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Koebe domains for certain subclasses
of starlike functions

ABSTRACT. The Koebe domain’s problem in the class of starlike functions
with real coefficients was considered by M. T. McGregor [3]. In this paper
we determined the Koebe domain for the class of starlike functions with real
coefficients and the fixed second coefficient.

1. Introduction. Let S* denote the class of analytic and univalent func-
tions f in the unit disk A = {z € C: |z| < 1} such that f(0) = f/(0)—1=0
and

z2f'(2)
f(z)
The class S* is called the class of starlike functions.

In this paper we will study a subclass of the class S*, i.e. the class S*R
which contains the starlike functions with real coefficients. In 1964 M. T.
McGregor [3] found the set () ;cg.p f(A), which is called the Koebe domain
for the class S*R.

Re > 0, z € A.

Theorem 1 ([3]). The Koebe domain for the class S*R is symmetric with
respect to the real axis and the boundary of this domain in the upper half
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plane is given by the polar equation w = p(6)e*®, where

(1) p(9)=i<i) <1—i>21, 0 ¢ [0,7].

The extremal functions are of the form

Fy(z) = ,
(1-2)% (1422077

2. Main Results.

Al

z

ze A, 6el0,7].

Theorem 2. If f € S*R and pe'® ¢ f(A), then f < M-Fy, where M = %,
0 € [0, 7] and p(0) is given by (1).
Proof. Let f € S*R and pe'? ¢ f(A). Since f € S*R, it means that f does

not admit values, which are on the rays [ and [, where

l:{CGC:C:peiet,tZH, 1:{C:¢el}.

The function
p

L _F,
p(0)

maps the unit disk A onto the plane C without the rays [ and I. Moreover,
fe SR, so

F(A) € LRy,

0
From the above as well as from t}fe( Blnivalence of Fy we conclude that
f%M-Fg,WhereM:ﬁ,QG[O,W]. O
Remark 1. Theorem 1 results from Theorem 2. We have
f <M - Fy.
Hence

1= f'(0) < M - Fy(0).
This condition is equivalent to M > 1.

Let f = 2+ agz?> +--- € S*R and pe® ¢ f(A). In the next theorem
we determine the region of values (p,as) for a fixed 6 € [0,27]. In this
research we can discuss only 0 € [0, 7], because the region of values (p, a2)
is symmetric with respect to the real axis.

Theorem 3. If f = z +az2? +--- € S*R and pe'® ¢ f(A), then for a fired
0 € [0, 7|, the region of values (p,as) is of the form

[

Apay = {(p,ag): ;(g—1)£1—2§a2 SQ—;)(g—l)ﬂ}.
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Proof. Let f € S*R and pe? ¢ f(A). From Theorem 2 and [2] we have

h(z)
- M- F | 2
f(z) =M 9( i >,
where M = T(%) > 1. The function h(z) is univalent, with real coefficients,

bounded by M and such that
h(z N
M - Fg( ]Ef)> IS

Denoting
f(z2)=z4a2® +...
Fp(z) = 2+ by(0)2> + ...
h(z) =z+c2® +....
we have
az =cy + %bg(@) and ba(0) =2 (2: - 1> .

For the function h(z), the following inequalities are true [1]:

of1- L) <o <of(1-L
M) == M)
1 2 /20
<212 )+ =2 (2
w2 (1) e (5 1)

Hence

and consequently

1 /7 %
a2§2—7<——1>.
p \0
Moreover,
1 2 (20
> 21— — )+ (Z -1
wz-2(1-g7) o7 (5 1).
and ,
1 =1
ag_—2+7(f—1)
p N\

Then we have
1w 21 1/m x
“(5-1)" —2g@m<2--(5-1)7,
P (9 == 0

We shall prove, that for the fixed 6 € [0, 7] and p > p() there are functions

f € S*R, pe?? ¢ f(A) such that w assumes all values from the range

(G036
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‘We consider the univalent functions

w= fare(2), fui(z) =2+ ca(t)2® + ...

for which the following equation is satisfied
z w

— 2 = 2

1—2tz+ 2 1—2t%+%
These functions map the unit disk A on the disk |w| < M with one or
two slits on the real axis. Their coefficients c(t) = 2t(1 — ), t € [-1,1],

assume all values from the range [—2(1 — 35),2(1— 4;)]. Since the functions

f(z)=M-Fy (@i?) =z +ag(t)z* + ..., where h(2) = fars (2),

are starlike, pe? ¢ f(A), therefore as(t) assumes all values from the range
T 1 s %

G0 -2 (G- 0

On figure 1 there is the set A, ,, for fixed 6.

1.5

—_

[0 o e\ e s e e e e s e e e e B B B N ELmm ]

FIGURE 1. The set A, g, for 6 = Zr.

Definition 1. We say, that the function f is in S} if f € $* and 5 f”(0) = a,
a>0i.e.
St={feS :fz)=z+a*+...}.
Rogosinski in paper [4] determined the Koebe domain for the class S;.

Theorem 4. The Koebe domain for the class S}, a € [0,2), is symmetric
with respect to the real axis and the boundary of this domain in the upper
half plane is given by the polar equation w = p(A)e?, where

B 2+ acost

= > .
p(0) = =255, 020, 0€0,7]
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We determine the Koebe domain for the class S; R consisting of the func-
tions from the class S which have real coefficients. From Theorem 3 we
conclude the following theorem for the class S} R.

Theorem 5. The Koebe domain for the class S} R is symmetric with respect
to the real axis and the boundary of this domain in the upper half plane is

given by the polar equation w = pg(0)e?, where
[2)
(G-, 0e o],
(2) pa(a) = 1 (= -1 (24a)T
m (g — 1) 4 y 0 € ( 7 ,7Ti|

Proof. Let as = a. From Theorem 3 we have

1 2 2
p> (z—l) ,  where HG[O,HCIM]

2—a \0 4
and
1 -1 2
p_2+a<%—1> , Wwhere 9€<(—|—4a)7rm} O

On figures 2, 3, 4 there are the Koebe domains for the class S} R for some
fixed a9 = a.

-0.4 -0.2 0

0.2 0.4

FIGURE 2. The Koebe domain for the class S} R, a = 0.
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-1. -0.8 0

FIGURE 4. The Koebe domain for the class S; R, a = —1.
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Definition 2. We say that the function f(z) is n-symmetric function in A,
if for fixed z € A the following condition is satisfied

2mi 27

f (eTz) =en f(2).

We say that the set D is m-symmetric, if the set satisfies the condition
27

en D= D. The set AD is understood as {\z : z € D}.

We denote by S*R" the class of starlike and n-symmetric functions with
real coefficients. From Theorem 5 we have

Corollary 1. The Koebe domain for the class S*R™ with fized an+1 = b,
n > 2 is n-symmetric, symmetric with respect to the real azis and the line

¢ = ent and the boundary of this domain in the set { € C:0<arg( < T}
is given by the polar equation w = py,,(0)e’ where

pon(0) = V/pa(nb), a=bn, 0<0< T
n
Proof. For the function f € S*R"™ the following condition is satisfied
g(n+1)(0) _ az
n+1)! n’
where g(z) = {/f(2"). Let b = 2. We determine the set of the form
Ng+pn 9(A). From Theorem 5 we know that the boundary of the Koebe

domain in the class S* R is of the form w = p,(#)e? where p,(6) is given by
(2). From (3) we have

Yw = pa(t)er, telon],

(3) feSR < ge S*R",

and consequently for a = bn, 0 = % [0, Z] we have
W = n\/ pbn(ne)ew' u
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