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On homogeneous distributions

ABSTRACT. Any homogeneous function is determined by its values on the
unit sphere. We shall prove that an analogous fact is true for homogeneous
distributions.

1. Test functions on the unit sphere. For x,y € R" we will write

n
r-y= Zl’z‘yz‘
i=1

and

By S™ ! we denote the unit sphere in R", i.e.
Sl ={z eR": |z|=1}.

Let X be a linear space and f : S"~! — X. For any o € R we define the
extension of f, of degree «, by the formula

€af) @ =laf" (%), weR\ (0},
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In the case of o = 0 we have
&nw=r(5). serii0).

Definition 1. Let (X, |||) be a normed space and f : S"~! — X. We
say that f is differentiable at 29 € S™~! if there exists a linear operation
A:R"™ — X such that
— —A
Arg=0 and lim f (@) = f (o) a

Sn—lsz—zg |z — x|

= 0.

It is not very hard to check that such an operation is unique, so that we
call it the spherical derivative of f at the point zg. The spherical derivative of
f at the point xo will be denoted by 9° f (zo) . The mapping f : S~ ! — X
is called differentiable if 9 f (x) exists for all z € S"~1.

The notion of the spherical derivative agrees with the usual derivative
in the following sense. If f : U — X, where U is an open neighbourhood
of 8”71 then f is differentiable at xo € S™~! if and only if there exists
9% f (xg) . Moreover, for any ¢ € R™ with & - 29 = 0, we have then

0°f (o) & = [ (x0) € = (&) (x0) .
The symbol C* (S”_I,X) will stand for the space of all f: S"7! — X

having continuous spherical derivatives 9°f, (85 )(2) freee, (65 )(k) f up to
degree k. For f € Ck (S”fl,X) we define

| fllck = max max

i=1,2,....k xzeSn—1 (as)(j)f(fﬁ)H7

where H (85)(j) f (:JJ)H denotes the norm of linear operation (85)(j) f(z).

In the case of k = 0 the symbol C° (S”_l,X) denotes the space of all
continuous f : S""! — X with the norm

1fllco = max [f ()]

esn
In the sequel we will consider the space

o
c= (s, X) ¥ ¢k (571, X),
k=0
being the space of test functions for distributions on the sphere S™1,
equipped with the sequence of semi-norms |-||-x, & = 0,1,.... Clearly,
the space C'*° (S”_l, X ) is locally convex and complete.
It can be shown that any distribution on the sphere S”~! in the sense of
[2], see Section 6.3, is a distribution in the following sense.

Definition 2. Any linear continuous functional u : C*° (S”fl, R) — R we
call the distribution on the sphere. The space of all distributions on the
sphere we denote by D' (S"~ 1 R).
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Since the topology in C'° (S”_l,R) is given by the sequence of semi-
norms ||-[| o+, k € No, alinear functional u : C* (S"~!,R) — R is continuous
if and only if there exist k € Ny and C > 0 such that

{u, )| < Cllpllges ¢ €C®(S"LR).

Each distribution on the sphere is thus of finite degree.
Any continuous function f : S"! — R is a regular distribution {f (z)}
given by
W@hor= [ f@e@n ).

where H"~! denotes the (n — 1)-dimensional Hausdorff measure in R".
Let up, € D' (S" 1, R), m € N, and v € D’ (S"',R) be given. We say
that

w= lim u,,
m—0o0

if, for each ¢ € C* (S”_I,R) ,

<u7 90> =1 <uma 90> :

B
Let us recall that u € D' (R™\ {0} ,R) is homogeneous of degree « if
u () =r""u(yr),
for all v € C§° (R™\ {0} ,R) and r > 0, where
¥r(2) = ¢ (re), = eR"\{0}.

We will denote by D/ (R™\ {0},R) the space of all distributions u €
D' (R™\ {0} ,R) homogeneous of degree a. For any u € D’ (5", R) and
any a € R we define E,u € D' (R™\ {0} ,R), being the extension of order
« of u, by the formula, see formula (3) of [1], p. 387,

(1) (Equ, ) = /OOO rot =y ap Y dr, ap € CF° (R™\ {0}, R).

It is easy to prove that £,u is homogeneous of degree o and
E D (S"LR) — D, (R™\ {0},R)

is a linear continuous and univalent mapping.

2. Main result. We are going to prove in this section that for any ho-
mogeneous u € D' (R"™\ {0},R), of degree «, there exists a unique Rou €
D’ (5™ ', R) such that

EaRu = u.
In other words &, is a continuous linear isomorphism between D’ (S”_l, R)
and D., (R"\ {0} ,R).
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Theorem 1. For any u € D, (R™\ {0} ,R) we have
u = ELRau,
where Rq : D)y (R™\ {0} ,R) — D’ (5"~ R) is a linear continuous mapping

given by the formula

Raugh = (u o (&) wlal ] ). we DL @\ (0} ).

|z

with a fized o € C§° ((0,00) ,R) such that

Yo > 0, / el (r)ydr =1.
0

The proof will be divided into a few steps.
Claim 1. If f € C5° (R™\ {0},R) and a € R then the equation
a® (x) +x-® ()= f(x), xecR"\{0},
has ezactly one solution ® € C*° (R™\ {0},R) given by the formula

@(x)z/lta—lf(m)dt, r € R™\ {0}.

0
Moreover, if f € C§° (R™\ {0} ,R) and, for each x € R™\ {0},

/ t2 L (tz)dt =0
0
then ® € C3° (R™\ {0} ,R).
Proof of Claim 1. Let us define
1
B (z) = / 7V f (b dt, x € R™\ {0}
0

Clearly ® € C*° (R™\ {0},R). For any x € R™ \ {0} we have
1 1 d
x-® (r) = / tr - f' (tz)dt = / t*—f (tz) dt

1
=)y —a [ el )
— [ (@)~ ad (),

so that ® satisfies the equation.
Let us suppose that ¢ € C* (R™\ {0},R) satisfies the equation. Let
x € R™\ {0} be fixed arbitrarily. Define

v(t) =1 (tx), w(t) = f(tx), te(0,00).
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For all ¢t > 0 we have

d

- (v (1) = at® v (t) + t%' (t) = at® W (tx) + t% -4 (tx)
= at® Yy (tx) + t* ta - (tz)

=171 (atp (tx) + to - (tz))
=t ftr) =t w (1),
thus

Y (z)=wv(l)= /Olt“_lw(t)dt: /Olta_lf(tx)dt: D (x).
Suppose now that f € C§° (R™\ {0},R) and, for each z € R\ {0},
/OO t* L f (tx)dt = 0.
0

Since supp (f) € R™\ {0} there exist a,b € R such that 0 < a < b and

|| ¢ (a,b) = f(z) = 0.
Let us fix arbitrarily an x € R™ \ {0}. If |z| < a then

1
d () :/ t2Lf (tz) dt = 0.
0
If |z| > b then

d(z) = /1ta_1f(t:n) dt = /oot“—lf(tx) dt = 0.

0 0

Claim 2. Ifu € D, (R™\ {0},R) then
x
() o)
for all o € C= (S"7 1, R)and ¢ € C§° ((0,00) ,R) such that

/Oo ol (t) dt = 0.
0

Proof of Claim 2. Let us define a = n + «. Using the FEuler’s identity

n
> i

xT; u = au
: ZaSUi )
=1

for any ® € C§° (R™\ {0} ,R) we obtain

- 0
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By Claim 1, there exists a ® € C§° (R" \ {0} ,R) such that

x
® (m) (lz|) = a® () + le@xl

O

Claim 3. If u € D, (R™\ {0} ,R) then there exists a distribution Rou €
D (S”_I,R) such that

(we () i) = Raw - [~ et

for all p € C*° (S”fl,R) and 1 € C§° ((0,00) ,R) . Moreover,
Ro : D, (R™\ {0},R) — D' (S" ', R)
s a linear continuous mapping.

Proof of Claim 3. Let us fix a 99 € C3° ((0,00) ,R) such that

T ey
0

Define, for all p € C* (S"il,R) ,

= (o fo (5 w0})

Clearly Rqu € D' (S"~ 1 R) . For each ¢ € C§° ((0,00),R) and each r > 0
define

nm=vo - ([ de) ).
Since ¥ € C§° ((0,00) ,R) and

/ ety () dr = 0,
0

A

Consequently, for all p € C° (S" 1 ]R) and ¢ € C3° ((0 , we obtain

(o () ) = e o {( )wom}>

— (Rou, ) - /0 ey () dr

The linearity and continuity of the mapping
Ro : Dy (R™\ {0},R) — D' (S" ', R)

are obvious. O

we have
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It is easy to check that in the case of regular homogeneous distribution

u={f(2)} € D, (R"\{0},R),
the restriction Rou coincides with f restricted to S™~1.

Claim 4. Given a homogeneous u € D, (R™\ {0} ,R). Then, for all ¢ €
C> ("1 R) and ¢ € C§° ((0,00) ,R) we have

(e () 0] = (o (g ) 00}

Proof of Claim 4. Let us fix arbitrarily ¢ € C* (S”_I,R) and ¢ €
C§° ((0,00) ,R) . According to the extension formula (1), by Claim 3, we
obtain

(earanfo (2) wtiab}) = [T et Row o @)v 0D ar

— (Rot, ) - /O ey () dr

= (ude (i) van}).

Let us define, for f € C§° ((0,00),R) and g € C§° (S”fl,R) ,

(f©9) (@) = f(al) - g (‘ |) e B\ {0}

Claim 5. For each p € C5° (R™\ {0} ,R) there exists a sequence

k’VV'L
Pm = Ztm,kfm,k b2y 9m k> m e N7
k=1
such that t,,, 1, € R,

fmk € CC((0,00),R), gy € C° (S L R), k=1,2,... %y

and
km

So_n_}gn Ztmkfmk(g)gmk
=1

(in the space C§° (R™ \ {0} ,R)).

Proof of Claim 5. Since supp (¢) C R™\ {0}, there exist 0 < a < b < o0
such that

2| & (a,b) = ¢ (x) = 0.
Let us define

F(r,w)=¢(rw), te(0,00), we "L
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There exists an F € C5° ((0,00) x (R™\ {0}),R) such that
w e 2 4
Fry< {7 (nm) HE<iul<s
0 if wl| <3 or flw| > 2.
Let us define, for 0 < a < 3 < o0,
Ryp={zeR": a<|z| < p}.

By Lemma 1 of [3], p. 48, one can find a sequence

km
Z tm,kfm,k “Im.k

such that t,, , € R,

fmak ECSO ((0,00),R), Supp fmk < )
gmk € C5° (R"\ {0}, R), supp (gmi) C R2 s, k=1,2,... kp

and
km

F— hm Ztmkfmk Im,k
=1

(in the space C§° ((%, 2b) x R%7%,R>). Since

Flol 5) =¢@). zeR"\(0),

we obtain
km

So_w}gn Ztmkfmk(g)gmk
=1

(in the space C§° (R™\ {0}, R)). O

Proof of Theorem 1. By Claim 4, u = £,R,u in the set Z being the
linear hull of the set

C5° ((0,00) ,R) ® C* (S"" 1, R)

of all f® g where f € C5°((0,00),R) and g € C§° (S"1,R). Since, by
Claim 5, the set Z is dense in the space C3° (R™\ {0},R), we obtain

u = E,Rau.
O

Corollary 1. Any homogeneous distribution v € D' (R™\ {0} ,R) is of fi-
nite order.



On homogeneous distributions 73

REFERENCES

[1] Gelfand, I. M., Shilov, G. E., Generalized Functions and Operations on Them, Second
Edition, Gos. Izd. Fiz.-Mat. Lit., Moscow, 1959 (Russian).

[2] Hormander, L., The Analysis of Linear Partial Differential Operators I, Springer-
Verlag, Berlin—Heidelberg-New York—Tokyo, 1983.

[3] Shilov, G. E., Mathematical Analysis, Second Special Lecture, MGU, Moscow, 1984

(Russian).
Andrzej Miernowski Witold Rzymowski
Institute of Mathematics Department of Quantitative Methods
M. Curie-Sktodowska University in Management
pl. Marii Curie-Sktodowskiej 1 Lublin University of Technology
20-031 Lublin, Poland ul. Nadbystrzycka 38

e-mail: mierand@golem.umcs.lublin.pl 20-618 Lublin, Poland
e-mail: w.rzymowski@pollub.pl

Department of Applied Mathematics

The John Paul IT Catholic University of Lublin
ul. Konstantynéw 1 H

20-708 Lublin, Poland

Received July 24, 2006



