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The natural transformations TT (r),a → TT (r),a

Abstract. For integers r ≥ 1 and n ≥ 2 and a real number a < 0 all
natural endomorphisms of the tangent bundle TT (r),a of generalized higher
order tangent bundle T (r),a over n-manifolds are completely described.

0. Let us recall the following definitions (see for ex. [3], [8]).
Let F : Mfn → FM be a functor from the category Mfn of all n-
dimensional manifolds and their local diffeomorphisms into the category
FM of fibered manifolds and their fiber maps. Let B be the base functor
from the category of fibered manifolds to the category of manifolds.
A natural bundle over n-manifolds is a functor F satisfying B◦F = id and
the localization condition: for every inclusion of an open subset iU : U →M ,
FU is the restriction p−1

M (U) of pM : FM → M over U and FiU is the
inclusion p−1

M (U) → FM .
A natural transformation A : F → G from a natural bundle F into a
natural bundle G is a system of maps A : FM → GM for every n-manifold
M satisfying Gf ◦ A = A ◦ Ff for every local diffeomorphism f : M → N
between n-manifolds. (Then A : FM → GM is a fibered map covering idM
for any M .)
In other words, natural transformations are morphisms in the category
of natural bundles. That is why, they are intensively studied, see [3].
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Some special natural transformations TF → TF called natural affinors on
F are very important. A natural affinor on a natural bundle F is a natural
transformation A : TF → TF such that A : TFM → TFM is a tensor
field of type (1, 1) on FM for any n-manifold M . Natural affinors play an
important role in the theory of generalized connections Γ : TFM → TFM
on FM . The Frolicher–Nijenhuis bracket [Γ, A] of a connection Γ on FM
with a natural affinor A on FM is a generalized torsion of Γ. That is why,
natural affinors have been studied in many papers: [2], [6], etc.
All natural transformations A : F → G for some natural bundles are
classified, see e.g. [1], [3], [4], [7], etc. For example, in [7] the second author
classified all natural endomorphisms A : TT (r) → TT (r), where T (r) =
(Jr(.,R)0)∗ is the vector r-tangent natural bundle, and reobtained a result
from [2] about natural affinors on T (r) saying that the vector space of all
natural affinors on T (r) is 2-dimensional.
In [5], the second author extended the concept of vector r-tangent bundles
and introduced the concept of generalized higher order tangent bundles. In
[6], the second author extended the result from [2]. He proved that for
every a < 0 and every natural numbers r and n ≥ 2 every natural affinor
on generalized higher order tangent bundle T (r),a is a constant multiple of
the identity affinor.
In the present note we generalize the results of [2], [6] and [7]. We prove
that for natural numbers r and n ≥ 2 and a negative real number a every
natural transformation Ã : TT (r),a → T (r),a is a constant multiple of the
tangent bundle projection pT : TT (r),a → T (r),a. Next we prove that for
n, r, a as above the vector space of all natural transformations A : TT (r),a →
TT (r),a over Ã : TT (r),a → T (r),a is 2-dimensional and we construct the
basis of this vector space. In other words, for integers r ≥ 1 and n ≥ 2
and a negative real number a < 0 we classify all natural endomorphisms
A : TT (r),a → TT (r),a over n-manifolds. In particular, we reobtain the
result of [6].
The usual coordinates onRn are denoted by xi and ∂i = ∂

∂xi , i = 1, . . . , n.
All manifolds and maps are assumed to be of class C∞.

1. Let us cite the notion of T (r),aM , [5].
The linear action α(a) : GL(n,R) × R → R, α(a)(B, x) = |det(B)|ax
defines the natural vector bundle T (0,0),aM = LM ×α(a) R (associated to
the principal bundle LM of linear frames). Every embedding ϕ : M → N

of n-manifolds induces a vector bundle mapping T (0,0),aϕ = Lϕ×α(a) idR :
T (0,0),aM → T (0,0),aN . Let

T r∗,aM = {jrxσ | σ is a local section of T (0,0),aM, σ(x) = 0, x ∈M}

be the vector bundle over M of all r-jets of local sections of T (0,0),aM
with target 0 with respect to the source projection. We set T (r),aM =
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(T r∗,aM)∗, the dual vector bundle. Every embedding ϕ : M → N of n-
manifolds induces a vector bundle mapping T r∗,aϕ : T r∗,aM → T r∗,aN ,
jrxσ → jrϕ(x)(T

(0,0),aϕ ◦ σ ◦ ϕ−1), and (next) it induces a vector bundle

mapping T (r),aϕ = ((T r∗,aϕ)∗)−1 : T (r),aM → T (r),aN over ϕ, and we
obtain a natural vector bundle T (r),a over n-manifolds. (For a = 0 we get
the r-th order vector tangent bundle T (r). That is why T (r),aM is called
the generalized higher order tangent bundle.)
T (0,0),aM is the bundle of densities with weight a. T (r),aM appears if
we consider linear differential operators D ∈ Diff r(C∞

x (T (0,0),aM)0,R) of
order ≤ r on the C∞

x (M)-module C∞
x (T (0,0),aM)0 of germs at x ∈ M of

fields of densities on M with weight a vanishing at x. These operators
are in bijection with elements I(D) ∈ T

(r),a
x M . This bijection is given

by I(D)(jrxσ) = D(germx(σ)), σ is a field of densities of weight a on M
vanishing at x. Thus T (r),aM is the vector bundle of such operators.

2. In this section we study natural transformations C : TT (r),a → T (r),a over
n-manifolds. An example of such a transformation is the tangent projection
pT : TT (r),aM → T (r),aM for any n-manifold M .

Proposition 1. For natural numbers r and n ≥ 2 and a real number a < 0
every natural transformation C : TT (r),a → T (r),a over n-manifolds is a
constant multiple of the tangent projection pT : TT (r),a → T (r),a.

Proof. We modify the proof of Proposition 1 in [6] as follows.
From now on the set of all α ∈ (N ∪ {0})n with 1 ≤ |α| ≤ r will be
denoted by P (r, n).
Clearly, every section of T (0,0),aRn = LRn ×α(a) R can be considered as
a real valued function f on Rn satisfying the transformation rule

ϕ∗f(x) = |det(d0(τ−x ◦ ϕ ◦ τϕ−1(x)))|a · f ◦ ϕ−1(x)

for every local diffeomorphism ϕ : Rn → Rn, where τy : Rn → Rn is the

translation by y ∈ Rn. Then any element v from the fibre T (r),a
0 Rn of

T (r),aRn over 0 is a linear combination of the (jr0x
α)∗ for all α ∈ P (r, n),

where the (jr0x
α)∗ form the basis dual to the basis jr0x

α ∈ T r∗,a0 Rn. From
now on we denote the coefficient of v corresponding to (jr0x

α)∗ by [v]α.
Of course, any natural transformation C as above is (fully) determined by
the contractions 〈C(u), jr0x

α〉 ∈ R for u ∈ (TT (r),a)0Rn= Rn×(V T (r),a)0Rn

= Rn × T
(r),a
0 Rn × T

(r),a
0 Rn and α ∈ P (r, n), jr0x

α ∈ T r∗,a0 Rn.
We are going to prove that C is determined by the values 〈C(u), jr0(x

1)〉 ∈
R for u ∈ (TT (r),a)0Rn, where jr0(x

1) ∈ T r∗,a0 Rn.
If α = (α1, . . . , αn) ∈ P (r, n) with α1+· · ·+αn−1 ≥ 1 and τ ∈ R, then the
diffeomorphism ϕα,τ = (x1, . . . , xn−1, xn − τ(x1)α1 · . . . · (xn−1)αn−1) sends
jr0((x

n)αn+1) ∈ T r∗,a0 Rn into jr0((x
n + τ(x1)α1 · . . . · (xn−1)αn−1)αn+1) (as

ϕ−1
α,τ = (x1, . . . , xn−1, xn + τ(x1)α1 · . . . · (xn−1)αn−1) and det(d0(τ−ϕα,τ (y) ◦
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ϕα,τ ◦ τy)) = 1 for any y ∈ Rn). Then by the naturality of C with re-
spect to the diffeomorphisms ϕα,τ , the values 〈C(u), jr0((x

n + τ(x1)α1 · . . . ·
(xn−1)αn−1)αn+1)〉 for u ∈ (TT (r),a)0Rn and τ ∈ R are determined by the
values 〈C(u), jr0((x

n)αn+1)〉 for u ∈ (TT (r),a)0Rn. On the other hand, given
u ∈ (TT (r),a)0Rn the value 1

αn+1〈C(u), jr0x
α〉 is the coefficient on τ of the

polynomial 〈C(u), jr0((x
n + τ(x1)α1 · . . . · (xn−1)αn−1)αn+1)〉 with respect to

τ . Therefore the values 〈C(u), jr0x
α〉 for u ∈ (TT (r),a)0Rn are determined

by the values 〈C(u), jr0((x
n)αn+1)〉 for u ∈ (TT (r),a)0Rn. Then C is fully

determined by the values 〈C(u), jr0((x
n)i)〉 for u ∈ (TT (r),a)0Rn and i =

1, . . . , r. For i ∈ {1, . . . , r} the diffeomorphism ϕi = (x1 − (xn)i, x2, . . . , xn)
sends jr0(x

1) into jr0(x
1 + (xn)i) (as ϕ−1

i = (x1 + (xn)i, x2, . . . , xn) and
det(d0(τ−ϕi(y) ◦ ϕi ◦ τy)) = 1 for any y ∈ Rn). Then by the naturality
of C with respect to ϕi, the values 〈C(u), jr0((x

n)i)〉 for u ∈ (TT (r),a)0Rn

are fully determined by the values 〈C(u), jr0(x
1)〉 for u ∈ (TT (r),a)0Rn.

That is why C is fully determined by the values 〈C(u), jr0(x
1)〉 ∈ R for

u ∈ (TT (r),a)0Rn = Rn × T
(r),a
0 Rn × T

(r),a
0 Rn.

We continue the proof of the proposition. For any t ∈ R+ and any
α ∈ P (r, n) the homothety at = (tx1, . . . , txn) sends jr0x

α ∈ T r∗,a0 Rn into
tna−|α|jr0x

α, i.e. (jr0x
α)∗ into t|α|−na · (jr0xα)∗. Then (since a < 0) by the

naturality of C with respect to at and the homogeneous function theo-
rem [3] we deduce that given u = (u1, u2, u3) ∈ (TT (r),a)0Rn = Rn ×
T

(r),a
0 Rn × T

(r),a
0 Rn, u1 = (u1

1, . . . , u
n
1 ) ∈ Rn, u2, u3 ∈ T

(r),a
0 Rn we have

〈C(u), jr0(x
1)〉 =

∑n
i=1 λi[u2]ei +

∑n
i=1 µi[u3]ei + · · · , where λi, µi are the

reals, the dots denote the linear combination of monomials in u1
1, . . . , u

n
1 of

degree 1− na and ei = (0, . . . , 1, . . . , 0) ∈ P (r, n), 1 in the i-th position.
For any t ∈ R+ and k = 1, . . . , n the homothety bkt = (x1, . . . , txk, . . . , xn)
(only the k-th position is exceptional) sends (jr0(x

i))∗ ∈ T r∗,a0 Rn into
tδ

i
k−a(jr0(x

i))∗ for i = 1, . . . , n. Then, by the naturality of C with respect to
bkt and a < 0,

〈C(u), jr0(x
1)〉 = λ[u2]e1 + µ[u3]e1 + ρ(u1

1)
1−a(u2

1)
−a . . . (un1 )−a

for real numbers λ, µ and ρ.
Using the invariance of A with respect to ψ = (x1, x2 + x1, x3, . . . , xn)
(only the second position is exceptional) we get that ρ = 0.
On replacing C by C − λpT we can assume that λ = 0, i.e.

(∗) 〈C(u), jr0(x
1)〉 = µ[u3]e1

for real number µ. In particular, if n ≥ 2,

(∗∗) 〈C(∂C2 |ω), jr0(x
1)〉 = 〈C(e2, ω, 0), jr0(x

1)〉 = 0

for any ω ∈ T (r),a
0 Rn, where ( )C is the complete lift of vector fields to T (r),a.
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Clearly, the proof of the proposition will be complete after proving that
µ = 0, i.e. 〈C(0, 0, (jr0(x

1))∗), jr0(x
1)〉 = 0. But (if n ≥ 2) we have

(∗ ∗ ∗)
0 = 〈C(((x2)r∂1)C |ω), jr0(x

1)〉
= 〈C(0, ω, (jr0(x

1))∗), jr0(x
1)〉

= 〈C(0, 0, (jr0(x
1))∗), jr0(x

1)〉 ,

where ω = (jr0((x
2)r))∗.

Let us explain (∗ ∗ ∗). The equality

〈C(0, ω, (jr0(x
1))∗), jr0(x

1)〉 = 〈C(0, 0, (jr0(x
1))∗), jr0(x

1)〉

is an immediate consequence of the formula (∗).
We prove that 0 = 〈C(((x2)r∂1)C |ω), jr0(x

1)〉. Let us consider the dif-
feomorphism ψ = (x1 + 1

r+1(x2)r+1, x2, . . . , xn). Clearly, ψ sends ∂2 into
∂2 + (x2)r∂1. It is easily seen that det(d0(τ−ψ(y) ◦ ψ ◦ τy)) = 1 for any
y ∈ Rn and jr0ψ = id. Hence ψ preserves jr0(x

1) ∈ T r∗,a0 Rn. Then using
the naturality of C with respect to ψ from (∗∗) it follows that 〈C((∂2 +
(x2)r∂1)C |ω), jr0(x

1)〉 = 0 for any ω ∈ T
(r),a
0 Rn. Now, by (∗) we obtain

〈C(((x2)r∂1)C |ω), jr0(x
1)〉 = 〈C((∂2 + (x2)r∂1)C |ω), jr0(x

1)〉 = 0.
The flow of (x2)r∂1 is ϕt = (x1 + t(x2)r, x2, . . . , xn) and det(d0(τ−ϕt(y) ◦

ϕt ◦ τy)) = 1 for any y ∈ Rn. Then〈
((x2)r∂1)C |ω, j

r
0(x

1)
〉

=
〈
d

dt |t=0
T (r),a(ϕt)(ω), jr0(x

1)
〉

=
d

dt |t=0
〈T (r),a(ϕt)(ω), jr0(x

1)〉

=
d

dt |t=0

〈
ω, jr0(x

1 ◦ ϕt)
〉

=
〈
ω, jr0

(
d

dt |t=0
(x1 ◦ ϕt)

)〉
= 〈ω, jr0((x2)r∂1x

1)〉
= 〈ω, jr0((x2)r)〉
= 1 .

Then ((x2)r∂1)C |ω = (jr0(x
1))∗ + β under the isomorphism VωT

(r),aRn =

T
(r),a
0 Rn, where β is a linear combination of the (jr0(x

α))∗ 6= (jr0(x
1))∗.

Now, by (∗)

〈C(((x2)r∂1)C |ω), jr0(x
1)〉 = 〈C(0, ω, (jr0(x

1))∗ + · · · ), jr0(x1)〉
= 〈C(0, ω, (jr0(x

1))∗), jr0(x
1)〉.

�
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3. The tangent map Tp : TT (r),aM → TM of the bundle projection p :
T (r),aM →M defines a natural transformation over n-manifolds.

Proposition 2. For natural numbers r and n and for a real number a <
0 every natural transformation B : TT (r),a → T over n-manifolds is a
constant multiple of Tp.

Proof. Clearly, every natural transformation B as in the proposition is
uniquely determined by the contractions 〈B(u), d0x

1〉 for u = (u1, u2, u3) ∈
(TT (r),a)0Rn = Rn × T

(r),a
0 Rn × T

(r),a
0 Rn. Using the invariance of B

with respect to the homotheties at = (tx1, . . . , txn) for t ∈ R+ and the
homogeneous function theorem we deduce (similarly as in the proof of
Proposition 1) that 〈B(u), d0x

1〉 for u = (u1, u2, u3) ∈ (TT (r),a)0Rn =
Rn×T (r),a

0 Rn×T (r),a
0 Rn is the linear combination (with real coefficients) of

the u1
1, . . . , u

n
1 and it is independent of u2 and u3, where u1 = (u1

1, . . . , u
n
1 ) ∈

Rn. Next, using the invariance of B with respect to the homotheties
bt = (x1, tx2, . . . , txn) we see that 〈B(u), d0x

1〉 is proportional (by a real
number) to u1

1 = 〈Tp(u), d0x
1〉. �

4. Let A : TT (r),aM → T (r),aM be a natural transformation over n-
manifolds. We say that a natural transformation A : TT (r),aM → TT (r),aM
over n-manifolds is over A if pT ◦A = A.

If B : TT (r),aM → T (r),aM is another natural transformation over n-
manifolds, we define a natural transformation

AB := (A,B) : TT (r),aM → T (r),aM ×M T (r),aM=̃V T (r),aM ⊂ TT (r),aM .

Clearly, AB is over A. We call AB the B-vertical lift of A.
In particular, considering pT : TT (r),aM → T (r),aM we produce natural
transformation Ap

T
: TT (r),aM → TT (r),aM over A. The above natural

transformations AB are of vertical type, i.e. they have values in V T (r),aM .
If A : TT (r),aM → V T (r),aM=̃T (r),aM ×M T (r),aM is a natural transfor-
mation of vertical type over A, then A = (A,B) for natural transformation
B = pr2 ◦A : TT (r),aM → T (r),aM , i.e. A = AB for some B.
Then applying Proposition 1 we obtain the following proposition.

Proposition 3. Let r and n ≥ 2 be natural numbers and a be a negative
real number. Let A : TT (r),aM → T (r),aM be a natural transformation over
n-manifolds. Then every natural transformation A : TT (r),aM → V T (r),aM

over n-manifolds of vertical type over A is a constant multiple of Ap
T
.

5. Let λ ∈ R. For every n-manifold M we define A(λ) : TT (r),aM →
TT (r),aM by

A(λ)(v) = T (λidT (r),aM )(v), v ∈ TT (r),aM .
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Clearly A(λ) : TT (r),a → TT (r),a is a natural transformation over Ã = λpT :
TT (r),a → T (r),a.

Proposition 4. Let λ ∈ R. If r and n ≥ 2 are natural numbers and a is
a negative real number, then every natural transformation A : TT (r),a →
TT (r),a over n-manifolds over A = λpT is a linear combination of Ap

T
and

A(λ) with real coefficients.

Proof. Let A : TT (r),aM → TT (r),aM be a natural transformation over
n-manifolds over A. The composition Tp◦A : TT (r),aM → TM is a natural
transformation. By Proposition 2, there exists the real number ρ such that
Tp ◦ A = ρTp. Clearly, Tp ◦ A(λ) = Tp. Then A − ρA(λ) : TT (r),aM →
TT (r),aM is of vertical type. Then Proposition 3 ends the proof. �

Remark. Every natural transformation A : TT (r),aM → TT (r),aM over
n-manifolds is over A = pT ◦ A : TT (r),aM → T (r),aM . So, Proposition 4
together with Proposition 1 gives a complete description of all natural trans-
formations TT (r),aM → TT (r),aM over n-manifolds in the case where a < 0,
r ≥ 1 and n ≥ 2.

6. As a corollary of Proposition 4 we get immediately the following fact.

Corollary 1 ([6]). If r and n ≥ 2 are natural numbers and a is a negative
real number, then every natural affinor A : TT (r),a → TT (r),a on T (r),a over
n-manifolds is a constant multiple of the identity affinor.

7. Similarly as T (r),a starting from the action GL(n,R)×R → R given by
(B, x) → sgn(det(B))|det(B)|ax instead of α(a) : GL(n,R) × R → R, we
can define natural vector bundles T̃ (r),a over n-manifolds. Using obviously
modified arguments as in Items 3–6 we obtain the following facts.

Proposition 1’. For natural numbers r and n ≥ 2 and a real number
a < 0 every natural transformation C : T T̃ (r),a → T̃ (r),a over n-manifolds
is a constant multiple of the tangent projection pT : T T̃ (r),a → T̃ (r),a.

Proposition 2’. For natural numbers r and n and for a real number a <
0 every natural transformation B : T T̃ (r),a → T over n-manifolds is a
constant multiple of Tp, where p : T̃ (r),aM →M is the bundle projection.

Similarly as in Items 4 and 5 we define Ap
T

: T T̃ (r),a → V T̃ (r),a and
A(λ) : T T̃ (r),a → T T̃ (r),a.

Proposition 3’. Let r and n ≥ 2 be natural numbers and a be a negative
real number. Let A : T T̃ (r),aM → T̃ (r),aM be a natural transformation over
n-manifolds. Then every natural transformation A : T T̃ (r),aM → V T̃ (r),aM

over n-manifolds of vertical type over A is a constant multiple of Ap
T
.
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Proposition 4’. Let λ ∈ R. If r and n ≥ 2 are natural numbers and a
is a negative real number, then every natural transformation A : T T̃ (r),a →
T T̃ (r),a over n-manifolds over A = λpT is a linear combination of Ap

T
and

A(λ) with real coefficients.

Corollary 1’ ([6]). If r and n ≥ 2 are natural numbers and a is a negative
real number, then every natural affinor A : T T̃ (r),a → T T̃ (r),a on T̃ (r),a over
n-manifolds is a constant multiple of the identity affinor.
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