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Abstract. Let S denote the class of all functions of the form F (z) = z +
A2z2+· · ·+Anzn +· · · holomorphic and univalent in the unit disc ∆ = {z ∈
C : |z| < 1}, SR - its subclass consisting of functions with real coefficients

(An = An, n = 2, 3, . . . ). Let also S(M) and SR(M), M > 1, denote the

corresponding subclasses of functions satisfying the condition |F (z)| < M for
z ∈ ∆. The main aim of the paper is to remind a few conjectures concerning

some functionals defined in the classes S(M) or SR(M) and their solutions.

We shall formulate certain new problems as well.

1. Introduction. Let S denote the class of all functions F of the form

(1) F (z) = z + A2z
2 + · · ·+ Anzn + · · ·

holomorphic and univalent in the unit disc ∆ = {z ∈ C : |z| < 1}, SR -
its subclass consisting of functions (1) with real coefficients (An = An, n =
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2, 3, . . . ). Let next S(M) and SR(M), M > 1, denote subclasses of S and
SR, respectively, consisting of functions satisfying the condition |F (z)| < M
for z ∈ ∆.

Let

(2) w = P /n−1/(z; M) = z+
∞∑

ν=2

P /n−1/
ν (M)zν , z ∈ ∆,M > 1, n = 2, 3, . . .

stand for the function defined by the equation

(3) w
(
1− wn−1M1−n

)2/(1−n)
= z

(
1− zn−1

)2/(1−n)
.

The function

(4) P (z; M) = P /1/(z; M) = z +
∞∑

ν=2

Pν(M)zν , z ∈ ∆,M > 1

is called a Pick function (also Pt(z; M), z ∈ ∆, where Ft(z) = e−itF (eitz),
z ∈ ∆, t ∈ (0, 2π)). The function (2) is called an (n − 1)- symmetric Pick
function. Of course, P /n−1/(z; M) ∈ SR(M), P

/n−1/
t (z; M) ∈ S(M).

In several papers (e.g. [10]-[12], [14], [41], [43]) published earlier, certain
problems concerning estimates of some functionals defined on the classes
S(M) or SR(M) were stated. The special attention was paid to extremal
problems in the classes of functions bounded by sufficiently large constants
or functions close to identity (bounded by sufficiently small constants). In
the present paper we shall recall some of these problems; we shall give up
to date solutions and also establish some new questions.

2. The Charzyński-Tammi conjecture. It is known that a counterpart
of the Bieberbach conjecture for the class S(M) (and SR(M)) seems to
be difficult to formulate. Moreover, it seems to be impossible to expect
estimates of |An| for every n = 5, 6, . . . and for an arbitrary M > 1. It
initiated a search for stating appropriate conjectures valid for any n and
M , suitably chosen and sufficiently close to 1 or sufficiently large.

In the first case, on the turn of the 50’s and 60’s Z. Charzyński and O.
Tammi conjectured that the estimate

(5) |An| ≤ P /n−1/
n (M) =

2
n− 1

(
1−M1−n

)
holds in the class S(M) for each n = 4, 5, . . . and M , suitably chosen and
sufficiently close to 1 (M ∈ (1,M

(−)
n )). The form of the conjecture (5)

followed from the known estimates of |A2| ([22]) and |A3| ([17], [31], [38])



On some conjectures concerning bounded univalent functions 47

and, to some extent, from the investigation relating to the coefficient A4 in
the class SR(M) ([9]).

This conjecture was answered in the affirmative by L. Siewierski (in 1960
- for odd n ([34]), 1968 - for even n ([35]), 1971 - for every n ([36])) and by
M. Schiffer and O. Tammi (1968, [32]), who used a different method. The
procedure of Siewierski was based on the variational method of Charzyński
([3]), whereas Schiffer and Tammi used the generalized (by them) Grunsky-
Nehari inequality. It does not seem to be possible to obtain the maximal
interval (1,M

(−)
n ), where (5) holds, using the methods mentioned above, but

we know that M
(−)
n was fixed in another way for a few n only. Interesting

remarks of its solution can be found in [4] (pp. 111–152).
Since the extremal functions for the problem (5) in the class S(M) have

the form P
/n−1/
t (z; M), it follows that there hold the sharp estimates

−P /n−1/
n (M) ≤ An ≤ P /n−1/

n (M)

(for M sufficiently close to 1) in the classes SR(M). The lower bound is
attained if t = (2k + 1)π/(n− 1), k = 0, 1, . . . , n− 2.

3. The antipodal conjecture. In the 70’s the following conjecture was
posed (cf. [10], [41], [43], see also [12]).

For each n = 6, 8, 10, . . . there exists M+
n ≥ 1 such that, for all M ∈

(M+
n ,∞) and any function F ∈ S(M), the estimate

(6) Re An ≤ Pn(M)

holds.
In 1982 A. Zielińska obtained a partial solution for each n ≥ 6 ([41]

also see [12]). The method of proving the theorem is based on the general
theorem on extremal functions ([3]).

A parallel conjecture was also posed for the class SR(M). Its positive
solution was presented in 1978 at the International Congress of Mathemati-
cians in Helsinki ([13]). The proofs were published in [14], [42], [43] (see
also [11]). The method of proving the conjecture quoted above is based on
the general theorem on extremal functions ([6]), the theory of Γ-structures
and a result of Dieudonné ([5]).

V. G. Gordenko ([7]) proved the conjecture (6) in S(M) for n = 6. In 1993
D. V. Prokhorov ([26]) demonstrated that the conjecture (6) (F ∈ S(M))
holds for all even n. Here and in other papers, he applied his own research
method (the Loewner equation ([20]) for the class S(M) and optimal control
theory can be adjusted to problems for univalent functions, as developed in
[25]).
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Generally, the problem of finding the maximal intervals (M (+)
n , +∞),

where (6) holds, remains still open.
The Pick function is not extremal for n = 3 and for all M > 1. It was

proved in [15] that there exists M+
5 ≥ 1 such that P5(M) < max Re A5 for

each M > M+
5 , F ∈ S(M). It also turned out that the method used in [14]

is ineffective in the case of n odd. The following conjecture seemed to be
true ([11], [12]):

For each n = 7, 9, . . . , there exists M+
n ≥ 1 such that for any M ∈

(M+
n , +∞)

(7) max
F∈S(M)

Re An > Pn(M).

In [26] D. V. Prokhorov answered in the affirmative the conjecture (7).
Still there remains open the problem of finding max Re An for n =

5, 7, 9, . . . , F ∈ S(M) or F ∈ SR(M) and sufficiently large constant M .
It is possible that there will be different extremal functions for different odd
n.

4. The functional |AnAk|, n even, k odd. According to the considera-
tions in sections 2 and 3 there arise the questions: (i) Is it possible to modify
the functional |An| in order to obtain one extremal function (e.g. the Pick
function) for all n in the class S(M) (or SR(M)) for M sufficiently close
to 1 ? (ii) Is it possible to change the functional |An| for n = 3, 5, 7, . . . , in
order to obtain one extremal function (e.g. the Pick function), in the class
S(M) (or SR(M)) for M sufficiently large?

First, it seems that the simplest functional of this kind is Re (A2An) (in
case (i) n = 3, 4, 5, . . . , in case (ii) n = 3, 5, . . . ). Next A2 was replaced by
a coefficient with an even index.

These problems and information about their partial solutions can be
found e.g. in [10]-[12]. We recall some of them and the other recent results.

O. Tammi ([39]) determined the maximum of the functional |A2A3|, F ∈
S(M) for each M > 1. When n = 3, the conjecture from [10] and [11] :

(8) |A2An| ≤ |P2(M)Pn(M)|

was confirmed for M ∈ (1, 13
11 ) and this interval is maximal. When n = 3

and M ∈ ( 13
3 , +∞), the estimate (8) is also true (the interval ( 13

3 , +∞) is
maximal). Analogous research in the class SR(M) was done simultaneously
by L. Pietrasik ([24]). The results of O. Tammi coincide with the results of
L. Pietrasik (Tammi cited them).

In [16] the conjecture (8) was confirmed for each n = 3, 4, . . . and M
sufficiently close to 1.



On some conjectures concerning bounded univalent functions 49

In 1982, L. Pietrasik ([23]) proved that if n is even and k is odd, then,
for sufficiently large M ,

(9) max
F∈SR(M)

AnAk

is obtained for the Pick function.
In 1995, D. V. Prokhorov ([28]) showed that a product |AnAk| of odd

coefficient is not maximized by Pn(M) · Pk(M).
It may be worth to notice that there appeared several papers, where

sums, e. g. of the form A4 + αA2, or products of nonlinear functionals,
e. g. A2(A3 − αA2

2), α being a parameter were considered, instead of a
coefficient product. It seems that in many of them ([8], [27], [29], [40]) one
can find closer or further consequences of the conjectures (5) and (6). On
the other hand, this research shows that there are great difficulties in finding
max Re An for any n = 4, 5, . . . and every M > 1 ([18]).

5. The problem of E. Netanyahu. As we know, in 1969 E. Netanyahu
([21]) proved the following theorem:

Let S be the family of functions defined in the Introduction and let dF =
inf |α|, F (z) 6= α, z ∈ ∆. Then

(10) max
F∈S

{|A2| · dF } =
2
3
.

It was shown in the proof, among others, that the function F ∗ of the form
(1), extremal in the considered problem, with a coefficient A∗2 > 0, maps
the disc ∆ on the whole w-plane slit along an arc of |w| = dF∗ , symmetric
with respect to the real axis and along a part of the real axis leading from
the middle of the mentioned arc to infinity. Consequently, it turned out
that we have A∗2 = 3

2 , dF∗ = 4
9 for the function F ∗.

The problem of Netanyahu in other classes of functions was investigated
by Z. Bogucki ([2], pp. 55–57). It turned out that for the class S∗ ⊂ S of
starlike functions the maximum in (10) is equal to 0.61 . . . and Z. Bogucki
conjectured that, for the class Sc of convex functions, it equals 1

2 .
It seems to be natural to find the maximum in (10) for the class S(M).

One can suppose analogously that the extremal function will map the disc
∆ onto the disc |w| < M with a slit similar as in the class S. We tried to
do it, but without the great engagement.

6. On typically-real functions of Lewandowski-Wajler. In [19] Z.
Lewandowski and S. Wajler introduced the class TM , M > 1, of functions
F of the form

(11) F (z) =
∫ 1

−1

Q(z; M, t)dµ(t), z ∈ ∆,
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where µ is the unit mass distributed on [−1, 1] (see [33],p. 4),

(12) Q(z; M, t) = 2z
[(

P 2 − 4z2M−2
)1/2

+ P
]−1

,

and P = 1− 2tz(1−M−1) + z2,
√

1 = 1.
One can see that Q(z; M, t) is a two-slit Pick function and Q(z; M, 1) =

P (z; M), Q(z; M,−1) = −P (−z,M). Moreover, each function F ∈ TM is
typically-real and bounded by M , T∞ = T ([30]) and Q(z; M, t) ∈ SR(M).

The authors obtained many interesting properties of the class TM . In
the considered cases, the functions Q(z; M, t) turned out to be the extremal
functions.

In the context of the previous observations and remarks, perhaps the
following problems are interesting: (a) What is a relationship between the
classes SR(M) and TM? (b) Find the form of the limit functions (M → 1+)
in the sense of the paper of H. Śmia lek ([37]), in the class TM . What
conclusions can we get from this? (c) Find a form of a functional defined on
TM such that the extremal function is not univalent.

The Pick function plays an important role in the paper [1] of F. Bogowski
and Cz. Bucka on a class S∗M , M > 1, of starlike bounded functions. There
we have one more point of view on bounded univalent functions.
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[13] , A. Zielińska and K. Zyskowska, Sharp estimation of even coefficients of

bounded symmetric univalent functions, Abstracts Internat. Congress of Math.,
Helsinki (1978), 118.

[14] , Sharp estimation of even coefficients of bounded symmetric univalent func-

tions, Ann. Polon. Math. 40 (1983), 193–206.

[15] , K. Zyskowska, A few remarks on bounded univalent functions, Pliska Studia

Math. Bulgarica 10 (1989), 77–86.

[16] , D.V. Prokhorov and J. Szynal, Proof of a coefficient product conjecture for

bounded univalent functions (to appear).

[17] Janowski, W., Le maximum A2 et A3 des fonctions univalentes bornées, Ann. Polon.

Math. 2 (1955), 145–160.

[18] Jokinen, O., O. Tammi, On determining the points of the second coefficient body

(a2, a3, a4) for bounded real univalent functions, Kodai Math. J. 17 (1994), 82–100.

[19] Lewandowski, Z., S. Wajler, Sur les fonctions typiquement réelles bornées, Ann.
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ul. S. Banacha 22
90-238  Lódź, Poland
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