ #v g g © 4 1

ook ok OF1 .
i Fq p k i dz* AduyP
+(8y1’+ ’8yq+¢q8y1’)8xk® ' Ady
P P k P P
+(8g0]- +¢k3Fj _Fpagpj +F98<,0j +@96FJ'
oxt b Ozk kOt b Oy b Oy
,OF ) 0 dzi ANdax?
— Pq Oz )Typ ® ax X
oph L OFP ! Ay’ P OF?
L _pf—t P T4 pp T pr T4 ot
+(8xl LI 7 oxt T Oyt o oy Pa oy
OF! 0 -
+ P —-)— @ dz' Ndy’

T Oyl OyP
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Proof. We applied the coordinate expression of the Frolicher-Nijenhuis
bracket [A, B] in our concrete situation. [J

Of course, in the case gaé» = goé = 0 we obtain the same formula as Kolar
and Modugno in [6] for vertical affinors.

3.3. All natural affinors on TT*M. All natural affinors on T7T*M
are described by Doupovec in [1], where it is possible to find also their
geometrical interpretations. Under the usual identification of the affinors
on TT* M with linear maps L: TTT*M — TTT*M, we obtain this form of
a affinor on TTT* M

de® = /{é»(az,p,X, P)dz? +K" (z,p, X, P)dp, —|—/%§- (z,p, X, P)dX’
+&"(x,p, X, P)dP;

dp; = Nij(z,p, X, P)da:j—i—)\f (x,p, X, P)dpj+5\ij (z,p, X, P)dX’
+X (z,p, X, P)dP;

dX" = pl(x,p, X, P)da’ +p (z,p, X, P)dp;+ i (z,p, X, P)d X’
+4" (z,p, X, P)dP;

dP; = vij(z,p, X, P)da? +v! (z,p, X, P)dp;+0ij(x,p, X, P)dX?
+9! (z,p, X, P)dP;.

Now, we can formulate the Doupovec’s result in the following form.
Proposition 3. All natural affinors on TT*M constitute a 11-parameter

family determined as a linear combination of A;, i =1,...,11. The coordi-
nate expressions of the generators are

Aq:dxt = dat As:dx’ =0
dp; = dp; dp; =0
dX'=dX' dX' = da!
dP; = dP; dP; = dp;
As:dx’ =0 Aydxt =0
dp; =0 dp; =0
dX' = p;da! X' dX" = (pjdX’ + dp; X7) X'

dP; = p;da’ P, dP; = (p;dX’ +dp; X7) P,
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As:da’ = 0 Ag:dz’ =0

dp; =0 dp; =0

AX' = (pydX7 4 Pydad) X' AX' =0

dP; = (pjde + de(Ej)Pi dp; = pjdacjpi
Az:dat =0 Ag:dz =0

dp; =0 dpi =0

dXt =0 dX'=0

dP; = (p;dX’? + dp; X7)p; dP; = (p;dX7 + Pyde’ )p;
Ag:da’ = 0 Ajg:dzt =0

dp; = pjda’p; dp; = (p;dX7 + dp; X7)p;

AX' =0 dX' =0

dP; = p;dz’ P, dP; = (p;dX’ + dp; X7)P;
Aqq:dxt =0

dp; = (p;dX’ + Pjdx’ )p;

dX'=0

We see that Ay represents the identity of TT*M, Ay, A3, A4, As represent
vertical affinors with respect to the projection TT*M — T*M, Ag, A1g, A11
represent vertical affinors with respect to the projection TT*M — TM,

Ag, A7, Ag represent vertical affinors with respect to both the projections
TT*M — T*M, TT*M — TM.

We aim only at the generators As, As (as the representative of the triple
As, Ay, As), Ag (as the representative of the triple Ag, A7, Ag) and Ag (as
the representative of the triple Ag, Aj1g, A11). The geometrical interpreta-
tion of generators entitled us to do such a selection.

3.4. General torsions. The general expression for the Frolicher—Nijenhuis
bracket enables us to obtain new results concerning torsions for all above-
mentioned generators.

I. A3: We have ,u§ = 5;, I/z-j = 55 and all other functions from 3.3 are zero.
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A direct evaluation yields the coordinate expression of torsion 75 = [I', As]

D . ; oE™s 0D; OE™*

dx’ 8X3d Adx +(8XJ - T&)dx Ndpy, + op; ———dp; \dpy,
OFu. , OGE  OFy;. . . oGk

dP; = e da? Nda® +(8Xj ~ 9P, Ydx? Ndpy, + ﬁdpj/\dpk

If I is a linear connection, then we obtain

dX' = Klypdz! Ada® + (M;*F — LF)da? Ndpy, + N7 dp; Adpy,
dP; = Pyjda? Ada® + (RE, — QF,)dx? Adpy, + SI*dp; Adpy,
and this coincides with the pullback o*(7(X,))) of the classical torsion 7
given by o*: TT*M — VITT*M, where o:TT*M — T*M is the canonical
projection.
We see that the complete lift V¢ of a classical torsion-free connection
V on M is torsion-free in our new sense as well. If I' is a lifted linear

connection expressed as the sum of V¢ with a natural difference tensor
from 21-parameter family determined in Proposition 1, then we obtain

dX" = (c1 — co)pjda* Ndx?
dP; = ((c1 — c2 + c3 — ¢5)pip Vi, + (2c8 — 09)pl(VU p + V! mk Vi)
+ (=10 — e1)pi(Vijp + Vi Vi) + (12 + c1a)piRiy;
+ (c13 + c14 — c15)p; Rl + (c16 — c18)Rbpy + (c17 — c10) R
+ c20R{;;5 + 1Rl ) da? Ada®
+ (5 — e3)pjda? Adp; + (cg — ca)pidz? Adp;.
I1. A3: We have ué = X'p;, vij = Pip; and all other functions from

3.3 are zero. A direct evaluation yields the coordinate expression of torsion
73 = [, As]

4 oD, dD: N
dX' = p;(X' =k x| kE+ Pk 9B, — Di)da? Ada®
OE™ oE™* o
+ (pj (X! oxt T D 97 — E) = 68 X")da? Ndpy,
dP; = (Xng’; Plaaplk i) da? At
k k
+ (p (XlaG 9G; — GY) — 6k P)da? Adpi.

ox! "l ap
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If T is a linear connection, then we obtain

dX' = —Xid:cj/\dpj
dPl = —Pidl'j/\dpj

with the following geometrical interpretation. Let A= (z,p, X, P,{, m, =, 11),
B = (z,p,X,P,n,0,H,0) € TTT;R™. There are two canonical projections
GxeTTT*M — TT*M, ((A) = ((B) = (X, P), x(4) = (&), x(B) =
(n,0). We use the canonical injection ¢ = tppp: TT*M — TTT*M,
v(z,p, X, P) = (z,p, X, P,0,0, X, P) and we evaluate the images of y. Then
we see that we have obtained

((n,m) = (£, 0))u(C)

and we discover immediately, that the torsion 73 does not depend on I, if
T" is linear.

ITI. Ag: We have v;; = p;p; and all other functions from 3.3 are zero. A
direct evaluation yields the coordinate expression of torsion 74 = [I', Ag]

i oD} . . ; . oE™
dX" = p;pi( ap, YdxI Nda® 4 pipi( 5 )da? Adpy,
OF; ; oG» 4
dP; = pjpl( 6Plk )dl’j /\dxk +pjpl(aipl — 5fpz — 5fpj)d$] /\dpk~

If I is a linear connection, then we obtain

dX' = pjplLﬁdmjAd$k + pjplN“kdxj/\dpk
dP; = pjplQikdacj/\dxk —i—pjple»kdxj/\dpk — pidxj/\dpj — pjdacj/\dpi

with the following geometrical interpretation. We consider the canonical
projections o: TT*M — T*M, 7:TT*M — TM. First we take the short
subtracted terms. The first one can be interpreted analogously as the term
in 3.4.I1, but in distinction from it we multiply a vertical vector tpps«ps o
v« (z,p) = (2,p,0,p,0,0,0,p) =: I(z,p), where (xz,p) = 0o = cgox(A) =
oo x(B) =: . The interpretation of the second one requires also images
7o x(A), T o x(B) which are joining to the evaluation together with &, and
the verticalization of x(A) and x(B). (We write 7 = Vx(A),0 = Vx(B).)
The main part is a lift of vp«ps (2, p) with respect to I' multiplied by the last
evaluation. Then we see that we have obtained

L(u(8))((&,p) = (0,9) + ({n,7) = (£,0)(&) + (0, )e(F) — (&, p)e(B).
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If I is an arbitrary lifted linear connection in the sense stated in Proposition
1, then we obtain

dX"=0
dP; = pjpr§kdxj/\dxk — pida:j/\dpj - pjd:cj/\dpi.

IV. Ag: We have \;; = p;p;, v;j = P;p; and all other functions from
3.3 are zero. A direct evaluation yields the coordinate expression of torsion
9 = [[, Ag]

oD} oD}

dX' = (pip; = om k4 Pp; 37 kg Ada®
3Ezk 8E1k
+ (mipj—— o + Pipj——- P, + p; E* + 8 p E™)da? Adpy,
ank ank i k
dP; = i—— + Pp;—— — p; Fi)dz? Ad
i (plp] (9]91 + £p; ap, Dj k) x xz

oG} Gi ko sk ! j
+ (Plpijl + Plpjaipl +p;Gi + 67 (mG; — Pr))dz? Ndpy.

If T is a linear connection, then we obtain

x" = iy (e xS )t
+ <plpj(a§4fX ™+ f’];;f'“ Pp) + M{*X'p; + 2N"* Pyp;)da? ndpy,
+ p(MEX™ + N"™ P, )d2? Adp;

dp; = (plpj(ag;Tk Xm 4+ 8§)sz ) — PurX'p;)da? Ada®
+ (pzp](agg’”Xm + aggk ) + REX'p; + 2SF Pip;)da? Adpy,

The geometrization of torsions formed by the Frolicher—Nijenhuis bracket,
in which the projection for I" and the verticality for A are different, is very
complicated and we assume that there is not any utilization for them.

So, we can summarize.

Proposition 4. There are 10 general torsions T; of connections on
TT*M — T*M related to the natural affinors A;, 1 =2,...,11.

Proof. The torsions 79, 73, Tg, T9 related to the natural affinors As, As,
Ag, Ag, respectively, are already described. The finding of the remaining
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torsions is quite analogous. Moreover, the ideas of geometrization of them in
the case of a linear (lifted, respectively) connection are also preserved. [

We hope that here stated approach to general torsions will provide a

rather clearer view to general torsions defined as the Frolicher—Nijenhuis
brackets of I' and arbitrary natural affinors.
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