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Canonical vector valued 1-forms
on higher order adapted frame bundles
over category of fibered squares

ABSTRACT. Let Y be a fibered square of dimension (mq,ma2,n1,n2). Let V
be a finite dimensional vector space over R. We describe all ~7:2Mm1»m2,n1 o=
canonical V-valued 1-form ©: TP, (Y) — V on the r-th order adapted frame
bundle P} (Y).

A fibered square (or fibered-fibered manifold) is any commutative dia-
gram

y 4 X

(1) ql lp

N s M
where maps m,mg, q,p are surjective submersions and induced map ¥ —
X xpu N,y — (n(y),q(y)) is a surjective submersion. We will denote a
fibered square (1) by Y in short, [3], [5].

A fibered square (1) has dimension (mq,ma,n1,ng), if dimY = mj+meo+
n1+ng, dim X = my+msg, dim N = mq +nq, dim M = my. For two fibered
squares Y7,Y, of the same dimension (mgj,me,ni,n2), a fibered squares
morphism f: Y] — Y5 is quadruple of local diffeomorphisms f: Y] — Yo,
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fi: X1 — Xo, fo: Ny — No, fo: M1 — Ms such that all squares of the cube
in question are commutative.

All fibered squares of given dimension (mjp,mso,ni,n2) and their mor-
phisms form a category which we denote by F2 M, mony.ns-

Every object from the category F2Mu, myny s is locally isomorphic to
the standard fibered square

R™t x R™2 x R™ x R" —— R™ x R™2

2) | |

R™ x R™ - R™
which we denote by R™1m2™:"2 where arrows are obvious projections.
Let Y be a fibered square (1) of dimension (mj,mg,n1,n2). We define
the r-th order adapted frame bundle

( ) P};(Y) — {j(0000)80| Q: R™M1M2,M1,02 L Y g
3 sUsUy
J 2Mm1,m27n1,n2 - morphism}

over Y with the projection §: P}(Y) — Y, ﬂ(j(oﬂ’op)go) = ¢(0,0,0,0).
The adapted frame bundle P}(Y’) is a principal bundle with Lie group
Gy mamymy = PARTUM2ILN2) 6 6y (with multiplication given by the
composition of jets) acting on the right on P} (Y’) by composition of jets.
Every F2Mpm, my.ny ny-morphism ®: Y] — Ys induces a local diffeomor-
phism Py®: P} (Y1) — P)(Y2) given by P}"‘(I)(j’"op’o’o)(p) = j(o’(]’O’O)((I) o),
[1], [4].

Definition 1. Let V be a finite dimensional vector space over R. A
.7:2/\/lm1,m27m,n2-canonical V-valued 1-form © on P} is any fgj\/lml,mmm,nz—
invariant family © = {©y} of V-valued 1-forms ©y: TP4(Y) — V on
P1(Y) for any F2 M, my.nyna-0bject Y, [2], [4].

The invariance of canonical 1-form © means that two V-valued forms
Oy, and Oy, are P} ®-related (that is P} ®*Oy, = Oy,, where P} ®*0Oy, =
Oy, o TP} ®) for any fQMml,m%m,m-morphism d: Y] — Y5

Example 1. For every F2 M, my.n, np-0bject Y we define Rmitmatnitna
valued 1-form fy on P}(Y) as follows. Consider the projection 3: P4(Y) —
Y given by B(j{y0.09) = ©(0,0,0,0), an element u = ji o 0% € Pi(Y)
and a tangent vector W = jic € T, P(Y). We define the form 6y by
Oy (W) =u"toTB(W)

— ]6 (w—l o ﬁ o C) € T(0,070,0)Rm1+m2+n1+n2 — RM1+m2+n1+n2.

(4)

Obviously, § = {0y } is a ]:2Mm1’m2,n1,n2—canonical 1-form on P}l.

A vector field W on Y is projectable-projectable on ~7:2Mm1,m2,n1,n2-
object (1), if there exists vector fields W7 on X and W5 on N and Wy on



Canonical vector valued 1-forms... 33

M such that W, W7 are w-related and W, Wy are g-related and Wy, Wy are
p-related and Wa, Wy are mp-related, [5].

We therefore see that vector field W on Y is projectable-projectable on
F2 Moy sy ma-object (1) if and only if the flow {®;} of vector field W is
formed by local F2 M, my.ny ny-Maps.

The space of all projectable-projectable vector fields on F2 M, mo.nyne-
object Y will be denoted by X,r0jproj (Y'). It is Lie subalgebra of Lie algebra
X(Y) of all vector fields on Y.

For projectable-projectable vector field W € X ppojproj (Y') the flow lifting
PLW is vector field on P} (Y') such that if {®;} is the flow of field W, then
{P7(®,)} is the flow of field Py W. (Since ®; are F2 M, my.ny.n,-Maps, we
can apply functor P} to ®;).

To present a general example of a F2 M, 1o ny.n,-canonical V-valued 1-
form on P} we need the following lemma, which is an obvious modification
of the known fact for usual manifolds.

Lemma 1. Let Y be a fibered square (1) from the category F> Mo, mani.ns -
Then any vector w € T,P}(Y'), where v € (Py(Y))y, y € Y, is of the form
w = PLW, for any projectable-projectable vector field W € Xproj-proj (Y),
where PAYW € X(Py(Y)) is the flow lifting of field W to P%(Y). Moreover

JyW is uniquely determined.

Proof. We can assume that Y = R™™m27m2 and y = (0,0,0,0) €
R™Mtmatmtne - Gince P (R™M2:2) ig obviously a principal subbun-
dle of the r-th order frame bundle P"(R™tm2+ni+n2) hy the well-known
manifolds version of Lemma 1, we find W € X(R"™1+m2+tm+n2) guch that
w = P"W, and jZ"O’O’O’O)W is uniquely determined, where P"W is a vec-
tor field on P"(R™1tm2tm+n2) heing a flow lifting of vector field W and
v € Ph(RmMumaning). N

For a projectable-projectable vector field W € X,0-proj (R™1m2:n1n2) the
vector P"W,, € T, Pr(Rm™i+mz2tnitn2) i tangent to P (R™M1m211n2) at the
point v. On the other hand, the dimension of space Pj(R™™2:"1:"2) and

T
(0,0,0,0

fields W € Xproj-proj (RM1M21112) are equal. Then Lemma 1 follows from
dimension equality, since flow operators are linear. O

the dimension of space of r-jets j )W of projectable-projectable vector

Example 2. Let

(5) A J05.00.0) Tproj-proj (RTHT2M0N2)) — V7
be a R-linear map, where J(To_olo O)(Tpmj_pmj (Rm-m2.n1n2)) g the vector
space of all (r — 1)-jets j(gloo)W at point (0,0,0,0) € Rmitmatnitns of

projectable-projectable vector fields W' € X,p0)proj (R™1™27172) - Given
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a fibered square Y, (1), from the category F?Mm, monyn, We define V-
valued 1-form ©3: TP, (Y) — V on P;(Y) as follows. Let w € T, P;(Y),
where v = ji; 0009 € (Py(Y))y, y € Y. By Lemma 1, we have w =
P W, for some projectable-projectable vector field W € X,r0).proj (Y) and
JyW is uniquely determined. Then is uniquely determined the (r — 1)-jet
j((Il,o,o)(W_l)*W), where (01, W = Tp~t o W o p. We define

(6) O} (w) = Ay ko ()T,

Obviously, ©* = {©3} is F2 M, my.ni.n-canonical V-valued 1-form on
P

The main result of this note is the following classification theorem.

Theorem 1. Any F2Mn, myni.ny-canonical V-valued 1-form on P} is of
the form ©* for some uniquely determined R-linear map

A: J(ojt)l,o,o) (Tproj-proj (RTM2MLN2)) — V.

In the proof of Theorem 1 we use the following fact.

Lemma 2. Let Wi, Wa € Xpojproi (Y) be projectable-projectable vector
fields on F M, myniny-object Y and let y € Y be a point. We sup-
pose that j;_lwl = j;‘lVVg and Wi (y) is not vertical vector with respect to
composition of projections w:Y — X and p: X — M. Then there exists a
(locally defined) F2 M, mymyns-map ®:Y — Y such that Jy (@) = j; (idy)
and ®, W, = Wy near y.

Proof. It is a direct modification of the proof of Lemma 42.4 in [2]. g

Proof of Theorem 1. Let © be F?Mpn, myny.n,-canonical V-valued 1-

form on P}. We must define \: ‘](7“07,01,0,0) (Tproj-proj (RM1M2:m112)) — V. by

(7) )\(g) = (Gle 12,11 ,M2 )(Per(O,O,O,O) (idRTVll,TVLQ,TLl,TLQ ))

for all £ € ,](T(;()l0 0) (Tproj-proj (R™M1M21102)) - wwhere W is a unique (germ at
(0,0,0,0)) of projectable-projectable vector field on R™1-"2:m1:"2 guch that
j(o_ 300)W = £ and coefficients of W with respect to the basis of space
Xproj-proj (Rm1m2.n1m2) composed of canonical vector fields are polynomials
of degree < r — 1. We are going to show that © = ©*. Because of the
F2 My my.ny np-invariance of © and ©* it remains to show that

(8) (@le’m%"lﬂ@)(w) == (@ﬁ?’nlﬂ’n2,n1,n2)(w)
for any w € Tj(To,o,o,o) )Pg(Rmhmz,m,nz).

By the definition of A and ©* we have (8) for any w of the form

(idle ;Mm9,n1,n9

w = PAW](O,O,O,O) (zdle,mQ,nl,ng )»
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where W € Xproj-proj (R™172:1:72) is a projectable-projectable vector field
such that coefficients W with respect to the above mentioned basis of the
space X projproj (R71M271:12) are polynomials of degree < r — 1.

Now, let w € T}r y Py (Rmemzninz) - Then by Lemma 1,

3{0,0,0,0) ({dgm1,ma,n1 2
w is of the form w = PLW. for some projectable-pro-

JA(TOVOYO,O)(idleymzynl,@)
jectable vector field W € X projproj (R™1™271:72) and j{07070’0)W is uniquely
determined. We can additionally assume that 1(0,0,0,0) is not verti-
cal vector with respect to projection R™itmztnitnz _, RMi_ et W €
X proj-proj (RM1M21112) he projectable-projectable vector field such that

j&;l’O’O)W = j((;(},o,o)w and coefficients of field W with respect to the

basis of constant vector | fields on R™1s
S r — 1 Let ’[E == PQWT

](OYO,O’())(idlev'm‘Qv"l’nQ)'
(Orm1ma.m1ns )(W) = (@ﬁmlvm27”17"2 )(w).
On the other hand by Lemma 2 there exists a F2Mn, my.ny.n,-Map

m2,mN2 gre polynomials of degree

Then (see above) it holds

©: R o RN such that Jig 0.0,0/® = J(0,00,0) (idrm1ma.niinz)
and ®, W = W near (0,0,0,0) € Rmtm2tni+nz  Gipce J(0,0,0,0)® = id; then

® preserves ji 0.0 (idgmi,ma.n1m2). Then since @ W = W, so ® sends w

into w. Then because of invariance of © and ©* with respect to ®, we
obtain

(Ormimaminz ) (w) = (Opmimanina ) (@) = (Ofmymanyng ) (@)

== (C—)ﬁml,mg,nl,nQ)(w). D

For »r = 1 we have J(OOOOO) (Tproj-proj Rmtmetnatne) o Rmatmatnitns

Then by Theorem 1, the vector space of F2 M, my.ny .np-canonical V-valued
1-forms is of dimension (mj + mg + n1 + n2) dim V. Then we have:

Corollary 1. Any F2Mm, my.ny .ny-canonical 1-form © = {Oy} on P} is
of the form

(9) Oy =Xoby: TPy(Y) -V

for some unique linear map \: R™MTm2tritnz v yhere § = {0y} is a
canonical R™Tm2tm1+n2 yalyed 1-form on P} from Ezample 1.

Example 3. Notice that it holds

r—1 . . Pemitmet+ni+ng) ~ pmi1t+metnitng r—1
(]‘0) ‘](07()’070) (TpT‘Oj—p’l‘Oj R ) =R D gml,mg,nl,ng )

where g7-1 = Lie(G7 1 ).

mi,ma,ni,n2 mi,m2,ni,n2
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. . 2
In this way for A = idgm, tmytn; 1ns B gy W have F“Mn, mo.ni ne-
canonical 1-form

0;/ — @Zdn@m1+M2+n1+”2@g -

r—1
mi,mg,n1,ng -

11
( ) TPIQ(Y) - Rm1+m2+n1+n2 @ ngl

mi,m2,n1,n2

on P} (see Example 2). For r = 1, we have 6! = 0 as in Example 1.
Analogously as in Corollary 1 we have

Corollary 2. Any F2Mm, my.ny .ns-canonical V-valued 1-form © = {Oy}
on P} is of the form:

(12) Oy =Xoby: TPY(Y)—-V

for some uniquely determined linear map \: RM™iTm2tnitnz gg
V', where 0" is from Example 3.

r—1
—
mi1,m2,n1,n2

Remark 1. A notion of fibered square is a generalization of a fibered man-
ifold. The theory of projectable natural bundles over fibered manifolds is
essentially related with the idea of fibered square, [2], [3], [5].
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