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Generalized Weil functors on affine bundles

ABSTRACT. We extend the construction by A. Weil onto affine bundles, and
prove that all product preserving gauge bundle functors on affine bundles can
be obtained by this extended construction.

0. Modern differential geometry clarifies that product preserving (gauge)
bundles play very important roles. To such bundles one can lift many geo-
metric objects as vector fields, forms, connections. To define such lifts only
the product preserving property is used, see for ex. [1]. That is why, such
bundles have been intensively studied and classified.

In the present paper we classify product preserving (gauge) bundles over
affine bundles. Let us recall the following definitions (see for ex. [1]).

Let F : AB — FM be a covariant functor from the category AB of
all affine bundles and their affine bundle homomorphisms into the category
FM of fibred manifolds and their fibred maps. Let By : AB — M f and
Bra i FM — Mf be the respective base functors.

A gauge bundle functor on AB is a functor F satisfying Bray o F =
B g and the localization condition: for every inclusion of an open affine
subbundle ig 1 E|U — E, F(E|U) is the restriction 5 (U) of pp : FE —
Bag(E) over U and Fipgy is the inclusion py (U) — FE.
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Given two gauge bundle functors Fy, Fy on AB, by a natural transforma-
tion T : F1 — Fy we shall mean a system of base preserving fibred maps
T : M E — FyE for every affine bundle E satisfying Fof omp = 1 0 F1 f
for every affine bundle homomorphism f: E — G.

A gauge bundle functor F on AB is product preserving if for every product
projections

E1 & E1 X E2 & EQ
in the category AB,

FE, <7 F(By x By) 222 FE,

are product projections in the category F M. In other words F(F; x Eg) =
F(Ey) x F(E3) modulo (Fpri, Fpra).

A simple example of such F' is the functor ( )™ : AB — FM sending
an affine bundle £ — M into the corresponding vector bundle £~ — M
and any affine map f : F — G into the corresponding vector bundle map
f7:E7 — G7. In fact ( )7 : AB — VB, where VB is the category of
vector bundles and their vector bundle maps.

Another example of such F' is the tangent functor T : AB — F M sending
an affine bundle £ — M into TE — M and an affine bundle map f: F —
G covering f : M — N into the tangent map T'f : TE — TG over f.
More generally, by replacing T by other Weil functor T4 corresponding to
a Weil algebra A we obtain the product preserving gauge bundle functor
T4 : AB — FM.

Another example is the vertical functor V : AB — FM sending an
affine bundle £ — M into its vertical bundle VE = (J,,, T(E.) — M
and an affine bundle map f : F — G covering f : M — N into the

fibred map Vf = J,c); T(fz) : VE — VG over f. More generally, by
replacing T' by T4 we obtain the product preserving gauge bundle functor
VA AB — FM.

Functor VA4 : AB — FM is the composition of the vertical Weil functor
VA FM — FM with the forgetting functor AB — FM. More generally,
replacing VA : FM — FM by the product preserving bundle functor T
on FM for some Weil algebra homomorphism p : A — B, see [4], we obtain
the product preserving gauge bundle functor T+ : AB — FM.

Composing functor ( )~ : AB — VB with the product preserving gauge
bundle functor T4V on VB for some Weil algebra A and a Weil module V
over A (i.e. A-module with dimgr (V) < 00), see [4], we obtain new product
preserving gauge bundle functor 74V o ( )~ on AB.

It will be shown that we can compose product preserving gauge bundle
functors on AB and obtain product preserving gauge bundle functors on

AB.
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In this paper modifying the method of [4] we generalize the construction
of bundles of near A-points by A. Weil [5], and prove that all product
preserving gauge bundle functors on AB can be obtained by this general
construction.

Product preserving bundle functors on some other categories on manifolds
have been described in [1]-[5].

All manifolds are assumed to be Hausdorff, finite dimensional, without
boundaries and of class C*°. All maps between manifolds are assumed to
be of class C*°.

1. Suppose we have a triple (A,V,1), where A = R @® ny is a Weil algebra,
V is a Weil module over A and 1 € V is an element. We generalize the
construction of bundles of infinitely near points, [5].

Example 1. Given an affine bundle E = (E -5 M) let

TAYE = | {(p,9)] ¢ € Hom(C°(M), A),
zeM

W € Hom,(FIBAFF.(E),V), (germ.(1)) = 1},

where Hom(C2°(M), A) is the set of all unity preserving algebra homomor-
phisms ¢ from the algebra C2°(M) = {germ.(g)| g : M — R} into A and
where Hom,(FIBAFF,(E),V) is the set of all module homomorphisms
over ¢ from the free C2°(M)-module FIBAFF,(E) = {germ,(h) | h: E —
R is fiber affine} into V. Then T4V1E is a fibred manifold over M. A local
affine bundle trivialization (z'op,...,z™op,y", ..., y*) : EJlU=R™ xR* on
F induces a fiber bundle trivialization (z!,...,2™, §',...,9*) : TAVIE|U=
AT X V= R™ x nf} x V' by #(p,9) = p(germ=(a')) € A, 7’ (¢, ¥) =
P(germ,(y))) € V, (p,) € TAE 2 eU,i=1,...,m, j =1,....,k
Given another affine bundle G = (G 4N ) and an affine bundle homo-
morphism f : E — G over f: M — N let TAV:f . TAVIE _ 7AVIG,

TV (p,9) = (o 1w o f2),

(p,9) € T;"V’IE, z € M, where the mappings i: : C]??Z)(N) — C°(M)
and f; : FIBAFF},)(G) — FIBAFF,(E) are given by the pull-back with
respect to f and fT Then T4V"1 f is a fibred map over f.

Clearly, TAVL g o product preserving gauge bundle functor on AB. Tt
is called the product preserving gauge bundle functor on AB corresponding

to the triple (A,V,1).
Proposition 1. (i) Given an affine bundle p: E — M,
T4Vrp TAVIE - TAM = T4V M
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is the affine bundle with the corresponding vector bundle T4V : TAVIE —

TAM = TAVOM, where M is treated as the trivial affine bundle idy : M —

M and p: E — M is treated as the trivial affine bundle map covering idys.
(ii) Given an affine bundle morphism f: E — G covering f : M — N,

TA,V,lf .TAVIE AV

is an affine bundle map covering TAf : TAM — TAN with the correspond-
ing vector bundle map TAVOf . TAVIE — TAVIG,

(iii) Vector bundle TYVE — TAM is canonically isomorphic to TV E~
— TAM (see [4] for T4V ) by some vector bundle isomorphism covering the
identity of TAM.

Proof. Parts (i) and (ii) are simple observations. More precisely, given
(p,91), (p,12) € THVOE and a € R we put (¢, ¢1) + (¢, %2) = (p, 91 +
o) € TYYOE and a(p, 1) := (¢, aqp1) € TAVOE. That is why, T4V°E —
TAM is a vector bundle. Similarly, given (¢, %) € TAV1E and (p,12) €
TAVOE we put (()01 77/}1) + (<P;¢2) = ((707w1 + ¢2) S TAVAE. That is WhY7
TAVIE — TAM is an affine bundle with the corresponding vector bundle
TAVOE — TAM.

Part (iii) will be clear after Section 8 because of T4V o ( )~ and T4"0
have isomorphic the corresponding triples. O

Remark 1. Let us note that in Example 1 we do not assume that V is free.
For example, the triple (A,n4,1) is in question.

2. Suppose we have a product preserving gauge bundle functor F' on AB.

Example 2. (i) Let A" = (GFR,GF(+),GF (), GF(0),GF (1)), where GF' :
Mf — FM, GFM = F(M ™, A1), GFf = Ff : GFM — GFN, and
where + : R x R — R is the sum map, - : R x R — R is the multiplication
map, 0 : R — R is the zero and 1 : R — R is the unity. Then AF is a Weil
algebra.

(ii) Let VI = (F(R — pt), F(+), F(-), F(0)), where pt is the one point
manifold, R — pt is the affine bundle with the corresponding vector bundle
R — pt, + : R x R — R is the sum map being an affine bundle homomor-
phism (R — pt) x (R — pt) — (R — pt) over pt x pt — pt, 0 : R — R is the
zero map being an affine bundle homomorphism (R — pt) — (R — pt) over
pt — pt and - : R Xx R — R is the multiplication map being an affine bundle
homomorphism (R tdw, R) x (R — pt) — (R — pt) over R x pt — pt. Then
VF is a Weil module over AF.

(iii) Let 1% € V¥ be the unique element from the image of F1: VI —
VF, where 1: R — R is the constant map being an affine bundle homomor-
phism (R — pt) — (R — pt).

The triple (A", V¥ 1F) is called the triple corresponding to F.
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For example, the triple corresponding to T4 : AB — FM is (A, A, 1),
where A is the A-module in obvious way and 1 € A is the unity of Weil alge-
bra A. The triple corresponding to VA : AB — FM is (R, A, 1). The triple
corresponding to T# : AB — FM for some Weil algebra homomorphism
uw:A— Bis (A, B,1), where B is the A-module by u and 1 € B is the
unity of Weil algebra B. The triple corresponding to ( )™ : AB — FM is
(R,R,0). The triple corresponding to T4 o ()™ is isomorphic to (A, V,0).

3. Let F' be a product preserving gauge bundle functor on AB and let
(AT VE 1F) be its corresponding triple. Let TA" V1" he the product
preserving gauge bundle functor on AB corresponding to (AF, VE 1), We
prove F'= TAT VIR,

For every affine bundle E = (E -5 M) we construct a fibred map
Op: FFE — A"V AT R covering idys as follows. If y € FLE, z € M, we de-
fine p, : C*(M) — AT, , (germ. (9)) = F(gop)(y) € AT = F(R “ R),
g: M — R, where gop: F — R is considered as the affine bundle homo-
morphism (E - M) — (R s, R) over g : M — R. Then ¢, is an algebra
homomorphism. If y € FLE, z € M, we define v, : FIBAFF,(E) — vE,
Yy(germ,(f)) = F(f)(y), f : E — R is fibre affine, where f is considered

as the affine bundle map (E -~ M) — (R — pt) over M — pt. Then
1, is a module homomorphism over ¢, and 1, (germ.(1)) = 1. We put

F F 1F
On(y) = (py, 1) €TV VB ye F.E, z € M.

o e F F qF . . .
Proposition 2. © : F — T4V s g natural isomorphism.

Proof. It is sufficient to show that O is a diffeomorphism for any affine
bundle E. Applying affine bundle trivialization, we can assume that £ =
R™ x RF is the trivial affine bundle over R™ with the corresponding trivial
vector bundle R™ x R" — R™. Since F and T4 V"1 are product pre-

serving and E is a (multi) product of R ‘2R and R — pt, we can assume

that E is either R 2% R or R — pt.
. . 1
) E = (R “% R). Consider GFR 2&, A" VI (R M2, ) T, 4F
where #! is induced by z! = idr : R — R, see Example 1. This composition
is the identity map GFR = AF. Hence O is a diffeomorphism.
=1
(I) E = (R — pt). Consider F(R — pt) 22 TATV A (R — pt) L.
VFE where §' is induced by y' = idg : R — R. This composition is the
identity map F(R — pt) = VI, Hence O is a diffeomorphism. O

From Propositions 1 and 2 we obtain.

Proposition 3. Any product preserving gauge bundle functor F on AB
has values in AB. More precisely, given an affine bundle p: E — M, Fp :
FE — FM is the affine bundle (by the isomorphism © from Proposition 2),
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and given an affine bundle map f : E — G covering f : M — N, Ff :
FE — FG is an affine bundle map covering Ff: FM — FN.

4. Let (A,V,1) be a triple, where A is a Weil algebra, V' is a Weil module
over A and 1 € V is an element. Let T4V'1 be the corresponding gauge
bundle functor on AB. Let (A,V,1) be the triple corresponding to TAVL

Proposition 4. (A,V,1) = (A, v, 1).

idR
S-S

Proof. Clearly, A = TAV1(R R) and V = TAY (R — pt). Let
idg

O=z":TAY YR ZER) - Aand IT = §' : TV YR — pt) — V, where
! is induced by z! = idgp and §' is induced by y' = idg, see Example 1.
Then O : A — A is an algebra isomorphism, II : V — V is a module

isomorphism over O and TI(1) = 1. O

5. Let (A1,V1,11) and (Ag, Vo, 12) be triples, where A; is a Weil algebra,
V; is a Weil module over 4; and 1; € V; is an element, ¢ = 1,2. Let (u,v)
be a morphism from (A, V1,11) into (Ag, Va,12), ie. p: Ay — Ag is an
algebra homomorphism, v : V; — V5 is a module homomorphism over p and
I/(]_l) = 12.

Example 3. Let E — M be an affine bundle. We define 74" : T4Vl —
TA2V2la g 7Y (0, 1h) = (o p,v o)), (p,) € TP R 2 € M. Then
rhv ALV A2V 2 g g patural transformation.

6. Let 7 : F1 — F5 be a natural transformation between product preserving
gauge bundle functors on AB. Let (Af1, V1 11) and (Af2, VF2 1F2) be
the triples corresponding to F} and Fo.

Example 4. Let 47 := Tjg,.r—R ° AfY 5 APz gnd V7 o= TR—pt : v -
V2 Then (u7,v7) is a morphism of triples corresponding to Fy and F.

7. We are now in position to prove the following theorem.

Theorem 1. The correspondence “F — (AF, VFE 1F)” induces a bijective
correspondence between the equivalence classes of product preserving gauge
bundle functors F' on AB and the equivalence classes of triples (A,V,1) con-
sisting of a Weil algebra A, a Weil module V' over A and an element1 € V.

The inverse correspondence is induced by the correspondence “(A,V,1) —
TA’V’l ”

Proof. The correspondence “[F| — [(AF, VF 1F))” is well defined. For,
if 7 : Fy — [ is an isomorphism, then so is (u7,v7) : (AfY, V1 1F1) —
(A2 VE2 1F2),

The correspondence “[(A,V,1)] — [T4Y1]” is well defined. For, if (u,v) :

(A1, Vi,11) — (Ag, Va,15) is an isomorphism, then so is 747 : TALVL1L
TA2,V2,12
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From Proposition 2 it follows that [F] = [T4"-V"1"]. From Proposition 4
it follows that [(A,V,1)] = [(AF, VF 1)) if F = T4V, 0

8. Let I} and F5 be two product preserving gauge bundle functors on AB.
Let (A", V1 151) and (AF2, VF2 1F2) be the corresponding triples.
Proposition 5. Let (u,v) : (AF, VI 18 — (A2 V2 172) be a mor-
phism of triples. Let 7" . Fy — Fy be a natural transformation given by
v —1

the composition Fi °, TA™ VLM il TA™ V217 o, F5, where ©
is as in Proposition 2 and 7" is described in Example 3. Then T = 71"l
is the unique natural transformation Fy — Fy such that (u™,v") = (u,v),
where (u7,v7) is as in Example 4.

Proof. First we prove the uniqueness part. Suppose 7 : F; — F is another
natural transformation such that (u”,v") = (u,v). Then T coincides with 7

on affine bundles R “% R and R — pt because of the definition of (u7,v7).

Hence 7 = 7 because of the same argument as in the proof of Proposition 2.
-1

The existence part follows from the easy to verify equalities @Rﬁpt o
M7V J— 71 M7V . J—
TR—pt © Or—pt = v and O, g 0 T4 p g © Oidg:R—R = K. O

Now, the following theorem is clear.

Theorem 2. Let Fy and Fy be two product preserving gauge bundle func-
tors on AB. The correspondence “r — (u”,v7)” is a bijection between the
natural transformations Fy — Fy and the morphisms (AFl,VFl,lFl) —
(AFQ,VFQ, 172) between corresponding triples. The inverse correspondence
is “(p,v) — 7,

9. Using Proposition 3 one can define the composition F5 o F} of product
preserving gauge bundle functors F; and F, on AB.

Example 5. Let p : E — M be an affine bundle. Then Fip : iE —
F1 M is the affine bundle (Proposition 3). Applying F», we define a fibred

manifold Fy o Fy(F) := Fy(F\E fip, F1M) over M, where the projection
Fyo0 F1(E) — M is the composition Fyo Fy(E) — F1M — M of projections
for 5 and Fi. Let f: E — G be an affine bundle homomorphism covering
f:M — N. Then F\f : FiF — FyF is an affine bundle homomorphism
over Fif (Proposition 3). We put Fy o Fi(f) := Fa(F1f) : Fo0 Fi(E) —
F50 F1(G) and get a fibred map covering f. F5 o F} is a product preserving
gauge bundle functor on AB. B

10. Let us compute the triple (AF?OF1 , VR 1F20F) corresponding to the
composition F5 o Fy of product preserving gauge bundle functors F; and Fb
on AB.

By tensoring A1 and Af? we obtain the Weil algebra A" ®p Af2. By
tensoring V1 and V2 we obtain the module V1 ®r V2 over A @p A2,
We have also 171 @ 112 € V1 g V2,
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Proposition 6.
(AFQOFl’VFQOFl’ 1F20F1) -~ (AF1 ®R AFQ’ VF1 ®R VFQ’ 1F1 ® 1F2)

Proof. We have to construct an algebra isomorphism f : A" @ A2 —
AF2°F1 and a module isomorphism 7 : VI @ V2 — VE2F gyer i such
that 7(171 @ 172) = 12001

For any point a € Aft the map i, : R — A, i4(t) = ta, t € Ris a
homomorphism between affine bundles idg : R — R and id 4r, : Afv AR
Applying Iy, we obtain Fy(i,) : AP — AF2°Fi Define i : AM x AP —
AF2RL f(a,b) = Fa(ig)(b), a € AT b € AF2. Using the definitions of the
algebra operations, one can show that [ is R-bilinear. Then (by the universal
factorization property) we have a linear map fi : A @p A2 — AFzel
fila ®b) = Fy(iy)(b), a € A1 b € A2, Considering bases (over R) of A
and Af2 and using the product property for F, one can prove that fi is an
isomorphism. Using the definitions of the algebra operations, one can show
that i is an algebra isomorphism.

For any point u € V1 the map 4, : R — V1 i,(t) = tu, t € Ris a
homomorphism between affine bundles R — pt and V1 — pt. Applying
Fy, we obtain Fy(iy) : V2 — VI Define v : VI x V2 — ylzeh
o(u,w) = Fy(iy)(w), u € VI, w e VF2, Similarly as fi, 7 is also R-bilinear.
Then we have a linear map 7 : VI @p V2 — VIR puew) = Fy(i,)(w),
w € VI, w € V. Similarly as ji, 7 is a linear isomorphism. Using
the definitions of the module operations, one can show that 7 is a module
isomorphism over fi.

Next, using the definition of the fixed elements it is easy to see that
I7(1F1 ® 1F2) — 1F20F1 O

Proposition 7. Fyo F} = Fj o Fy.
Proof. The exchange isomorphism
(At @p AT VI g V2 11 @112) = (A2 @p AT VI2@p VI 172 0171)

induces the natural isomorphism F5 o F} = F} o F5. ]
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