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Linearly-invariant families and generalized
Meixner—Pollaczek polynomials

ABSTRACT. The extremal functions fo(z) realizing the maxima of some func-
tionals (e.g. max |as|, and maxarg f/(z)) within the so-called universal lin-
early invariant family U, (in the sense of Pommerenke [10]) have such a form
that f(/)(z) looks similar to generating function for Meixner—Pollaczek (MP)
polynomials [2], [8]. This fact gives motivation for the definition and study of
the generalized Meixner—Pollaczek (GMP) polynomials P, (x;6,1) of a real
variable = as coeflicients of
1
(1 — zei@)A—iw (1 — zeit)Ati

oo

GMx:0,932) = =D Pi(@6,9)2", |2 <1,

n=0
where the parameters A, 0, v satisfy the conditions: A > 0, 8 € (0,7),
1 € R. In the case 1) = —0 we have the well-known (MP) polynomials. The
cases ¢ = w — 0 and ¥ = 7 + 0 leads to new sets of polynomials which we
call quasi-Meixner—Pollaczek polynomials and strongly symmetric Meixner—
Pollaczek polynomials. If x = 0, then we have an obvious generalization of
the Gegenbauer polynomials.

The properties of (GMP) polynomials as well as of some families of holo-
morphic functions |z| < 1 defined by the Stieltjes-integral formula, where the
function 2G*(z;0,%; z) is a kernel, will be discussed.

1. Linearly-invariant families of holomorphic functions
(1.1) f(z)=z4a2®+..., zeD
2010 Mathematics Subject Classification. 30C45, 30C70, 42C05, 33C45.

Key words and phrases. Typically-real functions, univalent functions, local univalence,
orthogonal polynomials, Meixner—Pollaczek polynomials.



46 I. Naraniecka, J. Szynal and A. Tatarczak

in the unit disk D = {z : |2| < 1} were introduced by Pommerenke in [10],
and then were intensively studied by several authors (e.g. [14], [15] and [17]).

A family 9 of holomorphic functions of the form (1.1) is linearly-invariant
if it satisfies two conditions:

(a) f'(z) #0 for any z in D (local univalence),
(b) for any linear fractional transformation

0 2Ta
= , ,z€eD, 0 eR,
o(z)=¢e 115 ©F
of D onto itself, the function

RS — F(60)
AMAE) =F@) = =5 506 )

The order of the linearly-invariant family 91 is defined as

=z+...eM.

ord M = sup |az(f)|.
fem

Universal invariant family U, is defined as
Ua= |J
ord M<«

It is well known that @ > 1 and U; = S¢ = the class of convex univalent
functions in D, and the familiar class S of all univalent functions is strictly
included in Us. Moreover, for every o > 1, the class U, contains functions
which are infinitely valent in D [10], for example:

o] (229) 1)

/ 1
foz) = (14 2)1=1(1 — 2)1+or’

Another example of such a function was presented in [15]:

vy=+Va%-1.

(1.2) fol(2) ! Lo ze iml ty # to+2k
. z) = - — ™
0 (eitz — eit1)jy /o2 — 1| \ 1 — zeit2 » Ul 2 )

for which

(1.3) £(z) = !

(1 — zeitr)1=iVa2=1(] _ zeitz)1+iva?=1"

Functions of the form (1.2) appear to be extremal for the long lasting
problems:
max |ag| and max |ar /z,
max [as| max |arg f(2)]

recently solved by Starkov [14], [15], who proved that the extremal function
for max |ag| is of the form (1.2) with ¢; = 0, to = —0, where

o _ \/(3 —a?) + 3ivaZ -

e e (4.
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However, the extremal function fo for max;cp: |arg f'(2)| is of the form
(1.2) with

1 r
t1 = m — arctan — — arctan —,

a a
1

to = —7 + arcsin — — arcsinﬁ, r=|z| <1, t1 # —ta ([15]).
« «

We see that the extremal function for max sy, |as| has a special form leading

to (MP) polynomials, but the extremal function for maxser, |arg f'(2)|
leads to (GMP) polynomials, defined below.

2. Comparing (1.3) with the generating function for Meixner—Pollaczek
polynomials P} (z;6) ([2]):

1
Y L) — A
GMa; 0, —0;z2) = [ 2cp—ia(l sy ZP (z;0)2", z€D,

where A > 0,0 € (0,7), x € R, we are motivated to introduce the generalized
Meixner-Pollaczek (GMP) polynomials P)\(z;6,%) of variable x € R and
parameters A > 0, 6 € (0,7), 1) € R via the generating function

1
B Geiti) = e ~ L R0

z € D. Of course, we have P} (x;0, —0) = P,;\(x; ). We will find the three-
term recurrence relation, the explicite formula, the hypergeometric repre-
sentation and the difference equation for (GMP) polynomials P;\(z; 6, 1).

Theorem 2.1. (i) The polynomials P} = P} x;0,1)) satisfy the three-term
recurrence relation:

(2.2) P =0,
P =1,
nP) = [(A —iz)e + (\+iz)e™ + (n— 1) (e + V)| P,
— (@A +n—2) NP, n>1.

(ii) The polynomials P)(x;0,%) are given by the formula:

(2.3) PMx:0,) = ”‘92 Hzf)@fi;)m" 160 e NU{0}.
7=0

(iii) The polynomials P} (x;0,1)) have the hypergeometric representation

. i
(2.4) n!PM(x;0,1) = (2\) ™ F (n, A+ iz, 2)\;1 — zw).
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(iiii) Let y(z) = P} (z;0,v). The function y(x) satisfies the following dif-
ference equation

eie()\ —ix)y(z +1i) + [ix(ew + ew’) —(n+ )\)(ew — eiw)]y(:c)

2.5 .
(25) — e\ +iz)y(z —i) =0,
Proof. (i) We differentiate the formula (2.1) with respect to z and after
multiplication by (1 — ze¢®)(1 — z¢™¥) we compare the coefficients at the
power 2"~ L.

(ii) The Cauchy product for the power series

& s inf
(1 - 2¢i®)~0-io) = 5 (A —iz)ue™

= n!
and
P > /\—&—ixnemwn
gives (2.3).

(iii) We apply the formula from ([4], vol. 1, p. 82):

o
(1—5)"(1—s+s2)"%= Z (C)nF(—n,a; c;z)s",  |s| <1, [s(1—2)] <1,
= n!

with s = ze??, a = A +iz,c=2\, z2=1— ¢! =9 and obtain
(1 _ Zei@)—()\—ix)(l - Zeiz/))—()\—i-iz)
© ZneinH(Q)\)n

= TR (—n, A i 201 — 070,
.
n=0

Comparing the coefficients at the power 2", we get (2.4).
(iiii) Putting (x + ¢) and (x — 7) instead of x into the generating function
(2.1), we find that

n—1

y(@+i) =Y P(x;0,9)[' "R — illn=h=D0] 4 pA
k=0
n—1

y(a —i) =Y P(a;0,9)[e" RV — gln= k1ol 4 pa
k=0
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which implies that
(A = iz)y(z +i) — e\ + im)y(z — i)
n—1
(26) = (" =€) P30, 9)[(A - iw)e! "R 4 (A 4 iz)e’ TPV
k=0
+ [eia()\ —ix) — ew()\ + m:)]Ps

Differentiation of the generating function (2.1) with respect to z and com-
parison of the coefficients at 2"~ yields:

n—1
nP) (x;0,0) = > PM(a:0,9)[(A — iz)e" ™M 4 (X + iz) el R
k=0
which together with (2.6) gives (2.5). 0

The first four polynomials P are given by the formulas:
Corollary 1.
Py =1,
P} = ix(e™ — ) 4 A(e? + ™),
IP) = —z2 (e — €)% 4 in(2X 4+ 1)(e2¥ — e20) £ \[(1 + \)e*V
+ 220 4 (1 4 N)ei9),
6P = iz[3ePe¥ (e — ) — (3% — Bif)]
+3(1 + N a?[ee (e + )
— (3 + egie)] + +ix[3)\2eiee“p(eiw — eie)
+ (3X2 + 6) + 2)(3 — %19)]
AL 4 N)[BAPe™ (™ 4 ) 4 (A 4 2)(3 + 3],
24P4)‘ = :1:4[(ew’ — ei9)4 + 4€2i¢62i9] + 2i23(2)\ + 3)<€2iw — eQiH)(ew + ei9)2
+ 22 [ (62 + 18X\ + 11) (¥ + e49) 4 4(3X + 2)e¥ el (e2V 4 219)
+ 6(22% 42X + 1)e2¥ 2] + 2ix(e®¥ — e29)[(4X3 + 9N2 + 11\ + 3)
x (€2 4 20y 1 2)(2) + 3)e™ e
A1+ N[N+ 2)(A + 3) (¥ + e4f)
+AAN + 2)e e (2 4 e210) L AN + 1) Ve,

The four special cases of P (x;6,1) corresponding to the choice:

(a> Y = -0, (b) Yp=m—0, (C) Y=m+0, (d) =20
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lead to some interesting families of polynomials. Namely, we define:

1 00
Ao ) O ») — _ Ao n
(a) G (33‘, 0,—0; Z) (1 _ zew))\—iil?(l — Ze_iﬁ))\—‘ri:v nEZO Py (33, 9),2 , 2 €D,

and of course P)(z;0) are the well-known (MP) polynomials of variable
x € R with parameters A > 0, § € (0,7);

1
b) GMxz:; 0, m—0; 9 D
( ) G (JZ, i ’Z) (1 2619))‘ m(l + ze— z@))Hrm T;]Q” L5 ) z e,

where Q) (z;6) we call quasi-Meixner—Pollaczek (QMP) polynomials;

1
)\ )\ n
N N = B B B B — . D
(¢) GMNz; 0,7+ 6;2) a By (] AT EOSn(x,H)z , 2 €D,

where S)(; 0) we call strongly symmetric Meixner—Pollaczek (SSMP) poly-
nomials.

Observe that the special cases: i "Qp(x;0) and Sj(z; %) represent sym-
metric (MP) polynomlals studied in [ ], [6], [8] and [9].

Y. . )\
(d) GMNx:;0,0;z2) = a Zew ZH zeD,

where H)(0) = (2’\)” emf,
From Theorem 2 1 we have as the corollaries the following formulas for
the polynomials

P(;0)=P;\(2;0,-0), Qp(x;0)=P(x;0,7—0), Sy (z;0)= Py (x;0,7+0).

Corollary 2. (i) The (MP) polynomials P)(x;0) satisfy the three-term re-
currence relation:

P2 (2:0) =0
Py(z;0) =1,
nPMNx;0) = 2[xsingd + (n — 1+ A) cos ] P, (x;0)
—(2X\+n—2)P) o(x;0), n>1.

(ii) The polynomials P’\(x' 0) are given by the formula:

P)‘(x 0) = mez )‘Jrljx)(n(); Pl iT)n—j —2%]0, n € NU{0}.
7=0

(iii) The polynomials P)(x;0) have the hypergeometric representation
(9 .
Pg‘(a;; 0) = e’”ggF(—n, A+iz,2X1 — 67219).
n!

(iiii) The polynomials y(x) = P} (x;0) satisfy the following difference equa-
tion
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ew()\ —ix)y(x+1) 4 2i[x cos§ — (n+ A)sinfly(x) — e*w()\ +ix)y(x —i) =0.

Corollary 3. (i) The (QMP) polynomials Q) = Q) (x;0) satisfy the three-
term recurrence relation:

Qilzoa
Q=1
nQr = 2i[(A4+n—1)sinf —xcos)Q)_1 + 2A+n—2)Q) 5, n>1.

(ii) The polynomials Q) = Q\(x;0) are given by the formula:

)\+zx) (A —iz)p—j o2 9
Q) (z;0) = ™ wl  peNU{0}.
( ]ZO jt(n —j)! or

(iii) The polynomials Q) = Q) (x;6) have the hypergeometric representation

0 (200 iy
QMN(x:0) = emf’gF(—n, A+ iz, 2); 1+ e720).
n.

(iiii) The polynomials y(x) = Q) (x;0) satisfy the following difference equa-
tion

e\ —ix)y(x 4 ) — 2[zsind + (n+ \) cos Oly(z) + e P (A + iz)y(z — i) = 0.

Corollary 4. (i) The (SSMP) polynomials S, = Sy (x;0) satisfy the three-
term recurrence relation:

Sil - 0,
A
SO — 17
nS)‘ = —QixeieS)‘_l + (22X +n-— 2)62i95/\_ 9, n>1.

(i) The polynomials S} = S (x;0) are given by the formula:

e A — i)
SA(z;6) _emez “x( m) I neNuU{o.

(iii) The polynomials S>‘ S (x;0) have the hypergeometric representation

ing (2A)n )
:0) = 0 O Py i 2xc),

(iiii) The polynomials y(x) = S} (x;0) satisfy the following difference equa-
tion
A —ix)y(z+1i) — 2(n + Ny(z) + (A + iz)y(x — i) = 0.

Theorem 2.2. The polynomials Q)\(x;0) are orthogonal on (—oc, +00) with
the weight

wp@) = 5=

20x . 2 7z z
S |D(\ + iz) if A>0 and 0 (-2, 7)

22
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and

1
21

20x = N2 (e A (- — S S
/ DO+ i) PQp (3 0)Q (3 ) = bnn -

—0o0

In the proof we use the following lemmas.

Lemma 1 ([4], vol. I p. 12). If « > 0 and p > 0, then
+oo . o ; t P

/ u* e PleT My = T(a)(p® + ¢*) " 2e M an(g),

0
Lemma 2 ([11]). Let F(s) and G(s) be Mellin transforms of f(x) and g(x),
1.€e.

+oo +oo
F(s) = / f(x)z*tdz, G(s) = / g(z)x*tdz.
0 0

Then the following formula (Parseval’s identity) holds:

1 c+ioco

+oo
F(s)G(1 — 5)ds = /0 F(@)g(x)dz.

2mi c—100

Corollary 5. If f(z) = 223 e and g(z) = 22O ~1e=" then

F(s):r(A+j+§), G(s):F(A+k+521>.

Lemma 3. For any 0 € (—5,5), A >0, j,k=1,2,... we have

elU=ROT (2N 4+ k + §)
(2 CoS 9)2)\+k+j

1 [t
=21 / (A +iz); (A — i2)p [T+ i) [2e2 dar =
2m J_
Proof. Putting x = % and next ¢t = s we have:
1 [t t t t
I:/ A+i— A—i= Tt A+i=
27 ) oo 2/, 2/, 2

1 c+1i00 s s SN2 .
S [0, 0,
4 (AJF2>]~(A Q)k:’ Atg)l e ds

c—100

2
ePtdt

where we use the well-known formula for Pochammer symbol: (a); = =752,
j=12.... O

Lemma 4. For arbitrary polynomial Q) (x;0), A > 0, 6 € (—5,5); k,n =
1,2,... we have

1 +o0 20 ) . 9\ ein@r(2k+)\)e—i9k
J=o- e (A—iz )| (A+iz)|"Qp (w; 0) dw = (2 cos ) +k

2 J_

(—k)n.
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Proof. Using hypergeometric representation for Q) (x;0) we can write

inf 2\ n
Q) (x;0) = efl,)F( n, A+ iz 221+ e7*Y)
- e (2)), o= (—n);(\ +ix); —2i0\J
_ ' o) 7] (1 +e ) .
n! Jay ( )J]-
Therefore
o€ (2X) (=n);( +? ) T (by Lemma 3)
n! = (2X);4!
inf 2\ n . 1
— #e”kgfﬂ)\ + k)—M
n! (4cos?6) ™2
Z JRAX+E); 14 e 20 !
—~ 2)\ )jJ! (4cos?0)2 - e

VNI e
B n!(2 cos §)2A+k P 22+ ks 2X1).

Using the well-known formula:

I(e)I'(c—a—10)

F(a,b;c;1) = T(c— a)T(c—b)’

we obtain

e=ROT (2 + k)
n!(2 cos 0)2A+k

(2.7) J = (—=k)p. O
Proof of Theorem 2.2. Let m < n. Observe that (—k), = 0 if k£ < n.
Therefore by (2.7)

T(2X + n)(—n)n

J =
n!(2 cos )2 +n

if k=n

and
J=0, if k<n.

Using hypergeometric representation for Q) (x;0) we can write

e (20);, o~ (—n)j (L + e 20) - .
Qn(;0) = p > ](2/\) o (A+iz); =Y Aj(A+ix);.
=0 J §=0
Therefore
+oo —_— —T'2A\+n)(—n)
LY by K A — A n
- Qn (mv Q)Qm (ac, (9)’[1}9 (m)dx 57“71 n n|(2 CoS 9)2>\+n ’



54 I. Naraniecka, J. Szynal and A. Tatarczak

where . '
Tn _ (—n)n(l + 6210)77, . e—zn9(2>\)n7
(2A\)pn! n!
which ends the proof after some obvious simplifications. O

Remark 1. In the case x = 0 we can obtain “more pleasant” sets of “poly-
nomials”:

Q7 (0;0) = Qp(0),

SN0,60) = S)6), 6<[0,7], A>0.
for which one can prove the following.
Theorem 2.3. The function y = y(0) = Q)6) = Q) (0;0), X > 0 satisfies
the following second order differential equation:

cos O(QN)" — 2Xsin 0(Q)) + n(n + 2X) cos Q) = 0.
In particular, if A =1 we have:
cos 0(QL)" —2sim0(QL) + n(n+2) cos QL = 0.

Theorem 2.4. The sets of functions Q%‘k(G) and Qé\kfl(G) form (sepa-

rately) the orthogonal systems with the weight function w™(0) = cos* 0, 0 €
[0,7], A > 0.

3. The generating function for (MP) polynomials allows us to define the
generalization of the well-known class T of holomorphic function (1.1) which
are typically-real in D (Imf(z) - Imz > 0, z € D) and have the following
integral representation

16 = | ey ulo)

where 1 is a probability measure on [0, 7] (e.g. [3], [5], [12], [13]).

Namely, we are going to study the extremal problems within the class
T(A,7), A > 0,7 € R of holomorphic functions f of the form (1.1) given by
the following integral representation

z

f(z) = /0 (1 — ze®)—ir(1 — Ze—i@))\-'rde'u(g)’

where (1 is a probability measure on [0, 7].

We have in particular T(A,0) = T()) (e.g. [16], [7]) and T(1,0) = T(A, 7).
In parallel way we are going to study the extremal problems within the
classes T(A,7) and T(\,7), A > 0, 7 € R of holomorphic functions of the
form (1.1) which have the integral representation

z

f(z) = /0 (1 — 260)A =i (1 + ze—0)Mir dy(0),




Linearly-invariant families and generalized Meixner—Pollaczek... 55

and
z

™
f(z)_‘j£ (1__zew)x—m(l_%zew)xufd“(gx
where (1 is a probability measure on [0, 7].

The classes T(\, 7), T(\,7) and T (A, 7) differ pretty much, for instance
all coefficients ap of f € T(\,7) are real, however the odd coefficients of
f € T(\, 1) are real and even coefficients of f € T(\, 7) are purely imaginary.

In special case 7 = 0, A = 1, i.e. T = T(1,0), we are able to find explicitly
the radius of local univalence and the radius of univalence of T which differ
from the corresponding values in the class T = T(1,0).

The classes T(0,7), T(0,7) and 7 (0,7) appear to be of special interest
when A — 0.

The same remarks concern also the sets of polynomials

Sz, 0) = lim Sx,0 d Q%x,0) = li M, 0
(¢,0) = lim $%(z,0) and Q°(x,0) = lim Q"(x,0),

which generalize the special symmetric Pollaczek polynomials [1].

Remark 2. Due to definition (2.1) of the polynomials P} (7;6,v), T € R,
0 € (0,7), ¥ € R we can as well consider the extremal problems for more
general class of the holomorphic function f of the form (1.1) which have the
integral representation

1) = [ [ 2GMw:0,032)du(0.),

where (1 is a probability measure on A = (0,7) x R.
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