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Types of conditional convergence

ABSTRACT. The aim of this paper is to investigate relations between different
types of conditional convergence. Results presented in this paper generalize
theorems obtained by P. Fernandez [2] and A. R. Padmanabhan [5].

1. Introduction. Let (2, A, P) be a probability space, and let F be a
sub-o-field contained in A. We denote by E¥ X conditional expectation of
X with respect to F. Let LT (LT (F)) be the set of nonnegative random
variables (F-measurable). For X € LT we can define the conditional expec-
tation B7 X asin [4]. For X = X*— X, where X* = max(X,0) and X~ =
max(—X,0), we define the conditional expectation £ X = B X+t - E¥ X~
if min(E7 X+, EFX7) < o0 a.s. If max(E¥ X+ EF X7) < 0o a.s., then we
say that X € LY(F).

We will denote by Fx(z) = P{w: X (w) < 2} the distribution function for
X, by (r, the set of continuity points of Fx(x), that is (p, = {z: Fx(z) =
FX (SII+)}

Definition 1.1. The conditional distribution function for random variable
X given o-field F we will call a process F(z,w) = EfI[XQ;] (w) such that
F(z,w) is left-continuous and nondecreasing.
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Obviously limy_ 400 F(x,-) = 1 a.s. and lim,_,_ F(z,) = 0 a.s. Note
that if z € (g, then lim._,o F'(z — ¢, ) = F(z,-) a..

We will say that random variables X and Y have the same conditional
distribution if for each x € R

E]:I[X<z] = E]:I[y<m} a.s.

Note that if random variables X and Y have the same conditional dis-
tribution, then these variables have the same distribution, because for each
z € R we have

Fx(z) = P(X <) = Elx<y) = E(E” I ix<y)) = E(E” Iy <)) = Fy (x).
The following example shows that the opposite implication is not true.

Example 1. Let (22, 4, P) = ([0, 1], B([0, 1]), 1), where 1 denotes Lebesgue

measure, F = A,
0, welo,id),
X(w) = L2
]., w & [5,1],

and Y(w) =1 — X(w). Then Fx(x) = Fy(x), but

1, welo, %)7
Iix<g(w) = {0, we L],

and
0, welo,3),
1, wel3,1].

Ty 1y(w) = {

Then Ijx <y # Iy <y for w € Q and = € [0, 1], hence these variables have
the same distribution, but do not have the same conditional distribution.

Definition 1.2. We say that a sequence {X,,,n > 1} of r.v. F-conditionally
converges in distribution to the r.v. X if for each = € (ry

E]:][Xn<z] I Ef]{x«ﬂ a.s., n — 00.
. . F-D
This fact will be denoted by X,, — X.

Note that if X, =B X, then X, L, X, since for each z € (r, we have
lim Fo(z) = lim Eljy, ;) = lim E(E7 Iy, o)) = E lim E7 Iy, oy
n—00 n—00 n—00 n—00

= EE Ix., = F().

The following example shows that the opposite implication is false.
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Example 2. Let (2, A, P) be defined as in the previous example,
F=0([0,1),[%,2),[2,1]), for even values of n

»3/91323/5 13
» welog),
X”(w) = wa w e [%7 %))
%, we[%,l],
while for odd values of n
5 weloy),
Xn(UJ) = CU, w e [%7 %))
H, we[%,l].

Then X, L, X, however for z = % we have EJ:I[X <l = ET I,
n~3

where

n n’

A — [0,1) for n =2k,
, 1] forn=2k+1, ke N

Since lim,, oo I4, does not exist, the sequence {X,,n > 1} is not condi-
tionally convergent in distribution.

Definition 1.3. We say that a sequence {X,,,n > 1} of r.v. F-conditionally
converges in probability to the r.v. X if for every ¢ > 0

EfI[|Xn_X|>€} — 0 a.s., n— o0,
i i F-P
which will be denoted by X,, — X.

It is easily seen that if X, i X, then X, £, X, because
lim P(|X, — X|>¢)= lim Eljx, x> = lim E(EXIjx, x|>q)
n—oo n—oo n—oo

= B (lim E7Ijx, x5q) = 0.

n—oo

Theorem 1.4. If X, i X, then for every F-measurable r.v. n >0 a.s.
E}—IHXn—XbTﬂ —0 a.s., n — O0.

Proof. Choose § > 0. Then
EFIx,xpsn) < BT I, x155, n2a) + BT, x |50, nes) a5
Therefore

lim Ef[[|anX|>77] < nlLH;o E]:I[\anX|>6] +Efj[n<6] = E]:I[ﬁ<5] —0 a.S.,

n—oo

if § — 0. Since J is arbitrary, we have proved the result. O
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Let F and G be sub-o-fields contained in the o-field A and F C G. In
such a case if X, g3 X, then X, =0 X, as for each z € (p, we have

lim B Iy, <q = lim BT B9y, < = BT lim E¥Ix, <

n—oo

=BT E9x ) = BT Iixoy as.

Similarly, if X, L x , then X, L x. Indeed, for every € > 0 we have

lim E]:I[an*XbE] = lim E]:Egl[\anX|>e]

n—oo n—oo

= E}— lim Eg[[|anX|>s] =0 a.s.
n—oo
The opposite implications are not true.

Example 3. Let (2,4, P) be defined as in the previous examples, G =
o([0,3),[3,1]), F ={0,Q}. If

for even values of n and X, (w) =1 — X,,—1(w), for odd values of n then

lim E7 Iy, = lim PIX, <2]=PIX <a]= EF Iy oy for @ € Cpy.

n—oo

However EgI[Xn<%] = FE91,4, = I4,, where

Ly forn=2k+1,
An(w): 1 2) B
[5,1] forn =2k, k€N

and lim,,_o [4, does not exist.

Example 4. Let (2, A, P) be defined as in the previous example. Every
integer can be written in the form n = 2¥ + s, where k = max{l : 2 < n},
5=0,1,..,28 ~1. If G = B, F = {0,Q} and

17 w e [2%7?71)7

0, otherwise,

X2k+s(w) = {

then for every ¢ > 0,
F 1
) I[|Xn|>5} :PHXn| >8] = 2—k — 0, n — oo.

However for every € > 0, EgIHanE] = I||x,|>¢e]- Thus for e = % we have

limsup,, o Ix,|>¢] = 1 a.s. but liminf, o Ix,|5¢) = 0 a.s. Hence it is
not true that X, g X, but X, gl 4 X.
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For 7 = A convergence X, =P x implies a.s. convergence. Indeed,
E]:I[anbes] = I||x,-Xx|>¢ &. and

hrrfisolip x,-x|>¢) = lim_ 21215 Ix—x1>e) = m Tiyee f1x,-x1> = 0 as.

Hence
o0
lim P <kU (| X — X| > s]) =0,
=n

which is equivalent to a.s. convergence. On the other hand, the last state-
ment implies the previous one, as can be easily seen. Thus a continuous
link between convergence in probability and a.s. convergence is established.

2. Main results.

Theorem 2.1. If X, il X, then for each x € (py

E}—‘I[Xn<:r:] _I[X<x]‘ — 0 a.s., n — oQ.

Proof. If X, i X, then for every € > 0, lim,, . EFI[|XTL—X|>5} =0 a.s.
Moreover
EP \Iix, <o) — Iix<a)| = BT I(x, <aja[x <a))
= B I(ix, <a)a[x <a) [ X X[2e) + BT L((x0 <) ax <o) L1 x0 - X <]
= BT I(x, <a)nix<a) 50— x13¢) + B L((x, <o) A <a) I[X —e< Xp < X-te]
< BT Ix,—x1e) + BT I, <o\ (X <a)) DX —e< X< X o]
+ B I x <ap\[Xn <o) [ X —e< X< Xte]

< BT Iix,_x3e) + B Ip<xcote) + B Ijp—cxx <y

= EFI“XR,XQS] + Ff(x4¢e)— F{(x)+ Ff(z) — F{(z —¢) as.
Thus for every € > 0

limsup £ ix,<a) — Iix<a]| < F{(x+¢e)—Ff(z—¢) as.

n—oo
Since ¢ is arbitrary, we have limsup,,_, ., £ ‘I[an] — [[X<x]| =0 a.s. and
hence lim,_oo E7 ‘I[an,} — I[X<x]‘ =0 a.s. for z € (p,. O

Corollary 2.2. If X, =L X, then X, P x.
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Theorem 2.3. lim,,_. Efl([Xn@]A[X@D =0 a.s., v € (py if and only if
for every D € A and each x € (p,

lim EX I, cnlp = EXIixyIp as.

n—oo

Proof. Necessity. If lim,,_ E]:I([Xn<x}A[X<x]) = 0 a.s. then by the previ-
ous theorem for every = € (r, we have

|E7 Iix, <oflp = B Iix ey Ip| = |E7 (Iix, <0) — Iix<a]) I
< B |Iix, <o) — Iix<a)]
= E]:I([X,L<J:}A[X<x}) —0 a.8., . — OQ.

Sufficiency. If D = [X < z] and « € (g, , then lim,,_. EfI[Xn<x]I[X<I} =
EfI[X<x]. Hence

Jim B I(x, <ojax<a)
= lim B (Ijx, <o) = Ipx,<olix <ol + Lpx<a) = X, <allx<a))
= lim B Ijx, <y — lim BT Iy, cyjix<a)
n—oo n—oo

+ E]:I[X<3:} - nh—{go EfI[Xn<z] [X<z] = 0 a.s.
O
Note that lim, EFI([Xn<x}A[X<z]) = 0 as. for z € (p, is equivalent
to limp— 0o E}—I([Xngcc]A[XSx]) =0 a.s. for x € CFX‘

Theorem 2.4. If lim, . E]:I([Xn<m]A[X<z]) = 0 a.s. for each x € (py,
then X, z=r X.

Proof. Let B(z,r) = {y: |[t—y| <r}ande > 0. Let {x;}i—1,2.. be a count-
able dense subset of R. Select v such that 0 < v < § and P[|X —x;| =] = 0.
Then E7 Ijjx 1=y iz12,..] = 0 a.s. It is clear that |J;2; B(zs,7) = R, there-
fore by continuity of measure P, we have lim; ., P [X € UZ:1 B(xs, 7)] =
1, hence

. f _
tligloE I[XEU’;:lB(wsN)} =1 a.s.
For 0 < § < 1 we define a random variable
__ . F
N(w) = inf {t. EX Iielyt, Bauy) > 1~ 5} .

Note that A, = [N(w) =n] € F and P[J,~, Ap] =1, i.e. N < o0 as.
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Moreover, if K; = Ui:l B(xs,7), then

o0
F F F
B Iy, —x5¢) = B Ipx - xpseuz, a0 = O BT Tjx—x|5411a,

n=1

= Z ET Iix gy 1 x0—x > L, + Z E" Iixery, xp—x|>e A,

n=1 n=1

00 oo
< D B Mpegron i + D0 B ixercy 1x-x15a

n=1 n=1

f
<O+ ETIN  (xeB(aam)nl|xe—x]>e]) An -

n=1

Thus, since

N
UIX € Blas, M n [1Xe — X[ > €]

s=1

N
C=

[s —7 < X <zs +9]N[| X — X| > €]

w
Il
-

([:rs—~y<X<xs+'y]ﬂ[xs—7<Xk<xs+’y}c)

N
C=

@
Il

N
V)
="

([ms_7<X<:cs+7]m[Xk<xs+’y]0)>

Il
A

N
U (U ([xs_7<X<xs+7]m[$s_’y<Xk]C)>
s=1

C =

1

(

([X < T +’7] N [Xk < Ts +'7]C)>

U (U ([xs—7<X]ﬁ[:Us—'y<Xk]C))

s=1
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we have

BT I, - X|>s}

s=1
o0 N
+ Z E” (Z I([ngl’s—’Y]A[Xfxs—'y])IAn> a.s.
n=1

s=1

Hence

lim sup E IHXk —X|>€]

k—oo

00 N
<do+ klln;o Z B (Z I((x <astr]aXp<zstr)) L4n
n=1 s=1

N

s=1

; F
=0+ Z Z klglgo T, E7 (X <o) A X <ws4])
n=1 s=1

o0 n
: F
+2 D Jim La, P I(x, <oy ax <) =0 2.

n=1 s=1

Since ¢ is arbitrary, we have proved the result. O

Theorem 2.5. Let X be F-measurable random variable. If X, =P X,
F—P
then X, — X.

Proof. If X, =D X, then for each x € (r, we have lim;,,_, E]:[[Xn<gc] =
E]:I[X<x] == I[X<x] a.s. and hmn_wo E]:I[Xn<:c]I[X<x] = I[X<a:}' Hence

nILHSOE (X <a)a[x<a)) = lim E7(Iix, <a) = I ix, <o) [ <a])

+ 1im E7 (Ipxcy) = Iix, <o lix<a) = 0 aus.

Therefore by the previous theorem we have that X, L x. O

Note that if F is the trivial o-field (F = {0,Q}), then we obtain the
following well-known result.

Corollary 2.6. Let C' be a random variable such that P[C = ¢] = 1 for
some ¢ € R. Then X, L. if and only if X, RilNye}
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