ANNALES
UNIVERSITATIS MARIAE CURIE-SKEODOWSKA
LUBLIN-POLONIA

VOL. LIX, 2005 SECTIO A 141-146

ANDRZEJ WISNICKI

An example of a nonexpansive mapping
which is not 1-ball-contractive

Dedicated to W. A. Kirk on the occasion of
his receiving an Honorary Doctorate from
Maria Curie-Sklodowska University

ABSTRACT. We give an example of an isometry defined on a convex weakly
compact set which is not 1-ball-contractive. This gives an answer to an open
question, implicitly included in Petryshyn (1975), and stated explicitly in
Dominguez Benavides and Lorenzo Ramirez (2003, 2004). A fixed point the-
orem for multivalued contractions is also given.

Let X be a Banach space and C a nonempty bounded closed and convex
subset of X. A mapping T : C' — X is said to be nonexpansive if

”Tl‘ - Ty” < H.’L‘ - yH T, Y € Ca
and T is said to be 1-y-contractive (or 1-ball-contractive) if
x (T'(4)) < x (A)
for every A C C, where
X (A) =inf{d > 0 : A can be covered by finitely many balls of radii < d}

denotes the Hausdor{l measure of noncompactness of a bounded set A.
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The problem of whether every nonexpansive mapping T : C' — C is 1-x-
contractive implicitly appeared in [16, p. 235] and was explicitly addressed
in [7, p. 384] and [8, p. 107], (in this direction, see also [12]), in the context
of fixed point theory for multivalued nonexpansive mappings (see below).
It was proved in [7, Th. 4.5] that such implication holds for weakly com-
pact sets in separable or reflexive Banach spaces which satisfy the so-called
nonstrict Opial condition.

The following example, partly inspired by [1, Remark 1.5.3], shows that
this is not true in general, even for single-valued mappings.

Example. Let X = C ([0, 1]) be the Banach space of continuous functions
defined on [0, 1] with the norm “supremum”.
Forn=1,2,..., put a, (0) = a, (1) = b, (0) = b, (1) =0,

(0 fortzla%

0 fort:@ 1 fort:%

an(t): 1 fort:W s bn(t): 0 fort:W
0 fort:min -1 fort:@

0 fort:W

and, by linear interpolation, define the functions a,, b, for all ¢ € [0, 1].
Let A ={0,a1,b1,a2,ba,...} and C' = conv A. Set

T(0) =0, T (ap) =bap-1, T (bp) =bon, n=1,2,...
and
T (a1zy + -+ agrg) = T (z1) + -+ + T ()

forxy,...,2xk € A, ar,...,ar >0, a1+ -+ a = 1.
It is not difficult to check that T : C' — C' is well defined,

[Tz = Tyll = llz -yl

for z,y € C, and hence there exists a unique extension 7 : C — C which is
also an isometry.

Moreover C is weakly compact because the set A is. Indeed, for every
sequence {z,} C A there exists a subsequence {z,, } which is constant or
tends pointwise to 0 and consequently {z,, } is weakly convergent to a point
in A.

On the other hand (see for instance [1], [3]),

1

. 1
x {a1,a2,...}) = = lim sup sup |z (t) —z(s)| ==
2 h—0+ z€{a1,a2,... } |[t—s||<h 2

and similarly B
x (T ({a1,a2,...})) = 1.

Hence T : C — C is only 2-x-contractive and the problem is solved. Notice
that T is an affine mapping.
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Remark. It is not very clear if there exists a similar mapping defined on
the whole unit ball.

The notions of k-Lipschitzian and k-y-contractive mappings are easily
generalized to the multivalued case.

Let CB (X) denote the family of all nonempty bounded closed subsets of
X, K (X) the family of nonempty compact subsets of X and KC (X) the
family of all nonempty compact convex subsets of X. For A, B € CB (X),
the Hausdorff metric is given by

H (A, B) =max < sup inf ||z — y||,sup inf ||z — .
(4.B) {xegyeg” ol sup in | yu}

A multivalued mapping T : C' — CB (X) is said to be k-Lipschitzian if
H(Tz,Ty) <klz—y|, zyeC,

and T is is said to be y-condensing (respectively, k-x-contractive) if, for
each bounded subset A of C' with x (4) > 0, T'(A) is bounded and

X (T (A)) <x(A)  (respectively, x (T (A4)) < kx(A)).

Here T'(A) = U,eq Tx. A k-Lipschitzian mapping is called a contraction if
k<1

Recall that a multivalued mapping T : C — 2% is upper semicontinuous
if {r € C:Tx C V}isopenin C whenever V C X is open. The inward set
of C at x € C is defined by

Io(x)={z+X(y—2): A>0,y € C}.

Theorem 1 (Deimling [5], see also Reich [17]). Let C' be a bounded closed
conver subset of a Banach space X and let T : C — KC(X) be upper

semicontinuous and x-condensing. If Tx N Igo (x) # 0 for allx € C, then T
has a fized point.

In [19] (see also [18]), Hong-Kun Xu applied Theorem 1 to extend the
Kirk theorem [13], see also [14], [15]. (In fact he used a less general result
due to Browder [4], see also [11].) Soon after, new results were obtained by
Dominguez Benavides and Lorenzo Ramirez [7], [8], [9].

The above example shows that the limitations of the use of Theorem 1
in fixed point theory for multivalued nonexpansive mappings are rather
fundamental. It was shown in [9], how to overcome these limitations in the
important case of nonexpansive “self-mappings”, see [9, Th. 3.3]. The key
observation was to use y¢ rather than y. Recall that

xc (A) = inf{d > 0 : A can be covered by finitely many balls
with centers in C' and of radii < d}

is called the relative Hausdorff measure of noncompactness of A with respect
to C'. Below we give a mild generalization of that result.
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The following lemma simplifies and generalizes Theorem 3.2 in [9].

Lemma 2. Let C be a closed subset of a Banach space X. Assume that
T:C — K (C) is a k-Lipschitzian multivalued mapping. Then T is k-xc-
contractive.

Proof. Let A be a nonempty bounded subset of C, ¢ > 0 and fix 21, 22, ..., Tk
€ C such that

k
(1) Ac|JB@ixc(A) +e).
i=1
Since T has compact values, we can choose y1,y2, ...,y € C such that

k n
(2) UTwi C UB(yj,a).

It follows from (1) and from the definition of the Hausdorff metric that for
every € A and y € Tz there exist ¢ € {1,2,...,k} and z € T'z; such that

ly—z|| < H(Tx,Tx;) +e < k|- +e < k(xc(A)+e)+e.

Moreover, by (2), there exists j € {1,2,...,n} such that ||z —y;|| < e.
Hence

ly —yill < k(xc (A) +¢) + 2
and consequently xco (T (A)) < kxc (A). O

We are now in a position to prove the following theorem which generalizes
Theorem 3.3 in [9].

Theorem 3. Let C' be a closed conver subset of a Banach space X, T :
C — KC(C) be a multivalued contraction and let D be a bounded closed

convez: subset of C. If Tx N Ip(x) # O for all x € D, then T has a fized
point in D.

Proof. It suffices to notice that x¢ shares basic properties of (classic) mea-
sures of noncompactness, use Lemma 2 and follow the proof of [5, Th. 1],
(see also [6, p. 153]). O

We conclude with the following conjecture which naturally arises in view
of Theorems 1 and 3.

Conjecture. Let C be a bounded closed convex subset of a Banach space
X and let T': C' — KC(X) be a multivalued contraction. If TxNI¢ () # 0
for all x € C, then T has a fixed point.
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Jacek Wosko for the inspiring discussions on the subject.
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