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Equipower curves

ABSTRACT. In this paper we consider the family of equipower curves. It is
proved that each equipower oval has 4n + 2 vertices (n > 1) and an example
of an equipower oval with exactly six vertices is given. Moreover, it is shown
that two vertices lie at ends of one equipower chord. The last sections are
devoted to Crofton-type integral formula and estimations of the area and the
length of an equipower curve.

1. Introduction. We consider the family K of all ovals, i.e. the family of
all plane closed curves with the positive curvature, Leichtweiss [2].
Let a curve C € K be of the form

(1) t— 2(t) = r(t)e", t € [0,27],
where the radius function r : R — R satisfies the following conditions:
r € C3(R)

(2) r(t+2m) =r(t)
r(t) >0
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for all t € R. The curvature k of C is given by the formula:

2.2 2_ .
(3) b — re+r 7“;“
(\/T2 —H'“Z)

where the dot denotes the differentiation with respect to t.

We denote by « (t) the oriented angle between the radius vector of the
point z(t) and the tangent line to C at z(t).

We note that

> 0,

7:.
4 ta=—.
(4) cota = —

Making use of (3) and (4) we get

3
k<““2+7”2> =20 —r i,

r 2 .2 : o 2
k——s—=2r"cot"a—r|rcota—r——; + r4,
sin® « sin” «

«@
k—— = 2r2 cot? v — r? cot® a + 12— 5 + 72,
sin® « sin® «

3 Q
k——s =r?cot’ a + 1~ 3 + 72
sin® « sin”® «

k——s =cot’a+ —— +1,
sin® « sin® «

kr .

— =1+aq,

sin «

and
(5) kr = (14 d)sina,
for all t € R.

2. Equipower ovals. In this paper we consider the subfamily K, of K
containing of all equipower ovals. An equipower oval C' is a curve such
that there exists a point P in the region bounded by C with the following
property:

if a chord of C passes through P and it joins points P;, P> of C' then

(6) |PP1||PP,| = ¢ = const.

and the product does not depend on the choice of a chord.
The point P is called the equipower point of C.



Equipower curves 19

The equipower curves were introduced by Yanagihara [4], [5] and next
considered by Kelly [1], Rosenbaum [3] and Zuccheri [6].

We may assume that the origin O is the equipower point of an equipower
curve C € K,,. If C € K, is of the form (1) then we have

(7) r(t)r(t+m)=c,

for all t € R.
In the sequel we will write down fr (t) = f(t + ), for all t € R. Thus
the formula (7) can be written as follows

(8) rre = c,

for all t € R.
We have the following theorems.

Theorem 1. A curve C' € K, is an equipower curve if and only if the
condition

9) a+ar=m, foralteR
is satisfied.
Proof. Differentiating (8) and using (4) we obtain
(rr7) =177 <: + ?) =11y (cota+ cot o) ,
cota+cota, =0« a+a, =m.
O

Theorem 2. If an equipower oval C' € K, satisfies the relation (8) then its
curvature k satisfies the equality

(10) kr? + kzc = 0.

Proof. From (5) with respect to (9) we get

(11) krrr = (1 — &)sina.

The formulae (5) and (11) lead us to the following formula

(12) kr 4+ kzrr = 2sina.

Differentiating (12), substituting & from (5) and next using (12), we obtain

kr + ki + l’%:,ﬂ“,r + kxfr = 26 cos a,

. ) k
kr—i—k,rrﬂ—i-rkcota—i-rﬂkwcotaw:2< ,T —1) Cos «v,
sin o
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kr + 1;3777"7T = 2rkcota — 2cosa — rk cot o« — rky cot a,
kr + l%:W?“7r =rkcota + ryk; cota — 2cos a,

kr+k.r. = (rk + rzkr — 2sina) cot «

and
(13) fer 4 kxrr = 0.

Thus, using (8), we have

kr? + /-:.:Wc =0.

The formula (10) has the following geometric interpretation:

Theorem 3. Let C € K, and let an equipower chord of C' pass through
A, B. If A is the vertex of C, then B is also a vertex.

Theorem 2 and the four vertices theorem [2], imply immediately:
Corollary 1. An equipower curve C € K, has 4n + 2 vertices, n > 1.

3. Equipower ovals with exactly six vertices. According to Corol-
lary 1 an equipower oval has at least six vertices. We construct an oval with
exactly six vertices.

Let

(14) r(t) = exp (bsint),

for all t € R, for some fixed b € (0,1). It is clear that rr; =1 and 7 () > 0
for all £ € R. Moreover, we have

1 + bsint + b% cos? t

(15) k 0+ P cos? t)% exp (—bsint) >0
cos

and

1, > ol .
(16) Ek (1 + b%cos®t) 2 exp (bsint)
= b [b*sin't — 2 (24 b%) sin®t + (1 +0%)].

From (16) we note that k has exactly six zeros in the interval [0, 27) .
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4. Convex equipower curves. In this section we consider the class K.
Let C € K be of the form (1). We define the function A\ : R — R by the
formula

(17) A= k[Z],
i.e.

(18) i e i
2442

It is clear that the function A is a non-negative, continuous and 27 peri-
odic one. With respect to (4) we have

. .2
rr—7
A=l
G
1+ (1)
A=1+ (arccot fj) ,
r
A=1+a.

Thus we have a simple relation between \ and «, namely
(19) A=1+a.

Hence we have
2

(20) / () dt = 2r.
0

The function

(21) A(t) = /)\(s) ds
0

has the following geometric meaning;:
A (t) is an oriented angle between a tangent line at z (0) and the tangent
line at z ().

We note that the function A satisfies the following properties:
1° X is a non-negative function,

2° X\ is a 2m-periodic function,
3° A is a continuous function,
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2w
4° [ X(t)dt =2,
0

t
5° 0< [A(s)ds<t+m, fortel0,2m).
0
Moreover, we note that the function « satisfies the following properties:

1° « is a C'-function,
2° « is a 2w-periodic function,
3° a+1>0,

2
4° [ cota (t)dt = 0.
0

Since we have cota = T, so

t
(22) —roexp/cota
0

where r, = 7 (0). We may assume that a (0) = §. The relation & = A —1
implies the formula

(23) ) =To exp/ttan/T A(s))dsdr.
0

Periodicity of r implies the equality

(24) /Mm/‘ ) — 1) dsdr = 0.

We note that the curvature of C' is given by the formula k = %sin Q,

(25) k=101 +d)sina.

r

Hence we have

(26) k= % [é + (éz2 — 1) cota sina.

The functions A and « allows us to construct special examples of equipower
curves.

Example 4.1. Let a(t) = § + arctansint for ¢ € [0,2n]. Obviously, «
is a regular, 2m-periodic function and « (t) + a (t + ) = 7. It is easy to see
that fozﬂ cota(t)dt =0and 1+6(t) =1+ 5 COSt ;> 0 with the equality at




Equipower curves 23

7 only. According to (25) it means that k£ > 0 and the curve generated by
a is convex but it is not an oval.
Next we have

sint

i+ (62 —1)cota = ————
G+ (67— 1)eota (1+sin¢)?

(sin ¢+ 4sin*¢t —3)

in ¢
it (62 = 1) cota = o (sin? 424 VT) (sin?t 42 - VT)
(14 sin? )

We note that with respect to the above relations and formula (26) the
equation k (f) = 0 has exactly six solutions. It follows from (22) that the
polar equation of our curve has the following form

r(t) =roexp (cost —1).

5. Crofton-type integral formula for equipower curves. Let C; , t —
r; (t) e (j =1,2) be different equipower regular curves and r; (t) r; (t + )
= ¢j. We assume that C lies in the domain bounded by Cy (then ¢z > ¢).
We denote by C1C5 the domain bounded by C; and C5, and by D the
interior of C1Cy with deleted some line segment.

We consider the mapping F™* : [0, 1] x [0,1] — D given by

(27) F* (s,t) =19 (t)° 71 (8) 7 ™.

For each fixed sy the curve t — F'(sp,t) is an equipower one. Let E =
{(s,) : 0<s<1,0<t<2r} and let F denote the restriction of F* to E.

We note that F is a 1 : 1 mapping and the jacobian F’ (s,t) of F' at (s,t)
is given by the formula

(28) F(s.8) = (r2()'my (t)l_s)Q o : g;

Let # € R%. We denote by ||z|| the length of the segment joining the origin
O and z. Using the diffeomorphism F' we get the following theorem.

Theorem 4. The following Crofton-type integral formula holds

1 C2
(29) // dr =7mln—.
|2 ¢

C1C2

Proof. Let x € C;C5. We denote by ¢ the oriented angle between the -
axe and the segment Oz. Then z = ro (£)*rq (£)' % ¢ for some s € (0,1)




24 W. Cieslak and R. Stepnicki

and making use of F’ we get

1
dx
// ]2
C1C3

0

6. Estimations of the area and the length. Let C, t — r (¢) e be an
equipower curve such that r (¢)r (t + 7) = ¢. Let

(30) ry = max {r (t) : t € [0,27]}
and
(31) rm =min{r(¢) : t € [0,27]}.

We denote by S,,,C the domain bounded by C' and the circle .S,, with the
center at the origin and the radius r,,. Similarly, we introduce the domain
CSy.

Making use of the Crofton-type integral formula (29) we obtain

1
// ||ff”2 areaS C= o) (areaC — 777‘31)
and
1
// ’|$||2 areaCSM =3 (7rrM — areaC’)
CSy M

Hence we have

(32) area C' > max {m“?n <1 +1In 2) LT, <1 —In S) } .
Tm ™

On the other hand we have

2m ™
2
2areaC = /r (t)*dt = / <7“ (t)* + (ct)2> dt > 2re,
r
0 0
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and we obtain the well-known inequality
(33) area C > me.

By similar way we obtain the inequality for the length of an equipower
curve. Namely, using (9) and (7) we obtain

2 2
L :Z\/r(t)Q + 7 (t)%dt :O/Sirig)(t)dt
r 1 c
= [ ——(r{t)+—=)dt >2m/c,
0/ sin a (t) < r (t))
(34) L >2m/c.
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