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defined by Hadamard product

ABSTRACT. In the present investigation, we obtain some subordination and
superordination results involving Hadamard product for certain normalized
analytic functions in the open unit disk. Our results extend corresponding
previously known results.

1. Introduction. Let H be the class of analytic functions in A := {z :
|z| <1} and H(a,n) be the subclass of H consisting of functions of the form
f(z) = a+apz™ + a1z + ..., Let A be the subclass of H consisting
of functions of the form f(2) = z + a22®> + .... Let p,h € H and let
B(r,s,t;2) : C3 x A — C. If p and ¢(p(2), 2p'(2), 22p"(2); z) are univalent
and if p satisfies the second order superordination

(1.1) h(z) < ¢(p(2), 2p'(2), 2°p" (2); 2),

then p is a solution of the differential superordination (1.1). (If f is subor-
dinate to F', then F' is superordinate to f.) An analytic function ¢ is called
a subordinant if ¢ < p for all p satisfying (1.1). A univalent subordinant
g that satisfies ¢ < ¢ for all subordinants g of (1.1) is said to be the best
subordinant. Recently Miller and Mocanu [14] obtained conditions on h, ¢
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and ¢ for which the following implication holds:
h(z) < o(p(2), 20/ (2), 22p" (2); 2) = q(2) < p(2).

For two functions f(z) = z4+ > o2, a,2" and g(z) =z + Y .o, by2™, the
Hadamard product (or convolution) of f and ¢ is defined by

(f*9)(2) =24 D anbuz" =: (g% f)(2).
n=2

Fora; €C (j=1,2,...,0)and §; € C\{0,—1,-2,...} (j = 1,2,...,m),
the generalized hypergeometric function (Fp, (o1, ..., 0081, ..., Bm; 2) is de-
fined by the infinite series

[e. 9]

Fnan, .. 0081, .0, Bms 2) ._nzzo (Bi)n - (Bm)n n!

(I<m+1; ,meNy:={0,1,2,...}),
where (a), is the Pochhammer symbol defined by

(a) . F(a—l—n)_ L n = 0;
" T(e) Jala+1D(a+2)...(a+n—-1), neN:={1,2,3...}.
Corresponding to the function
h(al)"wal;ﬁlu‘”uﬂm;z) I:ZlFm(al,...7Oél;/81,...,6m;2),

the Dziok-Srivastava operator [6] (see also [7, 24]) H. (a1, ..., 00581, - -, Bm)
is defined by the Hadamard product

Hin(alv"'7al;/817"'>ﬁm)f(z) = h(alv-"aal;/@h"'aﬁm;z)*f(z)

(12) > (Oll)nfl . (Oél)nfl (LnZn
o Z (B)n-1--- (Bm)n-1(n— 1)!'

For brevity, we write

H’En[al]f(z) = H’En(ab s Qg 617 s 7/6771)f(z)
It is easy to verify from (1.2) that
(13)  z(Hpyla]f(2) = arHplon +1]f(2) — (a1 — 1) Hy, [aa] ().

Special cases of the Dziok—Srivastava linear operator includes the Hohlov
linear operator [8], the Carlson—Shaffer linear operator L(a,c) [5], the Ru-
scheweyh derivative operator D™ [22], the generalized Bernardi-Libera—
Livingston linear integral operator (cf. [2], [11], [12]) and the Srivastava—
Owa fractional derivative operators (cf. [17], [18]).

Lewandowski et al. [9], Li and Owa [10], Nunokawa et al. [16], Padaman-
bhan [19], Ramesha et al. [20] and Ravichandran et al. [21] have found out
sufficient conditions for functions to be starlike. Further, using the results
of Miller and Mocanu [14], Bulboaca [4] considered certain classes of first
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order differential superordinations as well as superordination-preserving in-
tegral operators (see [3]). Recently many authors [1, 15, 23] have used the
results of Bulboaca [4] and shown some sufficient conditions applying first
order differential subordinations and superordinations.

The main object of the present paper is to find sufficient condition for
certain normalized analytic functions f(z) in A such that (f « ¥)(z) # 0
and f to satisfy

Hfon +1](f * ®)(2)
HL [aa](f * ¥)(2)
where ¢1, g2 are given univalent functions in A and ®(z) = z+ Y o0 5 Ap2",
U(z) = 24 > .2, upz"™ are analytic functions in A with A\, > 0, p,, > 0
and A, > pp. Also, we obtain the number of known results as their special

cases.

q(z) < < q2(2),

2. Subordination results. For our present investigation, we shall need
the following:

Definition 2.1 ([14]). Denote by @, the set of all functions f that are
analytic and injective on A — E(f), where

B(1) = {c € 08+ i 1(2) = oo

and are such that f'(¢) # 0 for ¢ € 9A — E(f).

Lemma 2.2 ([13]). Let q be univalent in the unit disk A and 0 and ¢ be
analytic in a domain D containing q(A) with ¢(w) # 0 when w € q(A). Set
U(2) == 2q'(2)¢(a(2))  and  h(z) = 0(q(2)) +1(2).

Suppose that
(1) ¥(z) is starlike univalent in A and
(2) Re{Zh/(Z)} >0 for z € A.

¥(2)
If p is analytic with p(0) = q(0), p(A) C D and
(2.1) 0(p(2)) + 20 (2)d(p(2)) < 0(q(2)) + 24'(2)p(q(2)),
then
p(z) < q(2)

and q is the best dominant.

Lemma 2.3 ([4]). Let q be convex univalent in the unit disk A and ¥ and
¢ be analytic in a domain D containing q(A). Suppose that

(1) Re{(q(2))/#(q(2))} > 0 for z € A and
(2) ¥(2) = 2¢'(2)(q(2)) is starlike univalent in A.
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If p(zl) € H[Z(O),;] NQ, with p(A) C D, and 9(p(z)) + 2p'(2)p(p(2)) is
univalent in A an

(2:2) 9(a(2)) + 24 (2)p(a(2)) < V(p(2)) + 2P (2)@(p(2)),
then q(z) < p(z) and q is the best subordinant.

Using Lemma 2.2, we first prove the following theorem.

Theorem 2.4. Let &,V € A, a # 0 and B > 0 be the complex numbers
and q(z) be convex univalent in A with q(0) = 1. Further assume that

(2.3) Re {5;0‘ +29(2) + (1 + Zj(i?) } >0 (2€A).

If f € A satisfies

(2.4) T(f, ®, 0, a, B) < ag®(2) + (B — a)q(z) + azd'(2),

where
(

o\ Hh a1 +1)(f+®)(2) HL [o1+1)(f®)(2) | 2
(8—20)"H1 lrew () +O‘( HI o] (£ (2) )

— H,, [0 +2)(£%8)(2)

Hyp[on +1](£%9)(2) (H%q[alJrl}(f*@)(Z))
H},lon](f+0)(2) Hlon](f+¥)(2) )’

—QQ
then
H}len +1](f * ®)(2)
H lea](f * ¥)(2)

and q is the best dominant.

< q(2)

Proof. Define the function p(z) by
_ Hilon +1](f + ®)(2)
20 Sy T

Then the function p(z) is analytic in A and p(0) = 1. Therefore, by making
use of (2.6), we obtain

HL Jon +1](f * @)(2) Hl Jon +1](f * @)(2)
Hl Joa](f * W) (z2) H [oa](f * ®)(2)
HL lon +2](f x @)(2) Hl Jon +1](f = V)(2)

Pl Vg (e T (¢ O )
= ap’(2) + (B — a)p(2) + azp'(2).

By using (2.7) in (2.4), we have

(2.8) ap®(2) + (B — a)p(z) + azp/(2) < ag®(z) + (B — a)q(z) + azq/(2).

By setting

(z € A).

B—-2a+«

(2.7)

f(w) == aw’ 4+ (—a)w and ¢w) = a,
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it can be easily observed that f(w) and ¢(w) are analytic in C—{0} and that
¢(w) # 0. Hence the result now follows by an application of Lemma 2.2. O

Whenl=2, m=1, a; =a, ag =1 and #; = ¢ in Theorem 2.4, we state
the following corollary.

Corollary 2.5. Let o # 0, 8 > 0 and q be conver univalent in A with
q(0) =1 and (2.3) holds true. If f € A satisfies

Ti(f, @, 9, a, B) < ag’(z) + (B — a)q(2) + azd (2)

where

o\ Lla+1,0) (f5®)(2) L{at1,0)(f+®)(2) ) 2
(8—20) KT o (KAL)

L L(a+2,c)(f*P)(z
(29) Tl(faq)7qlaaaﬁ)'_ +O((CL+ ]-)W

B L(a+1,0)(f+*¥)(z) ( L(a+1,c)(f*P)(z)
AT @) (F*9)(2) ( L{a,0)(f+0)(2) )

then
Lia+1,¢)(f *®)(z)
L(a,c)(f = ¥)(z)

and q is the best dominant.

< q(2)

By fixing ®(z) = 1% and ¥(z) = 1% in Theorem 2.4, we obtain the
following corollary.

Corollary 2.6. Let o # 0, 8 > 0 and q be conver univalent in A with
q(0) =1 and (2.3) holds true. If f € A satisfies

HL o1 +1]£(2) ) HL [on +1)£(2)
O‘“‘“”( HL o7 (2) ) 020 TR )

+ala; +1)

HL lon +2)f(2)
Hl o] f(2)
< ag?(2) + (B — a)q(2) + azd (2),

then
H}[on +1]/(2)
H leu]f(2)
and q 1s the best dominant.

=< q(2)

By taking Il =2, m=1, a1 =1, ap =1 and #; = 1 in Theorem 2.4, we
state the following corollary.
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Corollary 2.7. Let o # 0, 8 > 0 and q be conver univalent in A with
q(0) =1 and (2.3) holds true. If f € A satisfies

ARV C) [, A DE) | ) ()
- 9)) F0E U )
< ag®(2) + (B - a)q(2) + azd/(2),
then (f +9)(2)
o)) <9

and q 1s the best dominant.
By fixing ®(z) = ¥(z) in Corollary 2.7, we obtain the following corollary.

Corollary 2.8. Let o # 0, 8 > 0 and q be conver univalent in A with
q(0) =1 and (2.3) holds true. If f € A satisfies

AP RYROE) |
g G ZUEE) g (a) + (5 - adate) + o (2,
then S(f  0)(2)
o) 1@

and q is the best dominant.

By fixing ®(z) = 1=; in Corollary 2.8, we obtain the following corollary.

Corollary 2.9. Let o # 0, 8 > 0 and q be conver univalent in A with
q(0) =1 and (2.3) holds true. If f € A satisfies

G200 | )
f(2) f(z)

< aq?(z) + (B — a)q(z) + azd (2),

then

)

75 q(z)

and q is the best dominant.

By taking ¢(z) = iigz (-1 < B < A<1)in Corollary 2.9, we have the
following corollary.

Corollary 2.10. Let0<a<fBand - 1< B<ALL1. If

(D) 2P
i TG
. B+ [A(B+2a) + B(6 —2a)]z + A|(6 — a)B + aA] 22

(1+ Bz)? ’

then

z2f'(z) 1+ Az
f(2) = 1+ Bz
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Remark 2.11. For the choicesof 3 =1, A=1and B = —1, Corollary 2.10
leads to the sufficient condition for starlike functions obtained in [19].

3. Superordination and sandwich results. Now, by applying Lemma
2.3, we prove the following theorem.

Theorem 3.1. Let o # 0 and B > 0. Let q be convex univalent in A with
q(0) = 1. Assume that

(3.1) Re{q(z)} > Re { 0‘2;5} .

!l * z .
Let f € A, Hﬁgi[;r]l(}g\p?()z()) € H[q(0),1]NQ. Let Y(f,®,¥,,3) be univa-

lent in A\ and

(3:2) (8 —a)q(2) + aq’(2) + azd'(2) < Y(f,9,¥,a, ),
where Y(f, ®,V,«, ) is given by (2.5), then

o) < Hnlon £ 107 # 2)(2)

Hi,[aa](f = )(2)
and q is the best subordinant.

Proof. Define the function p(z) by

_ HLJog +1](f % ®)(2)
(3.3) Pe) = )

Simple computation from (3.3), we get,

Y(f,®,¥,a,8) = (8- a)p(z) + ap’(z) + azp/(2),

then
(B — )q(2) + ag®(z) + oz (2) < (B — )p(2) + ap®(2) + azp/(2).

By setting ¥(w) = aw?+(8—a)w and ¢(w) = a, it is easily observed that
Y(w) is analytic in C. Also, ¢(w) is analytic in C — {0} and that ¢(w) # 0.
Since ¢(z) is convex univalent function, it follows that

Re{iés((j));} —Re{ﬂ;a +2q(z)} >0, z€A.

Now Theorem 3.1 follows by applying Lemma 2.3. O

Whenl=2, m=1, a; =a, ag =1 and #; = ¢ in Theorem 3.1, we state
the following corollary.

Corollary 3.2. Let o # 0 and 8 > 1. Let q be conver univalent in A with
q(0) =1 and (3.1) holds true. If f € A and

(B —a)q(2) + ag®(z) + azd' (z) < T1(f, ®, ¥, a, §),
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where T1(f, @, ¥, «, B) is given by (2.9), then
o) < Mot LU £ 0))

L(a,c)(f * ¥)(z)
and q is the best subordinant.

Whenl!=2 m=1,a; =1, as =1 and #; = 1 in Theorem 3.1, we derive
the following corollary.

Corollary 3.3. Let a« # 0 and § > 1. Let q be conver univalent in A with
q(0) =1 and (3.1) holds true. If f € A and

(8= a)q(2) + ag®(2) + azq'(2)

A [y, A DE) ) )
(F0)(2) F0)e) T e )
then
A+ ) (2)
1) =70

and q is the best subordinant.
By fixing ®(z) = ¥(z) in Corollary 3.3, we obtain the following corollary.

Corollary 3.4. Let « # 0 and § > 1. Let q be conver univalent in A with
q(0) =1 and (3.1) holds true. If f € A and

(f*QY@)+a2%f*¢V@)

(f = ®)(z2) (f+®)(2)

2(f + 9)'(2)
(f + @)(2)

(8= a)q(2) + aq’(2) + azq(2) < B~
then
q(z) <
and q is the best subordinant.

We conclude this section by stating the following sandwich results.

Theorem 3.5. Let q1 and g2 be convexr univalent in A, a # 0 and 8 > 1.
Suppose qo satisfies (2.3) and q satisfies (3.1). Moreover, suppose

Hjlen +1](f * @)(2)
Hl loa](f = ¥)(2)
and Y(f,®,V,a, B) is univalent in A. If f € A satisfies
(ﬁ - Q)QI(Z) + QQ%(Z) + OéZqi(Z) = T(f? (I)a \Ila aaﬁ)
< (8= a)g2(2) + g3 (2) + azgy(2),
where Y(f, ®,V,«, () is given by (2.5), then
Hj,len +1](f * @) ()
Ll 2V

and q1, gz are respectively the best subordinant and best dominant.

e H[L1NQ

q1(2) <
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By making use of Corollaries 2.5 and 3.2, we state the following corollary.

Corollary 3.6. Let q1 and qo be convex univalent in A, o # 0 and 8 > 1.
Suppose qo satisfies (2.3) and q satisfies (3.1). Moreover, suppose

L(a+1,¢)(f x®)(z)
L(a,c)(f * ¥)(z)
and C1(f, ®,V, o, B) is univalent in A. If f € A satisfies
(ﬁ - a)Ql(z) + O“I%(z) + Oézqa(z) = Tl(f? (I)7 \Ila «, ﬁ)
< (B = @)q2(2) + ag3(2) + azdgy(2),
where T1(f, @, ¥, a, B) is given by (2.9), then

and q1, g2 are respectively the best subordinant and best dominant.

e H[L,1NQ

By making use of Corollaries 2.7 and 3.3, we state the following result.

Corollary 3.7. Let q1 and q2 be convex univalent in A, a # 0 and 3 > 1.
Suppose qo satisfies (2.3) and q1 satisfies (3.1). Moreover, suppose

2(f *®)(2)
TR E
and
AR [, (@) | D)) ) (E)
(f+0)(2) P*‘ 0 T (f*WK@]

is uniwalent in A. If f € A satisfies
(8 = a)ai(2) + agi(2) + azdi(2)

0 [, (2 )E) | () 1))
() @3+ G0 ]

(f=®)(z) — (f*9)(2)
< (B — @)q2(z) + g3 (2) + azgy(2),
then

q(z) < m < q2(2)

and q1, qo are respectively the best subordinant and best dominant.
By making use of Corollaries 2.6 and 3.4, we get the following result.

Corollary 3.8. Let q1 and g2 be convex univalent in A, o # 0 and 8 > 1.
Suppose qo satisfies (2.3) and q satisfies (3.1). Moreover, suppose

2(f = @)'(2)

Froye) < bine
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and

Afx2)(2) 2 *2)"(2)

Te®e) TR0

is univalent in A. If f € A satisfies

(8- a)qu(2) + aq?(2) + azd)(2)
Ba(f +®)(2) | az(f+0)()
TR o))
< (8- a)a(2) + agd(2) + azgh(2),

(
5

then

2(f * ®)'(2)

o)z et

q1(z) <

and q1, g2 are respectively the best subordinant and best dominant.
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