doi: 10.2478/v10062-009-0002-1

ANNALES
UNIVERSITATIS MARIAE CURIE-SKEODOWSKA
LUBLIN-POLONIA

VOL. LXIII, 2009 SECTIO A 17-27

MOHAMED K. AOUF and RABHA M. EL-ASHWAH

Differential sandwich theorems
for analytic functions defined
by Cho—Kwon—Srivastava operator

ABSTRACT. By making use of Cho-Kwon—Srivastava operator, we obtain
some subordinations and superordinations results for certain normalized an-
alytic functions.

1. Introduction. Let H(U) be the class of analytic functions in the open
unit disk U = {z : |z| < 1} and H(a,n) be the subclass of H(U) consisting
of functions of the form:

f(z)=a+an2" +an12" M+ (a€C).

For simplicity, let H[a] = H[a, 1]. Also, let A be the subclass of the functions
f € H(U) of the form:

(1.1) flz)=z+ Z anz".
n=2

For f,g € H(U), we say that the function f is subordinate to g, or the
function g is superordinate to f, if there exists a Schwarz function w, i.e.,
w € H(U) with w(0) = 0 and |w(z)| < 1, z € U, such that f(z) = g(w(z))
for all z € U. This subordination is usually denoted by f(z) < g(z). It
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is well known that, if the function g is univalent in U, then f(z) < g(z) is
equivalent to f(0) = g(0) and f(U) C g(U) (cf., e.g., [7], see also [4]).
Supposing that p, h are two analytic functions in U, let
o(r,s,t;2): C3 x U — C.

If p and o(p(z), 2p (2),2%p" (2); 2) are univalent functions in U and if p
satisfies the second-order subordination

(1.2) h(z) < o (p(2),2p (2),2°p (2); 2),
then p is called to be a solution of the differential superordination (1.2).
A function ¢ € H(U) is called a subordinant of (1.2), if ¢(z) < p(z) for
all the functions p(z) satisfying (1.2). A univalent subordinant ¢ that sat-
isfies q(z) < q(z) for all of the subordinants ¢ of (1.2), is called the best
subordinant (cf., e.g., [7], see also [4]).

Recently, Miller and Mocanu [8] obtained sufficient conditions on the
functions h, ¢ and ¢ for which the following implication holds:

h(z) < (p(2),2p (2), 2°p (2);:2) = q(2) < p(2).
For functions f;(z) € A, given by

fi(z) =24 ang2" (j=1,2),
n=2
we define the Hadamard product (or convolution) of fi(z) and f2(z) by
i h)e) =24 Y tmaanas = (o [1)(z) (2 € D).
n=2

In terms of the Pochhammer symbol (), given by
(0), 1, (n=0)
"Tl00+1)...(0+n—-1), (neN={1,2,...}),

we now define a function ¢(a, ¢; z) by
(1.3) ola,c;z) =z + Z (((zinznﬂ
n=1 n

(ae Ryce R\Zy; z; ={0,-1,-2,...}; z€ U).
With the aid of the function ¢(a, ¢; z) defined by (1.3), we consider a func-
tion ¢*(a,c; z) given by the following convolution

. z
ola,c;z) * @ (a,c;z):m A>-1;z€U)

which yields the following family of linear operators I*(a, ¢):

(1.4)  IMa,o)f(2) = ¢*(a,¢;2) * f(2) (a,c € R\Zy; A\ > —1; z € U).
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For a function f(z) € A, given by (1.1), it is easily seen from (1.4) that

n—1(A
(1.5) ™a,c —z+2 al +) - —La,2" (2 €U),

which readily yields the followmg

(1.6)  2(IMa,0)f(2)) = A+ DIM(a,0) f(2) = AT (a,0) f(2)

and

(1.7) 2(IMa + 1, c)f(z))/ =alMa,e)f(2) — (a — DIMa+1,¢) f(2).

The operator I*(a,c) was introduced and studied by Cho et al. [5].
We also observe that:

() 1°(L1)7(2) = ' Df() = f(2). L DFE) = f (),
2(1,1)f(2) = 1(22f (2) + 22F (2));
(i) 241+ 2,1)f() = Fu(f)(=) (u > —1), where

!’

FuPE) =20 [ (see [2)
0

(iii) I°(n +1,1)f(2) = I,f(2) (n € No = N U {0}) (Noor integral oper-

ator, see [11] );

(iv) IMp+2,1)f(2) = Ir,f(2) (A > —1; p >—2) (Choi-Saigo-Srivastava

operator see [6]).

Recently many authors ([1], [9], [10] and [12]) have used the results of
Bulboaca [3] and shown some sufficient conditions applying first order dif-
ferential subordinations and superordinations.

The main object of the present paper is to find sufficient condition for cer-
tain normalized analytic functions f(2), g(z) in U such that I*(a,c)g(z) # 0
for 0 < |z| < 1 and satisfy

PHofE)
I)‘<G,C)g(2:) = qZ( )a

where ¢1, g2 are given univalent functions in U. Also, we obtain the number
of known results as their special cases.

q1(2) <

2. Definitions and preliminaries. In order to prove our results, we shall
make use of the following known results.

Definition 1 ([8]). Denote by @, the set of all functions f that are analytic
and injective on U\ E(f), where

B() = {ceou tms(e) - oo

and are such that f'(¢) # 0 for ¢ € U\E(f).
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Lemma 1 ([7]). Let g be univalent in the unit disk U and let 6 and ¢ be
analytic in a domain D containing q(U) with p(w) # 0 when w € q(U). Set

/

U(z) = 2q (2)p(q(2)) and h(z) = 0(q(2)) + ¥(2).
Suppose that

(i) ¥(2) is starlike univalent in U,
zh'(2)
¥(2)
If p is analytic in U with p(0) = ¢(0), p(U) € D and

(2.1) 0(p(2) +2p (2)(p(2)) < 0(a(2)) + 24 (2)¢(q(2)),

then

(ii) Re >0, zeU.

p(2) <q(2)

and q is the best dominant.

Lemma 2 ([3]). Let q be convexr univalent in the unit disk U and let 6 and
@ be analytic in a domain D containing q(U). Suppose that

{ } 0 :ev,

U(2) = 2q (2)p(q(2)) is starlike univalent in U.
la

pr € Hlq(0), ] N Q with p(U) C D and 6(p(2)) + zp (2)e(p(2)) is uni-
valent in U and

(2.2) 0(q(2)) + 2q (2)p(a(2)) < 0(p(2)) + 2p (2)(p(2)),

then

q(z) < p(2),
and q is the best subordinant of (2.2).

3. Subordination results. Using Lemma 1, we first prove the following
theorem.

Theorem 1. Let a # 0, 8 > 0 and q(z) be conver univalent in U with
q(0) = 1. Further assume that

(3.1) {5;+2 (2) + (1+Zjﬁf)>} >0 (zeU).

If f,g € A satisfy
(32) V(£ 9,0, 8) < (B = a)g(2) + ag?(2) + azq (),
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where
1(f,9,0,8) = (B - 2a) o 0gz) <IA(ayc)g(2) )
2(a,c)f(z)
3.3 a TN Aals)
(3-3) +a(A+2) Ia,c)g(2)
—a Pa,0)g(2) (1M (a,0)f(2)
A+1) 1*(a,c)g(2) < Ia, c)g(2) >’
then

M (a,0)f ()
*a, c)g(2)

and q is the best dominant.

< q(2)

Proof. Define the function p(z) by

_ a0 f(2)
(34) p(Z) - I)‘((I, c)g(z)

Then the function p(z) is analytic in U and p(0) = 1. Therefore, differenti-
ating (3.4) logarithmically with respect to z and using the identity (1.6) in
the resulting equation, we have

*a,0) f(2)
I*(a, c)g(2)

+ a(A+2)

(zeU).

*a,0)f(2)
1*(a, c)g(2)

PR0afE)
(e, ofe Y

= (8- a)p(z) + ap®(2) + azp (2).
By using (3.5) in (3.2), we have

b —2a+«a

(3.5)

(36) (B—a)p(z) +ap’(z) + azp (2) < (B — a)q(2) + ag*(2) + azq (2).
By setting
O(w) = aw?* + (B —a)w and ¢(w) = aq,

we can easily observe that 6(w) and ¢(w) are analytic in C\{0} and that
¢(w) # 0. Hence the result now follows by using Lemma 1. O

Remark 1. Putting A = 0, a = ¢ = 1 and taking f(z) = ¢g(2) (z € U) in
Theorem 1, we obtain the result obtained by Murugusundaramoorthy and
Magesh [10, Corollary 2.9].

Putting f(z) = g(2) (z € U) in Theorem 1, we obtain the following
corollary.



22 M. K. Aouf and R. M. El-Ashwah

Corollary 1. Let o # 0, > 0 and q be convex univalent in U with q(0) = 1
and (3.1) holds true. If f € A satisfies

P a,0)f(2) P 0)f(z) (Iwa, c)f(z)>2
P a,0)f(2) Pa,0)f(2) P a,0)f(2)
< (8= )a(z) + ag*(2) + azq (2),

(B —2a) +a(A+2)

then
"(a,0) f(2)

P a1

and q is the best dominant.

Putting @ = p+ 2 (x> —2) and ¢ = 1 in Theorem 1, we obtain the
following corollary.

Corollary 2. Leta # 0, > 0 and q be convex univalent in U with q(0) = 1
and (3.1) holds true. If f,g € A satisfy

Nn(f.9,0,8) < (B — a)q(z) + ag*(z) + azq (2),

where
- I)\Jrl7 f(Z) I)\Jrl, f(Z) ?
. 1(f:9,08) = (5 = 20) 7= 05" + o <IA,:J(z)>
‘ M _ Day1,9(2) (IM-Luf(Z))
+a(A+2) Tong(2) a(A+1) Tn,9(2) I ,.9(2)
fher Dol () oy
I)\,ug(z) 7

and q is the best dominant.

Putting a = p+2 (u > —1), ¢ =1 and X\ = p in Theorem 1, we obtain
the following corollary.

Corollary 3. Leta # 0, > 0 and q be convex univalent in U with q(0) = 1
and (3.1) holds true. If f,g € A satisfy

2 (f.9,0,8) < (B — a)q(2) + ag*(z) + azq (2),

where
~ f(2) OB
(3‘8) '72(f7gaa,6) = (B —a+ aM)FM(g)(Z) ta <Fﬂ(g)(z)>
) o) f)
T E@e VR W@ REGE
then £(2)
m < q(2),

and q is the best dominant.
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Putting f(z) = ¢g(z) (2 € U) in Corollary 3, we obtain the following
corollary.

Corollary 4. Let o # 0, > 0 and q be convex univalent in U with q(0) = 1
and (3.1) holds true. If f € A satisfies

v(f, 0, 8) < (B — a)a(z) + ag®(2) + azq (2),

where
B f(2) zf (2) f(2) ?
(89) (/0. 8) = (B-atap)pirp 5 +ag w0y ok (FM)(Z)) ’
then
O e
R <1 =

and q is the best dominant.
4. Superordination and sandwich results.

Theorem 2. Let aw # 0 and B > 0. Let q be convexr univalent in U with
q(0) = 1. Assume that

(4.1) Re {g(2)} > Re{a;a/B} .

M (a,0)f ()

Let f,ge A, (0, g(2) € H[q(0),1]NQ. Let v(f,g,a, ) be univalent
mn U and ’
(4.2) (B — a)q(2) + ag?(2) + azq (2) < 7(f. g, @, B),

where y(f, g,a, B) is given by (3.3), then
A

1 (a,c)g(2)
and q is the best subordinant.
Proof. Let p(z) be defined by (3.4). Therefore, differentiating (3.4) with

respect to z and using the identity (1.6) in the resulting equation, we have
Y(£r9,0,8) = (B = @)p(2) + ap’(2) + azp (2),
then
(8 = a)a() + ag*(2) + azq (2) < (B — a)p(z) + ap’(z) + azp ().
By setting 0(w) = aw? + (8 — a)w and p(w) = «, it is easily observed that

0(w) is analytic in C. Also, ¢(w) is analytic in C'\{0} and that ¢(w) # 0.
Since ¢(z) is convex univalent, it follows that

e o [Boa )
Re{@(q(z))}—R{ o + 2¢( )}>O (z€U).
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Now Theorem 2 follows by applying Lemma 2. O

Putting f(z) = ¢g(2) (z € U) in Theorem 2, we obtain the following
corollary.

Corollary 5. Leta # 0, f > 1 and q be convex univalent in U with ¢(0) = 1

I)\+1
and (4.1) holds true. Let f € A, W € H[q(0),1]NQ. Let

A+1 a.c z
i, B) = (8- 2Q)M

N GCTION
Pa,0fG) )

*2(a,0)f(2)

+a(A+2) ™a.0 /()

be univalent in U and

(8 = a)a(z) + ag’(z) + azq () < V(. B),

then
*(a, ) f(2)

") a0 /)

and q is the best subordinant.

Putting @ = p+ 2 (1 > —2) and ¢ = 1 in Theorem 2, we obtain the
following corollary.

Corollary 6. Let o # 0, B > 1 and q be convexr univalent in U with
I
q(0) = 1 and (4.1) holds true. Let f,g € A, Do/ (2) € H[q(0),1] N Q.

I)\,Mg(z)
Let v1(f, g, , B) be univalent in U and

(8= a)g(2) + ag’(2) + azq (2) <= n(f, 9, B),
where v1(f, g, , B) is given by (3.7), then
q(Z) _< I>\+1,,uf(z)

I)\,ug(z)
and q is the best subordinant.

)

Putting a = p+2 (u > —1), c =1 and A = p in Theorem 2, we obtain
the following corollary.

Corollary 7. Let o # 0, B > 1 and q be convexr univalent in U with

q(0) =1 and (4.1) holds true. Let f,g € A, FMJES)(Z) € H[q(0),1]NQ. Let

v2(f, g, , B) be univalent in U and

(ﬁ - a)Q(Z) + O((]Q(Z) + OéZ(]/(Z) = 72(fag>aaﬁ)a
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where v2(f, g, , B) is given by (3.8), then

and q is the best subordinant.

Putting f(z) = ¢(2) (¢ € U) in Corollary 7, we obtain the following
corollary.

Corollary 8. Leta # 0, § > 1 and q be convex univalent in U with q(0) = 1
and (4.1) holds true. Let f € A, @) € H[q(0),1]NQ. Let ys3(f,, )
Fu(f)(z)

be univalent in U and

(B —@)q(2) + ag’(2) + azq (2) < w(f, @, 8),
where v3(f,a, B) is given by (3.9), then

(//J > 71)7

and q is the best subordinant.
We conclude this section by stating the following sandwich result.

Theorem 3. Let q1 and g2 be convexr univalent in U, o # 0 and 8 > 1.
Suppose qo satisfies (3.1) and q1 satisfies (4.1). Moreover, suppose

M(a,0) f(2)
I (a,c)g(z)
and y(f, g, a, B) is univalent in U. If f,g € A satisfy

€ H[1,1]NnQ

(B = )q1(2) + agi (2) + azqy (2) < ¥(f, 9, B)
< (B - a)qa(2) + g3 (2) + azgy(2),
where v(f, g,a, B) is given by (3.3), then

PHaofe)
o, a(z) 20

and q1, q2 are, respectively, the best subordinant and the best dominant.

q1(z) <

By making use of Corollaries 2 and 6, we obtain the following corollary.

Corollary 9. Let g1 and qo be conver univalent in U, o« #= 0 and 8 > 1.
Suppose qo satisfies (3.1) and q1 satisfies (4.1). Moreover, suppose

Ini1u(a, ) f(2)
Iyula; c)g(z)

€ H[1,1]NQ
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and v1(f, g, a, B) is univalent in U. If f,g € A satisfy
(B — @)q1(2) + gt (2) + azq,(2) < n(f, 9, B)
< (B - a)ga(2) + ag3(2) + azgy(2),
where v1(f, g, , B) is given by (3.7), then

IA+1,uf(Z)
I)\,ug<z)
and q1,q2 are, respectively, the best subordinant and the best dominant.

qi(z) < < q2(z) (b>-2)

By making use of Corollaries 3 and 7, we obtain the following corollary.

Corollary 10. Let ¢; and g2 be convex univalent in U, o« # 0 and 5 > 1.
Suppose qo satisfies (3.1) and q1 satisfies (4.1). Moreover, suppose

f(z)
Fu(9)(2)
and v2(f, g, a, B) is univalent in U. If f,g € A satisfy
(8= a)ai(2) + agi(z) + azq1(2) < 72(f, 9,0, 8)
=< (B = a)a2(2) + g3 (2) + azgy(2),
where Yy2(f, g, v, B) is given by (3.8), then

FE o e
Fo ) >

and q1, qo are, respectively, the best subordinant and the best dominant.

e H[1,1NnQ

q(z) <

By making use of Corollaries 4 and 8, we obtain the following corollary.

Corollary 11. Let ¢; and g2 be convex univalent in U, a # 0 and § > 1.
Suppose qo satisfies (3.1) and q1 satisfies (4.1). Moreover, suppose

f(z)
and y3(f,, B) is univalent in U. If f € A satisfies
(8= a)ai(2) + agi(z) + azq;(2) < 3(f, o, B)
< (B = @)q2(2) + ag3 (2) + azgy(2),
where v3(f,a, B) is given by (3.9), then
f(z)
Fu(f)(2)

and q1, q2 are, respectively, the best subordinant and the best dominant.

€ H[1,1]NnQ

q1(2) < <q(z) (p>-1)
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