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On a convex class of univalent functions

ABSTRACT. For some M > 0 the classes Qn(M) of all functions z — f(z) =
R DI a;jz? analytic on the open unit disk A, and such that |f”| < M on
A, consist only of univalent starlike or convex functions. In the article we get
some sharp results in the classes Q, (M), that improve Theorem 5.2f.1 and
Corollary 5.5a.1 from the monograph [2] of S. S. Miller and P. T. Mocanu. Ap-
plying our results we construct some not trivial examples of univalent starlike
or convex functions.

Let 7 (A) denote the class of all analytic functions on the unit disk
A ={z € C: |z] <1} and consider the following convex subsets of J#(A):

An:{fe%(A):f(O):f’(O)—lzo, FD0) =0 for 2§j§n},
Ai = {feA(A): f(0)=f'(0)-1=0},
Qu(M)={feAp: |[f"(z)| <M for ze A}, M>0,n=12,....

Clearly, the classes

(n+1)
Qn(M,a) = {fe Qn(M): JZTH—l()O') —a}, aeC,

are empty for |a| > M/(n*+ n). Also
A, D Apy1 and S°CS*CSC A
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where S€¢ 5" and S consist of all classically normalized analytic functions
on A that are univalent conver, univalent starlike and univalent:

Zf//
f/

fESCifandonlyiffe.AlandRe<1—|— >>OonA,

!
f e S if and only if f € A; and Re (j’:) >0onA,

and

S ={f € A;: fis an injection},
see [1]. Moreover let S¢(3), S*(/3) denote subsets of suitable classes S¢, S*:
Zf”
f/

f € S¢p) if and only if f € Ay and Re (1 + > > [ on A,

f € S5*(B) if and only if f € A; and Re (sz’) > [ on A,

where 0 < g < 1.
An extension of the Theorem 5.2f.1 [2] and a generalization of the Corol-
lary 5.5a.1 [2] contains
Theorem 1.
(i) max{M > 0: Qn(M) C S} =max{M > 0: Q,(M) C S*} =n,

(i) max{M > 0: Qu(M) C S°} = ni -

Proof. Consider f(z) = z + % Clearly f € Qn(M) and if M > n,
then f/(z) = 2 (£ + 2) vanishes on A, i.e.
max{M > 0: Qn(M) C S*} <max{M > 0: Q,(M) C S} <n.

Also zf"(2)/f'(z) =nMz"/(n+ Mz2"), and if M =n/(n+1)+¢e, 0<e<
n?/(n + 1), then

zf"(z) _ n(n+e(m+1))

li = -1
) TR n—emntl) -
ie. n
M>0:Q,(M ‘< .
max{M > 0: Qn( )CS}_n+1

Observe now that for f € A; we have

1 1
(1) 22/0 tf"(tz)dt = /0 % (f' (tz)) tzdt = zf'(2) — f(2)

and

1 1
(2) 22/0 (1—t)f”(tz)dt—|—zz/0 gt(f’(tz))(l—t)zdt—i—zzf(z).
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Let f € Q,(M). By the maximum modulus theorem, for z € A we get
|f"(2)| < M|z|"~! and hence, according to (1)—(2),

1
M n
f/(Z) o f(Z) S M’Z‘n/ tndt — |Z|
z 0 n+1
and
1
M n
‘f(z) > 1—M|z\”/ (1—t)t" tdt=1— 2|Z’ >0
z 0 nc+n
whenever M < n(n +1). Thus for M =n and z € A we get
2f(2) AMEP
f(z) “nln+1)—- Mzl n+1-—|zn ’
ie. fe 8" and

max{M > 0: Q,(M) C S*} > n.

Similarly, take any f € Qn(M). Then |f"(z)] < M|z|*"! for z € A and
adding (1) and (2) we get

/l z2f"(tz)dt + 1 = f'(2),
0

ie. |f'(2)] > 1— M|z|" fol t"ldt = 1 — M|z|"/n > 0 whenever M < n.
Thus for M =n/(n + 1) we obtain

2f"(2) nMle[* e
f/(z) | " n—=M|z|*» n+1-—|z|" ’
ie. fe S%and
n
max{M > 0: Qn(M) C S} > e
O
From the proof of Theorem 1 it follows
Corollary 1.
(i) If f e Qn(M), 0 < M <n(n+1), then
2f'(z) ‘ nM|z|"
f(z) T n(n+1) = Mz
for all z € A.
(ii) If f € Qn(M), 0 < M < n, then
2f"(2) nM|z|"
f'(z) | 7 n— Mz

for all z € A.
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Example 1. As the first application of Theorem 1 we examine the following
function

n
z— f(z) =2+ A —Zajz2j_1+tanz ,
j=1

where
(o)
tanz = E aszJ*l.
j=1

By definition, the tangential function is analytic on C \ {w/2 + kn: k =
0,+1,+2,...}, so the series Y a;2%~1 is convergent on {z € C: |z| < 7/2}.
Using induction, we deduce that all the Taylor coefficients a; are strictly
positive. By the identity tanzcosz = sinz we obtain the formula a; =
T;/(2j —1)!, where Tj — (Y, )T+ (Y ) Tja— . 4+ (1) (2T =
(=171 Ty =1, whence Ty = 1, Ty = 2, T3 = 16, Ty = 272, T = 7936, . . .,
ie.
17 - 62

tanzzz+lz3+£z5—|——z +—zg—|—....
3 15 315 2835

Thus f € Aap,
n .
/) =2 =) (25 —1)(2f —2)a;2% > + 2tanz (1 + tan® z)
j=2
and
n
<IN [ =) (25 —1) (2 —2)a; +2 (tan 1 + tan® 1)
j=2
n
=2\ =) (G—1)(2j —1)a; +tanl+tan®1
=2

Hence f € S* whenever
n

Al <

n

*Z(j*1)(2j—1)aj+tan1+tan31
=2

and f € 5S¢ whenever

n

Al <

n
Cn+1) (=) (j—1)(2j —1)a; +tan1+tan®1
j=2
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In particular we get the function
3
z 2 17
- M —z—5 — 220 — T4y
f(z) =2+ < e R T T + anz>

which is starlike for
4

tan1 + tan31 — 52/15

A < 2.141 <

and convex for
4

(tan1 + tan®1 — 52/15)"

Example 2. As the next application we examine the function

Al <0.237 < 5

- 20
fiz)=z+ A (1— §+E+...+(—1)" (2n)'> — Acosz
ntl 22n+2 2 22n+4
= A ()" ()P
? <( ey T et )
with A € C. Then f; € Ag, 41 and
2 4 2n—2
neoy B 2z g2
1(,2)—)\( 1+2! 4!+...+( 1) (2n_2)!>+)\cosz
Z2n z2n+2
=X (-1)" B L e S
<( Ve TV Gt
So for z € A we have
1 1
'2)] <A
A<M (G T v
1 1
- N [ -
[A| <cos7, 5 (2n—2)!)
n—1 1
= |\l COShl—Z Y
= (29)!
Applying Theorem 1, we deduce that the function f; € S* whenever
2 1
N
n—1 1
cosh1 — Z
)|
= (2))!
and also f; € S¢if
A < 2n+1
n—1

1
(2n+2) | cosh1 — Z—'
= 2))!
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Example 3. And another example similar to the last one. The function

Z3 25 4 Z2n—1
fg(z):z+)\<z—3!+5!+...+(—1) M)—)\smz
with A € C is in class Ay,. Thus fy € S* whenever
2n

n—1

. 1
smhl—zm

j=1

Al <

and fy € S¢ whenever
2n

n—1 .
(2n+1) (sinhl - Z (2]11)|>

j=1

Al <

Theorem 2.

(i) max{M > 0: Q,(M) C S*(B)} = (1 - )

(i) max{M > 0: Qu(M) C S¢(B)} = (1 - )

n(n+1)
n+1-p3’
n
r—t
Proof. Let f(z) =z + n(ﬁl)z”“. It is clear that f € @, (M) and f'(z) =
1+ Mz"/n, f"(z) = Mz""!. For M < n we have
2f"(2) Mz" 1 —M

f'(2) :1—|—Mz”/n 7 1—M/n<ﬂ_1

whenever M > 5114__16_)2, so that

masc(M > 0: Qu(M) € S8} < (1 B) =55

Similarly

2f'(z) _ z+ Mz"n S 1—M/n <5
f(z) 2+ Mzt (n(n+1)) 1— M/ (n(n+1))

for M > (1 — ﬁ)%ﬁlﬁ) and therefore

n(n+1)
n+1-4
Similarly to the proof of Theorem 1, if M =n(1 — 3)/(n+ 1 — (), then
2f"(2) nM|z|" n(l—B)lz["

fi(z) | = n=Mlzl*  n+(1-p5)-(1-p)"
and from this we see that

. c n(l_IB)
max{M > 0: Q,(M) C S°(3)} > nr (=g

max{M > 0: Q,(M) C S*(B)} < (1-70)

<1-4,
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Analogously,

Zf’(z)_‘ aME" (- p)lef
7 T al s Do MEF T a1 8) - (- D"

so we have

<1_/87

n(n+1)
n+1—p
the desired result. O

max{M > 0: Q,(M) C S*(B8)} > (1—7)

Example 4. Similarly to Example 2 we consider the function
2 4

z z
—s (1242 ) =
k‘(Z) z )\( 9 4> )\COSZ

with A € C, which is in As. Since the second derivative of k is

2
K'(z) = X (1 R Z2> + A\ cos z,

we get

K" (2)] = A

24 0 28 <\ 1 1 1
E—a‘i‘g—... _|‘ —+ =+ =+ ...

4! 6! 8!
3
= |l (cosi - )
2

for z € A. Hence from Theorem 2 we deduce that if 0 < 8 < 1 and

30(1—p)
(cosh1—3/2) (6 — )’

then k € S*(8). Also if 0 < 3 < 1 and

5(1-5)
(cosh1 —3/2) (6 — )’

Al <

Al <

then k € S¢(53).

Example 5. For the next application of Theorem 2 assume A € C and
0 < 8 < 1, and consider the function

Obviously
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i.e. h € Ag. For the function h we have a sharp bound

<z 1 1 1
_‘ ‘ a+ﬂ+a+...

1
= |A (isini —1- 3‘> = |\ <sinh1 - Z)

for all z € A. Therefore, if

NE

5 7
W) =M -5 + 5~

2(1-5)
(sinh 1 —7/6) (7 — B)’

then h € S*(3), and if

6(1-5)

N =76 7= 5

then h € S¢(3).
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