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Estimates of L, norms for sums
of positive functions

ABSTRACT. We present new inequalities of L, norms for sums of positive
functions. These inequalities are useful for investigation of convergence of
simple partial fractions in L, (R).

Let p, be a polynomial of degree n with zeros z1, z9,...,2,. The loga-
rithmic derivative of p,,

W) -1
nlt) = Pt =

pn(t) t— 2

1
is called a simple partial fraction.
Let zr, = x + iyg. V. Yu. Protasov [1] showed that if

o
1 11
(1) > <+oo,]3+—:1,

then the series

converges in Ly(RR).
In [1] the problem to find necessary and sufficient conditions for conver-
gence of the series g in L,(R) was posed. Protasov proved that if g
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converges in L,(R) and all 2, lie in the angle |z| < Cly| with a fixed C, then
for all € > 0 the following condition holds:

@) Z ryk|1/q+f

Therefore, we see that the sufficient condition (1) is quite close to the
necessary condition (2).
In the paper [2] we proved the following theorem.

Theorem 1. Letp > 1. If

[e9) p—1
3) Zﬁ o,

yr[P1

then the series

— =
k=1
converges in Ly(R). Conversely, if goo

(t) converges in Ly(R), the sequence
|yn| is increasing and |zx| < C|yg|, then t

he condition (3) holds.

The proof of Theorem 1 is based on the following fact.

For any p > 2 there exists a positive constant C), depending only on p
such that the following inequality holds

+OO n n
Yk
/ (Z (t_xk)Q"i‘y/%) ir=c Z

e \k=1 k=

It turns out that there exists a nontrivial generalization of this result for
arbitrary positive functions from arbitrary measurable space.

To be precise, let X be a measurable space with positive measure u.
Suppose that fr € L1(X, 1) N Loo(X,p) and fr, >0, k=1,2,...,n

We set

L= d
max. / Trdp,
X

The aim of the present paper is the following theorem.

Theorem 2. If p € (1,2], then there exists Cy, such that

(4) / (Z fk> dp < C,LY | Y My,
¥ \k=1 j=1 \k=j

p—1
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If p € [2,400), then there exists Cp such that

n p n
(5) / (Z fk> dp < CpLy | (kM)
k=1

To prove Theorem 2 we need the following

Lemma. For any natural p the following inequality holds

(6) / (Z fk> dp < pl(p— 1)L (kM)P .
k=1

X k=1

Proof. We multiply out and then integrate term by term:

/(5] =

= > /flclsz"'fkpdﬂ

kl,k2:-~~7kpX

<o Y[ Badi iy

ki>ko>>kp i

<p ) /Mk1Mk2 s My, e, dp
ki >ko>>ky 3

kp—1
:p' Z Mkle2 . -]\4,%;71 Z /fkpd,UJ

k1>ko>->kp 1 kp=1%
<plL Z My My, -+ My, k1 My, .
ki>ko>->kp 1

In these inequalities the indexes k1, ko, ..., k, are varying from 1 to n. We

note that for p = 1 the last sum is equal to nw. For p = 2 that sum is equal
to 27 22:1 kMjy,.
It is clear that to prove (6) it is enough to show that

n

n k:l k/‘p73 k'p72
Z Mkl Z Mkz‘ . Z Mkp72 Z Mkp,lkp—l S (p— 1)! (/{IMk)p_l .

ki=1 ko=1 kp_o=1 kp_1=1 k=1
This inequality was established in the paper [2]. Lemma is proved. O
Proof of Theorem 2. We have

n p n n p—1
/(ka> d“:/ (ka> (ka> dp < 277N + D),



14 I. R. Kayumov

where

/ifg (Z >p1 dp,

X

p—1
n n
b= 30| 2 5]
7=1 k=j+1
Here we have used the clabmcal inequality (a + b)* < 2%(a® 4 b%) which
holds for all positive a, b, a.
It is easy to see that
p—1 p—1

(7) L < /Zf] ZMk dungn: i:Mk

k=j+1 j=1 \k=j+1
Further we Shall consider the cases p < 2 and p > 2 separately.

Case p € (1,2].
To get an upper estimate for I; we use the Holder inequality

g\ U8
I1<i:gfadu Q/Zﬁ )du

with parameters « =1/(2—p), f =1 Therefore

/(p
I < ZZ: (X/f“dﬂ : (X/kadu
/f“ 'fidu ([kadu

<Z MO‘ 1L) (L)~ j ) p=L

Applying Copson s inequality ([3], Theorem 344)

00 0o
Z(an +Opy1+ o )p—l > (p - 1)p—1 Z(nan)p !
n=1 n=1

we get
p—1

IlgLZn: Zn:Mk
j=1 \k=j

This inequality together with (7) gives us desired estimate (4) which proves
Theorem 2 in case when p < 2.
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Case p € (2, +00).
It follows from Copson’s inequality ([3], Theorem 331)

oo oo
Z(an +apg1 + o )p_l <(p-— l)p_l Z(nCLN>p !
n=1 n=1

that

(8) I, < Lp PIZJP Ui

To estimate I; we again use the Holder 1nequahty
1)8 1/

Il<i(!f“du (K/ ka dpe

with parameters & = m/(m + 1 — =m/(p — 1) where m is the inte-
ger part of p. Further, Lemma and Holder S mequahty yield the following
estimates

11<ZL1/<1M°“1 /ka dp

7j=1

(p—1)/m

j (p—1)/m
<LZMP L)/m <7rm'( —1) |Z kM;)™ )

Jj=1 =1

- (p—1)/m
n J
= LC(m,p) Y _(jM;)®~D/m ( > (kM) )
=1 j k=1
J
1/

< LC(m, p) Z ]M al(P 1)/m
7=1

3

n Bi(p—1)/m\ /51
< <,Z(kMk)m_l>
=1 \7 =1
Setting a1 = m, 1 = m/(m — 1), we obtain
n 1/m
I < LC(m,p) Z
7j=1
(m=1)/m

“ (1 (p—1)/(m—1)
j=1 J :1
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Applying Hardy’s inequality ([3], Theorem 326)

oo S s O
ay +ag + -+ ag S s
> () = ()

n=1
with s = (p — 1)/(m — 1) and aj, = (EMy)™ ! we see that
N 1/m " (m—1)/m
I < LC(m,p) | Y (iM;)P! $(s— 1) > (FM;)P!
j=1 j=1
= LCy(m,p) > (jM;)P "
j=1
This estimate together with (8) proves (5). Theorem 2 is proved. O

Let us remark that the inequalities (4) and (5) are sharp up to some
absolute constant depending on p only. This can be easily seen by setting
f; =1 on X. Other examples can be constructed as follows: X =R and

Yk
) = ———5.
fk() (t_-%'k)Q‘i‘y,%
In case when |yg| is increasing sequence, it was proved in the paper [2]
that the sign < in the inequalities (4) and (5) can replaced by > with some
other absolute constant ¢, > 0 depending on p only.
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