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on support

ABSTRACT. It is well known that the compactly supported identity compo-
nent of the group of all C"-diffeomorphisms of a smooth manifold is perfect
and simple provided 1 < r < 0o,  # n + 1, where n is the dimension of the
manifold. Several generalizations for the automorphism groups of geometric
structures are known. The problem of the perfectness of analogous groups
with no restriction on support is studied. By making use of deformation prin-
ciples we investigate under what conditions diffeomorphism groups are perfect
provided so are their compactly supported subgroups.

1. Introduction. A group G is called perfect if G = [G, G|, where the com-
mutator subgroup [G, G| is generated by all commutators [f, g] = fgf tg~1,
f,9 € G. In terms of homology of groups this means that H,(G) = G/[G, G]
= 0. Observe that any nonabelian simple group is perfect.

As a converse statement for homeomorphism groups of a manifold can
be regarded a theorem of Epstein [6]. It says that for a ‘typical’ transitive
group of homeomorphisms G the commutator subgroup [G, G| is simple.
But this theorem works only for compactly supported groups.
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From now on by M we denote the interior of a compact topological mani-
fold M. It follows that the set of ends of M is finite. If M is a C7-
smooth manifold as above, Diff" (M), r = 1,..., 0o, will stand for the group
of all C"-diffeomorphisms of M. We endow Diff" (M) with the compact-
open C"-topology. For f € Diff"(M) we define supp(f) = {z : f(z) # x}
and Diff (M) = {f € Diff"(M) : supp(f) compact}. By Diff"(M)q (resp.
Diff].(M)o) we denote the identity component of Diff" (M) (resp. Diff.(M)).

If OM = () then it is well known that Diff” (M) is a simple group, except
possibly r = 1 + dim(M ), and that the identity component of the homeo-
morphisms group H(M)g is simple as well (cf. [11], [5], [23], [12], [7]). In
the sequel we will assume that M # (.

Throughout the subscript ¢ will denote the compactly supported sub-
group and the subscript 0 the identity component in the relevant topology.

The aim of this note is to study the problem of perfectness of diffeomor-
phism groups on open manifolds. In particular, we wish to reveal possible
connections between the perfectness (or the first homology group) of such
groups and the perfectness (or the first homology group) of their compactly
supported subgroups. On the next page we give a list of selected results on
the problem.

On the table the mark of interrogation indicates that the problem is
open, and the sign plus indicates that the problem can be answered in the
affirmative by arguments presented in this note. The symbol H;(G.) in
the volume form and symplectic case indicates that Hq(G.) is expressed by
means of some invariants. In the first row a fragmentation property for
homeomorphisms (Corollary 3.1 in [5]) is used. In the seventh row Fukui’s
result [8] was originally formulated for M = R™ but it is easy to obtain
it for an arbitrary M. Note that McDuff in [15], [16] showed also that
H{(G) = 0 for M = R", provided n > 3. Concerning the case of the
contactomorphism group let us formulate the following conjecture: If G =
Diff* (M, av)g, where « is a contact form, then H;(G.) = 0 and H;(G) = 0.
It seems likely that the equality H;(G) = 0 would be proved by a refinement
of methods presented here. Concerning the two last rows we conjecture also
that Hq(G) = 0 but a possible proof is unclear because of the nontransitivity
of the groups in question.

The results in the second column are deep and usually difficult; they
were proved by various methods. By a well-known Thurston—Mather iso-
morphism these results are related to the connectivity of the classifying
space of the corresponding Haefliger structure.
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] the group G \ result for G, \ result for G
G =H(M)o Hy(G.) =0, Hi(G) =0
Mather [11] McDuff [14]
G =Hrip(M)o H(G.) =0
Lipschitz homeomor- | Abe-Fukui [1] +
phisms
G = Dift' (M), r £ | Hi(G) =0 H(G) =0
n+1 Mather [12] McDuff [14]
r finite, n = dim M
G = Diff" (M), Hi(G)=0
? McDuff [14]
G = Diff'(R™), Hi(G.) =0, VE>1
Tsuboi [24] ?
G = Diff® (M), H(G) =0 H(G) =0
Herman [10], Thurston | McDuff [14]
[23], Epstein [7]
G = Dift* (M, {pt})o | Hi(G.) =R
diffeomorphnisms fix- | Fukui [§] T
ing point and
orientation
G = Diff**(M, Q) H,(G.) H,(G)
Q a volume form Thurston [22] McDuff [15], [16]
G = Diffoo(M,w)() Hl(GC)
w a symplectic form Banyaga [2] ?
G= DIHOO(M, CM)O
a a contact form ? ?
G = Diff>**(M, F)o Hi(G:) =0
diffeomorphisms Rybicki [18] ?
preserving leaves of a
foliation F
G =Diff*(R™,A)y | Hi(G,) =0
diffeomorphisms Rybicki [19] ?

preserving the product
Poisson structure A

In this note we exploit a fundamental paper of Segal [20] concerning the
classifying spaces for foliations. In view of [20] there is only a very loose
relation between the perfectness of a diffeomorphism group and the perfect-
ness of its compactly supported subgroup. In Theorem 5.3 we formulate
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conditions under which a diffeomorphism group with no restriction on sup-
port is perfect. The proof follows Segal’s argument. In the last section we
give simple examples of groups to which the theorem applies. Of course
Segal’s methods could be applied in more complicated reasonings as well.
As an example can serve a beautiful paper of McDuff [16] on the group of
volume preserving diffeomorphisms.

2. Milnor’s join. Let G be a topological group. For G we may define
Milnor’s join EG, and BG = EG/G, the classifying space for principal
G-bundles.

More precisely, let EG = G % G * ... be a join of infinite copies of G. By
definition any element of £G has the form

<g,t> = (togo,tlgl, e ,tngn, .. .),

where g; € G, t; € [0,1], ¢ = 0,1,..., such that > ;2 ¢; = 1 and only finite
number of ¢; do not vanish. Two points (g,¢) and (¢’,t') are identified if
and only if ¢; = t] for all ¢ and g; = ¢, for all ¢ such that ¢; =t, > 0. The
group G acts from the right on EG by (g,t)h = (gh,t), h € G.

EG is endowed with the initial topology of the mappings ¢; : EG >
(,t) > t; €[0,1] and x; : t;7(0,1] 3 (g,t) +— g; € G, where i = 0,1,....

In view of the obvious equalities z;({g,t)h) = x;({g,t))h and t;({g,t)h) =
ti((g,t)) the action EG x G — EG is continuous. Thus EG is a G-space.
Let BG = EG/G and let p: EG — BG be the canonical projection.

The following result of Milnor is well known.

Theorem 2.1. (EG,p, BG) is a numerical principal G-bundle. Moreover,
it is a universal bundle for principal G-bundles, i.e. for any paracompact
space B there is a bijective correspondence between isomorphism classes of
principal G-bundles over B and homotopy classes of continuous mappings
B — BG.

For our purposes we need the following well-known facts.
Proposition 2.2 ([4]). If G is a discrete group then H (BG,Z) = G/|G,G].

Proposition 2.3 ([25]). Let f1, fa : G — G be automorphisms of a discrete
group G such that for every set g1,...,9x € G there is h € G such that
f1(gi) = hfa(gi)h=t fori=1,... k. Then the induced automorphisms

fix, fox : H.(BG,R) — H,.(BG,R)
are equal.

3. Deformation principles. The paper of Siebenmann [21] gives a pow-
erful method for deforming homeomorphisms on topological manifolds (see
also [5]). Moreover, this method is generalized for so-called CS-sets (locally
cone-like stratified sets). Some results in this note could be also extended



On the perfectness of groups of diffeomorphisms... 89

to homeomorphism groups of CS-sets, but we will not study this problem
here.

Definition 3.1. Let M be a manifold (as in Section 1), and let G(M) C
H(M) or G(M) C Diff"(M), r =1,...,00, be a group of homeomorphisms
or diffeomorphisms, respectively. We say that G(M) fulfils the deformation
principle if for A C A’ closed subsets of M such that A’ is a neighbourhood
of A and for any compact subsets B, K C M such that B C Int K, the
following statement always holds:

If h € G(M) is equal to id on A" and h is sufficiently near id then there
is an isotopy hy, 0 <t < 1, in G(M) such that hg = h on M, h; = id on
AUB and hy = h on A and on M \ K. Furthermore, the isotopy h; is a
continuous function of h, and h; = id if h = id.

Theorem 3.2 ([21]). H(M)o and Diff"(M)o, r = 1,...,00, satisfy the
deformation principle.

An easy consequence of Definition 3.1 is the following

Corollary 3.3 (Fragmentation property). If G(M) fulfils the deformation
principle then G.(M)o satisfies the fragmentation property, i.e. if h is a
homeomorphism and supp(h) C Uy U...UU,, where U; is an open ball, then
there are hi, i =1,...,s, such that supp(h;) C Uy and h = hy ... hs.

Corollary 3.4. Suppose that G(M) satisfies the deformation principle. If
B and K are compact subsets of M such that B C Int K then for any
h € G(M) sufficiently close to the identity there is g € G(M) such that
g =h on B and supp(g) C K.

Indeed, under the notation of Definition 3.1 put g = hl_lh.

Corollary 3.5. Under the above assumption, let B be a compact subset of

M and let
c=Jc

be the union of a countable locally finite family of pairwise disjoint compact
subsets C; such that BN C = (. For any h € G(M) sufficiently close to the
identity such that supp(h) C BUC there is g € G(M) such that g = h on
B and supp(g) C B.

Proof. In fact, take a compact set K with B C Int K and K N C = 0.
Denote A = M\ (BUC). By assumption there is a closed neighborhood
A’ of A such that h = id on A’. Therefore, by using Definition 3.1, g = hl_lh
satisfies the claim. O

Theorem 3.2 may be specified to its foliated version.
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Theorem 3.6. Let (M, F) be a topological or smooth foliated manifold. Let
H(M,F) (resp. Diff" (M, F)) denote the group of all leaf preserving homeo-
morphisms (resp. diffeomorphisms) of (M,F). Then the groups H(M,F)o
and Dift" (M, F)o fulfil the deformation principle.

The proof is straightforward in the smooth case. In the topological case
one can proceed as in [9] by making use of difficult methods of [5].

4. Segal’s reasoning. In this section all groups are considered with the
discrete topology.

Segal [20] considered the manifold X = Z x [0, 00), where Z is a compact
manifold, and the group

Diff"(X,rel Z x {0}) := {h € Diff"(X) : h =1id near Z x {0}}.

He proved that this group is acyclic, i.e. all reduced homology group vanish,
where r =1,...,00.

Let S be the set of all positive sequences of R increasing to co. Let G be
a subgroup of Diff"(X,rel Z x {0}) fulfilling the deformation principle. For
S € S we define

Gs ={h € G : h=1id in a neighbourhood of Z x S}.

Then one has:

(1) Gs C Grifand only if T D S.
(2) GsNGr =Gsur.

Define a homomorphism ¥ : Gg — G2 = {g: S — G} by h + (5
h|zx [0,5))- Here the restriction hlzx [0,s) 1s understood as equal to the identity
off Zx [0, s). Observe that such an element belongs to G.. In fact, if h € Gg
then we may and do assume that h is sufficiently close to the identity, since
Gy is a topological group. Fix s = s € S and take compact subsets B, K
such that supp(h) N (Z x [0,s)) CInt B C B C Int K C Z x [0, s) and use
Corollary 3.5 with C' = [J;2, C; such that

supp(h) N (Z X (3k+ia 5k+i+1)) C Int(Ci) CcCC;CZx (Sk‘-i-iask—‘ri—f—l)'

Lemma 4.1 ([20]). If G = Diff"(X,rel Z x {0}), then ¥ : Gs — G% is a
homology equivalence for all S € S.

In the next section we will sketch Segal’s proof of this lemma in a slightly
more general context.
Then in view of the commutative diagram

Gsur —— Gs x G

s [

GSUT =, GS x GT
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and of Lemma 4.1 we obtain that BGsuyr — BGg x BGp is a homology
equivalence whenever S NT = (.

Let BoG := Jges BGs. We wish to show that ByG is acyclic. It follows
from a direct-limit argument that we need only to show that for any finite
sequence S1,...,95, € S the inclusion U:’il BG's, — ByG induces the zero
map on the reduced homology level.

We obtain this by using the Mayer—Vietoris sequence and the induction
(cf. [20]).

In the sequel we will need the following:

Definition 4.2. Let G be a homeomorphism or diffeomorphism group of a
manifold M. G is said to satisfy Condition (II) if for any disjoint, locally
finite family of open relatively compact sets {U;} of M and any family {f;}
of elements of G such that supp(f;) C U; one has IIf; € G.

In order to show that BG is also acyclic it remains to have

Proposition 4.3. Suppose that G, a subgroup of the group Diff" (X, rel Z x
{0}), satisfies the deformation principle and Condition (II). Then the in-
clusion BoG — BG is a homotopy equivalence.

Proof. (See also [20].) Let EpG be the subspace of EG consisting of all
simplices gg * g1 * --- * g, such that for some sequence S € S as above
all the diffeomorphisms g, ..., g coincide in a neighborhood of Z x S.
Observe that FyG is G-invariant, and EyG/G = ByG. Therefore, in view
of Theorem 2.1 and properties of classifying spaces, the proof amounts to
showing that EyG is contractible.

It suffices to show that if o; = gijo * -+ * gip, ¢ = 1,...,¢q, are a finite
number of p-simplices of EyG then there exists g € G such that o; * g is
contained in EyG for all i. Suppose that o; is associated with S; € S. Then
we have to find another sequence S such that S N S; is infinite for each i,
and a diffeomorphism g € G which coincides with g;o in a neighborhood of
Z x (S;NS) for each 4. This will be done by induction.

The elements of the sequence S = {s,} will be chosen increasingly so
that s, € Sy if and only if n = 7 (mod ¢). The first step: if 51 is the first
element of S; we put s; = §; and choose a relative compact neighborhood
Uy of Z x {s1}. Due to the deformation principle there exists g1 € G with
supp(g1) C U; and such that g = g10 in a neighborhood of Z x {s1}. Next
suppose that we have already chosen s1,...,s, € S, relatively compact sets
Ui, ..., Uy, such that U; is a neighborhood of Z x {s;} and U;NU}, = 0 if i #
Jj,and g1,...,gn € G with supp(g;) C U; and g; = gp; in a neighborhood of
Z x{sj}. Take sp41 so large that there is a relatively compact neighborhood
Un+1 of Z x {sp41} satisfying Up41 NI, U; = 0. Now by the deformation
principle there exists g,41 € G with supp(gni1) C Uny1 and gn11 = gopgg
in a neighborhood of Z x {s,+1}. In view of Condition (II), g = [[g» € G,
and ¢ is the required diffeomorphism. O
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5. The main result. Since [3] it is well known that classical groups of
diffeomorphisms satisfy the n-transitivity property. For our purpose this
property is necessary in a different form.

According to the assumption on M from section 1, let Z = OM and let
X be a compact submanifold (with boundary) of M such that M \ X is
homeomorphic to Z x Ry and the connected components of Z correspond
to the ends of M.

Definition 5.1. A diffeomorphism group G(M) C H(M) of a manifold M
satisfies n-transitivity at oo if the following conditions hold:

(i) For any two n-partitions of the interval [1,2]: 1 = tg < t; < t2 <
e <ty <tppr=2and 1 =ty <th <th <. <t <t =2, there is
g € G(M) such that supp(g) C Z x (1,2) and g(Z x {t;}) C Z x {t;} for
j=0,1,...,n+1.

(ii) For any compact subset B C Z x (1,2) and 1 < t < 2 there exist
g, h € G(M) such that supp(g),supp(h) C Z x (1,2), and g(B) C Z x (1,t),
h(B) C Z x (t,2).

(iii) For any reals 0 < a < [ there exists g € G.(M) such that g(Z x
(1,2)) = Z % (a,8).

This property, as it is formulated, is often too strong and it could spoil
proofs for particular geometric structures. In fact, it can be relaxed in many
cases but we will not discuss this problem here.

Lemma 5.2. If a subgroup G of Diff"(X,rel Z x {0}) (where all the groups
are endowed with the discrete topology) satisfies the deformation principle,
the n-transitivity at oo and Condition (I1) then the assertion of Lemma 4.1

holds true for G.

Proof. Every group Gg is isomorphic to an infinite product of copies of
H := {9 € G : supp(g) C Z x (1,2)}. This isomorphism is uniquely
determined by a choice of identifications, say g;, of Z x (1, 2) with subsequent
sets Z X (s;, s;41) in view of (iii). In fact, to any h € Gg corresponds a unique
sequence (h;) of the group G with supp(h;) C Z X (s;, si+1) and with h; = h
on Z x (si,8i+1) for all i. To show this we can use for each Z X (s;,s;+1)
Corollary 3.5 as in the definition of ¥ (before Lemma 4.1) combined with
Condition (IT). The required isomorphism is now determined by g;.

Furthermore, H is a direct sum group (cf. [16], p. 308), i.e. there is a
homomorphism H x H — H, (hy, ha) — hj * he which verifies the following
two conditions:

a) if hy,...,hy € H then there are ¢,d € H such that
c(hj *id)c™! = d(id xh;)d ™ = h;

for all 7,
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b) for all three m-tuples hi,..., Apm, by, ..., hl, By, ... k] of elements
of H there is ¢ € H such that

c(h; * (h; * h}’))c_1 = (h; * h;) * h;’.

This homomorphism is defined, up to conjugation, by using (ii) with
t = 3. The conditions a) and b) are fulfilled thanks to (ii) and (i), resp.

The product * can be regarded as the juxtaposition of diffeomorphisms
in the R-direction.

As above Gy is identified with H°. On the other hand, we identify any
(s = hlzxo.s) € G% in the image of ¥ with an element of H® by using
identifications of Z x (1,2) with the subsequent sets Z x (0, s;) in view of
(iii). Then the homomorphism ¥ identifies with the endomorphism of H*
(still denoted by X) given by

(91,92, 93, ) ¥ (91,91 * 92,91 * g2 * g3, - . .),
where g1 x go % -+ % gp = g1 * (g2 % -+ * (gn—1 * gn) - - - ). This identification
can be done by using the condition (i) for all n and Condition (II), and ¥
is defined up to conjugations.

Moreover, by using a componentwise argument together with Condition
(I) it is apparent that also H S carries a direct sum group structure. It
follows from Proposition 2.3 that H,(BH®,R) admits a structure of a con-
nected Hopf algebra with unit ([16]). Now, in view of [17], §1, there exists
an inversion ¢ : H,(BH®,R) — H,(BH®,R) such that t xid = ¢, where € is
the unit in H,(BH®,R). This enables to show that ¥ is an equivalence as
in [20]. 0
Theorem 5.3. Let M = Int M, where M is a compact manifold with bound-
ary. Let G(M) C Diff"(M)o be a connected locally contractible group of
diffeomorphisms satisfying the following properties

(1) Ge(M)g is perfect,

(2) G(M) satisfies the deformation principle (Definition 3.1),

(3) G(M) satisfies Condition (II) (Definition 4.2),

(4) G(M) satisfies the n-transitivity at oo for all n (Definition 5.1).
Then G(M) is perfect. Moreover, assume that G(M) satisfies (2), (3), (4),
and the following condition:

(5) For any relatively compact ball B there is g € G(M) such that

{¢'(B)}i=0.1,.. (where g°(B) = B) is a disjoint, locally finite family.
Then G(M) is perfect as well.

Remark 5.4. This theorem is not refined enough to tackle with some im-
portant groups. E.g. if a group is not perfect the present formulation is
not adequate. An interesting and deep problem is to find relation between
Hy(G) and H;(G,) for particular non-perfect groups (for instance, the sym-
plectomorphism group).
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Proof. Let Z = OM. There is a compact submanifold (with boundary)
X of M such that M \ X is homeomorphic to Z x Ry and the connected
components of Z correspond to the ends of M. Let f € G(M) be sufficiently
close to the identity. By the deformation principle f can be decomposed
as f = gh, where g,h € G(M), g = id in a neighborhood of X (supp(g)
need not be compact), and h € G¢(M)p. In light of the assumptions (2),
(3), (4), Lemma 5.2, Lemma 4.1 and Proposition 2.2, g can be expressed as
a product of commutators. The same is true for h due to (1) and the first
assertion follows.

To prove the second assertion we may decompose the above h € G.(M)g
as h = hy...hs, where each h; is supported in a relatively compact ball
(Corollary 3.3). Therefore we may and do assume that h is supported in a
relatively compact ball B. Denote h = [[22, g'hg™", and h=TI2, g'hg ™,
where g € G(M) is as in the assumption (5). Then g~'hg = h, and h =
(h)~'h. Since a conjugation is the identity on the homology level [4], it
follows that [h] = e in H1(G(M)). This proves the second assertion. O

6. Some examples. There are several interesting open problems concern-
ing the groups of homeomorphisms and diffeomorphisms with no restriction
on support (some of them were mentioned on the list). Here we give simple
examples which can be related to the presented method.

Example 6.1. Let M be a Lipschitz manifold and Hz;,(M ) is the identity
component (in a special Lipschitz topology) of the group of all (locally)
Lipschitz homeomorphisms of M. Recently Abe and Fukui [1] proved that
Heip(M) is perfect provided M is compact. One can use Theorem 5.3 to
show that H ), (M )o is still perfect for M open but the proof requires several
preparatory results.

Example 6.2. Let n = dim M and G = Diff"™}(M). Tt is still not known
whether Hi(G.) = 0. (Mather in [13] showed some analogous results which
are true for r # n + 1 and false for r = n + 1, but there is still no definite
answer to the problem.) But for M = R" it is easy to see that H;(G) = 0.
Indeed, it follows directly from the second assertion of Theorem 5.3 by using
a translation.

Example 6.3. Let G = Diff*(R"™, 0) be the group of orientation preserving
diffeomorphisms fixing 0. By using Takens’ normalization theorem Fukui [8]
proved that if ® : G. — GI™(n,R) is the homomorphism which to ¢ € G,
assigns its Jacobi matrix at 0 then the equality

(6.1) ker & = [ker &, G|

holds. We can extend ® to ® : G — GI*(n,R) in the obvious way. Let B
be the unit ball at 0 in R™. Any f € G can be written as f = gh, where
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g = id in a neighborhood of B, and h € G.. Notice that the equality (6.1)
takes the form

(6.2) ker & = [ker @, G]

for the group G. In fact, if f € ker ® is written as f = gh, where ¢ = id in
a neighborhood of B, and h € ker ®, then in view of Lemma 5.2 we have
g € [ker @, ker @], and due to (6.1) we obtain h € [ker ®, G,]. Therefore we
showed (C) of (6.2), and the converse inclusion is trivial. Now by the same
argument as in [8] we have that H;(G) = R.
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